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PREFACE 


The subject of this book is the analysis of elastically supported beams. The 
elastic support is provided here by a load-bearing medium, referred to as the 
■‘foundation,” distributed continuously along the length of the beams. Such 
conditions of support can be found in a large variety of technical problems. In 
some of these problems the identity of the beam and the foundation can be easily 
established, as in the case of actual foundation structures or in the case of the 
railroad track. In other problems, however, which constitute perhaps the most 
fruitful field of application of this theory, the concept of beam and foundation is 
more of an abstract nature. Such conditions v'e find in networks of beams and 
in thin-walled tubes, shells, and domes, where the elastic foundation for the 
beam part is supplied by the resilience of the adjoining portions of a continuous 
elastic structure. Apart from the diversity of technical applications, there is a 
considerable variation possible in the fundamental subject itself. The flexural 
rigidity of the beam or the elasticity of the foundation may be a variable quan- 
tity; the axis of the beam may be straight or curved or the character of the 
applied loading may be axial, transverse, or torsional, in addition to a combina- 
tion of end conditions to which any of these beams may be subjected. On the 
whole, however, all these problems are closely related through an affinity in their 
mathematical formulation. This renders the entire subject matter eminently 
suitable for a comprehensive treatment, which is the aim of the present volume. 

In the course of this work much help was derived from the numerous publica- 
tions on the subject, including several monographs in German and Russian, 
to which references are made in the footnotes. In attempting to form a com- 
prehensive unit of all this material it has been found that many questions of 
interest to research men and practicing engineers have not yet been answered. 
This made it necessary to develop new solutions, to work out new cases of load- 
ings, etc., the result of which is that a sizable portion of the material contained 
in this volume is of a kind that has not been published before. Among these 
new developments we may mention in particular the use of end-conditioning 
forces for producing beams of finite length under any combination of loading, 
the reduction of the problem of axially symmetrical deformation of conical and 
spheiical shells to that of bending of beams on elastic foundation, and the in- 
troduction of the concept of foundation layers representing partial continuity 
in the material of the foundation. In addition to these a large number of new 
formulas for specific cases of loading and end conditions were worked out, to- 
gether with illustrative examples, which appear interspersed throughout the 
text. Though the problems discussed are chiefly in the field of statics, the solu- 
tions developed in this connection may also be employed in other fields of mathe- 
matical physics, particularly in vibrations and acoustics. 

There are two basic tsqjes of elastic foundations. The first type is char- 
acterized by the fact that the pressure in the foundation is proportional at every 
point to the deflection occurring at that point and is independent of pressures or 
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deflections produced else'vvhere in the foundation. Such a correlation between 
pressures and deflections implies a lack of continuity in the supporting medium, 
just as if it were made up of rows of closely spaced but independent elastic springs. 
The second type of foundation is furnished by an elastic solid which, in contrast 
to the first one, represents the case of complete continuity in the supporting 
medium. Though the first type is mathematically simpler, one should not regard 
it, as some investigators do, as an approximation or an ^ ^elementary” solution 
for the elastic solid foundation, because it has its own physical characteristics 
and significance. Foundations of the first type have by far the wider field of ap- 
plication in physical sciences, and most of the problems mentioned above can be 
reduced to elastic supporting conditions falling under this classification. For 
this reason the larger part of the book, nine chapters out of the ten, is devoted to 
problems arising in connection ^nth such an essentially discontinuous type of 
foundation, and only the last chapter deals \rith cases in which the supporting 
body is an elastic continuum. Problems of continuity are introduced in the 
tenth chapter with a discussion of foundation layers w^hich, with their varying 
and adjustable degree of continuity, form a useful transition between the twm 
basic types of foundations mentioned above. 

In the mathematical notation of this text a minor departure w'as made from 
existing practice in that capital initial letters are used in the otherwise customar}^ 
notations for hyperbolic functions. The need for this arose from the fact that, 
owing to the nature of the subject, solutions often appeared in lengthy and some- 
times perplexing combinations of trigonometric and hyperbolic functions. Thus 
it became highly desirable to accentuate the difference in notation between these 
tw^o types of functions, and the use of a capital initial for the latter type was 
found to be a simple and effective w^ay to achieve the purpose. 

The first manuscript for this book was prepared in 1936-37 during the tenure 
of a Horace H. Rackham Postdoctorate Fellowship at the University of Michigan. 
Since then the material has been revised several times and enlarged until it has 
assumed its present form. The author takes this opportunity to express his 
deep appreciation and gratitude to the University of Michigan for granting the 
generous fellowship which made this undertaking possible and for supporting the 
publication of the ensuing results. During the work much encouragement and 
benefit were derived from personal contacts with Professor Stephen P, Timo- 
shenko, who first aroused the author’s interest in this subject and who proved 
to be a constant source of inspiration. It is also a pleasure to acknowledge the 
valuable assistance received from Professor Edw^ardL. Eriksen, Dr. Merhyle F. 
Spotts, and Dr. Stewart Way. The author is greatly indebted to Dr. Eugene 
S. McCartney, editor of the University of Michigan Press, for his care in steer- 
ing the publication through the press under w’^artime conditions and for the 
many constructive suggestions that both he and Miss Grace Potter, former 
assistant editor, have contributed. 


M. Hetenyi 
Northwestern University 
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CHAPTER I 

GENERAL SOLUTION OF THE ELASTIC LINE 


In the major part of this work the analysis of bending of beams on an elastic 
foundation is developed on the assumption that the reaction forces of the founda- 
tion are proportional at every point to the deflection of the beam at that point. 
This assumption was introduced first by E. Winkler* in 1867 and formed the 
basis of H, Zimmermann’s classical workf on the analysis of the railroad track, 
published in 1888. Though the early investigators thought chiefly of soil as 
the supporting medium, it was later found that there are other fields where the 
conditions of Winkler’s assumption are much more rigorously satisfied. Two 
such fields of application were discovered to be of particular importance, and 
they are discussed in detail in the course of this book. One of these is con- 
cerned with networks of beams, which are characteristic in the construction of 
floor systems for ships, buildings, and bridges; the other deals with thin shells of 
revolution and includes such subjects as pressure vessels, boilers, and containers, 
as well as large-span modern reinforeed concrete halls and domes. While the 
theory of beams on elastic foundation holds rigidly for most of the problems 
mentioned above, its application to soil foundations should be regarded only as a 
practical approximation. The physical properties of soils are obviously of 
a much more complicated nature than that which could be accurately repre- 
sented by such a simple mathematical relationship as the one assumed by 
Winkler. There are, however, some important points which can be brought 
up in supporting the application of this theory to soil foundations. Under cer- 
tain conditions the elasticity of soil is undeniable; it can propagate sound waves, 
for instance. Also, the second, and most debated, part of Winkler’s assumption, 
that the foundation deforms only along the portion directly under loading, has, 
since A. Foppl’s classical experiment, t often been foimd to be true for a large 
variety of soils. If we take these things into consideration, there is reason to 
believe that the Winkler theory, in spite of its simplicity, may often more ac- 
curately represent the actual conditions existing in soil foundations than do 
some of the more complicated analyses advanced in recent years and discussed 
in the last chapter of this book, where the foundation is regarded as a continuous 
isotropic elastic body. Which one of these theories, to apply, and how much 
continuity in the supporting medium to assume, can be decided, however, in a 
given case only by physical testing of the material of the foundation under 
consideration. 


* Die Lehre von der Elastizitdt und Festigkeit (Prag, 1867), p. 182. 
t Die Berechnung dee Eisenbahnoberhaues (Berlin, 1888; 2d ed., Berlin, 1930). 

J A. F6ppl, Vorleeungen aber technische Mechanik (9th .ed.; Leipzig, 1922), III, 258. 
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BEAMS ON ELASTIC FOUNDATION 


1. The Differential Equation of the Elastic Line 

Consider a straight beam supported along its entire length by an elastic 
medium and subjected to vertical forces acting in the principal plane of the sym- 
metrical cross section (Fig. 1). Because of this action the beam will deflect, 
producing continuously distributed reaction forces in the supporting medium. 
Regarding these reaction lorces we make the fundamental assumption that theij 
intensity p at any point is proportional to the deflection of the beam y at that 
point: p = ky The reaction forces will be assumed to be acting vertically and 
opposing the deflection of the beam. Hence where the deflection is directed 
downward (positive) there will be a compression in the supporting medium, 
but, on the other hand, w^here the deflection happens to be negative, tension will 
be produced; for the present we suppose the supporting medium to be able to 
take up such tensile forces. 

The assumption p = ky implies the 
statement that the supporting medi- 
um is elastic; in other words, that 
its material follows Hooke’s law'. 
Its elasticity, therefore, can be 
characterized by the force which, 
Pjq j distributed over a unit area, will 

cause a deflection equal to unity. 
This constant of the supporting medium, /jo Ibs./in.^, is called the modulus of the 
foundation. 

Assume that the beam under consideration has a uniform cross section and 
that b is its constant width, which is supported on the foundation. A unit 
deflection of this beam will cause reacticn bh in the foundation; consequently, 
at a point where the deflection is y the intensity of distributed reaction (per 
unit length of the beam) will be 

p Ibs./in. = bkoy. (a) 

For the sake of brevity w^e shall use the symbol k Ibs./in.^ for b in. X ko Ibs./in.^ 
in the following derivations, but it is to be remembered that this fc includes the 
effect of the width of the beam and will be numerically equal to ko only if we deal 
with a beam of unit width. 

While the loaded beam deflects, it is possible that besides the vertical reac- 
tions there may also be some horizontal (frictional) forces originating along the 
surface where the beam is in contact with the foundation. The influence of 
such horizontal forces on the deflection line will be shown in a later chapter; 
for the present their (possibly small) effect will not be considered, and the reac- 
tion forces on the foundation will be assumed to be vertical at every cross section. 

Let us take an infinitely small element enclosed between two vertical * cross 

* By this we assume that the slope is so small compared to unity that cross sections 
(normal to the elastic line) can be replaced by vertical sections. Such approximation 
cannot be used when investigating the effect of axial forces on the deflection of the beam 
(Chanter VI) . 
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sections a distance dx apart on the beam under consideration. Ass ume that 
this element was taken from a portion where the beam was acted upon by a 
distributed loading 5 Ibs./in. The forces exerted on such 
an element are shown in Figure 2. The upward-acting 
shearing force, Q, to the left of the cross section is con- 
sidered positive, as is the corresponding bending moment, 

M, which is a clockwise moment acting from the left on 
the element (the moment of a positive Q). These positive 
directions for Q and M will be kept in all later deriva- 
tions. Considering the equilibrium of the element in 
Figure 2 , we find that the summation of the vertical 
forces gives 2 


\-dx-A 


pdx-lcffdx 


) 

M*3I 


Q — (Q -f- dQ) + kydx gdx = 0 , 


whence 


dx 


= ky — q. 


Making use of the relation Q = dM/dx, we can write 


dQ 

dx 


d^M 

da? 


= ky - q. 


(b) 


(c) 


Using now the known differential equation of a beam in bending, EKc^y/da?) = 
—M, and differentiating it twice, we obtain 


El ^ ^ 

dx* dx? ' 


(d) 


Hence by using (c) we find 


EI^= -ky + q. 


( 1 ) 


This is the diiSFerential equation for the deflection curve of a beam supported on 
an elastic foundation. Along the unloaded parts of the beam, where no distrib- 
uted load is acting, g = 0, and the equation above will take the form 




( 2 ) 


It will be sufficient to consider below only the general solution of ( 2 ),. from which 
solutions will be obtained also for cases implied in (1) by adding to it a particular 
integral corresponding to q in (1), 
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Substituting y = in (2), W6 obtS/in th.6 chftr&ctcristic ©Quntion. 


m 


4 


k 

El 


which has the roots 

mi = -m = ^ ^ (1 + i) = ^(1 + ^)» 

ms = ~m = 1 ^ (— i + *) = ?^(“1 + 0- 

The general solution of ( 2 ) takes the form 

y = + Ase”“* + Ase”’* + (e) 

where 



Using 

= cos Xa; + i sin \x, 

= cos X* — i sin 'Kx, 

and introducing the new constants Ci , Cs , 0$ , and Ci , where 

(Ai -|- A 4 ) = Cl , i(Ai A 4 ) = Cs , 

(As "h As) = Ci , *(As — As) = Ci , 

we can write (e) in a more convenient form: 

y = e^{Ci cos Xa: + Cs sin Xa:) + e”^(C 3 cos \x + Ci sin Xx). (3a) 

Here X includes the flexiu'al rigidity of the beam as well as the elasticity of the 
supporting medium, and is. an important factor influencing the shape of the 
elastic line. For this reason the factor X is called the characteristic of the system, 
and, since its dimension is length"^ the teim 1/X is frequently referred to as the 
characteristic length. Consequently, Xx will be an absolute number. 

Expression ( 3 a) represents the general solution for the deflection line of a 
straight prismatic bar- supported on an elastic foundation and subjected to 
transverse bending forces, but with no q loading. An additional term is neces- 
sary where there is a distributed load. By differentiation of (3a) we get 
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1 dv 

^ = «^*[C'i(cos Xx — sin Xa:) + C/iCcos Xa: + sin Xa:)] 


— e ^[C3(cos Xx + sin Xa:) — 04(003 Xa: — sin Xa:)], 


^ ^ = — e**(Ci sin Xx — Cj cos Xx) + e '"‘'(Os sin Xx — Ci cos Xx) 


M. 


— Xa:/ 


(3b-d) 


1 

^ ^ = — e^®[Ci(cos \x + sin \x) — CaCcos \x — sin Xx)] 


+ e [C3(cos Xic — sin Xx) + Ci{cos Xa: + sin \a;)J.J 


Knowing that 


| = tan., -E,§. 


Q, 


(g) 


we can obtain the general expressions for the slope 0* of the deflection line as 
well as for the bending moment M and the shearing force Q from (3 b--d). The 
intensity of pressure in the foundation will be found from ( 3 a) to be p ~ ky. 

In applying these general equations, or corresponding ones including the term 
dependent on q, to particular cases the next step is to determine the constants 
of integration Ci , Ca , Cs , and C4 . These integration constants depend on the 
manner in which the beam is subjected to the loading and have constant values 
along each portion of the beam within which the elastic line and all its deriva- 
tives are continuous. Their values can be obtained from the conditions existing 
at the two ends of such continuous portions. Out of the four quantities (y, d, 
M, and Q) characterizing the condition of an end, two are usually known at 
each end, from which sufficient data are furnished for the determination of the 
constants C. 

When a beam is subjected to various loads the elastic line must be resolved 
into continuous portions (for example, A-a, a-b, b-c, and c -5 in Fig. 1) ; then at 
the intermediate points the consideration of the material continuity of the beam 
will furnish the data for determining the integration constants for each of these 
portions. 

Although from the point of view of mathematics the problem can be com- 
pletely solved in this way,t the procedure is laborious and not well fitted to 
practical computation. The work can be considerably simplified, however, if 
the general solution is written in such a form that the integration constants ob- 
tain a physical interpretation in terms of the end conditions. This method of 
solution will be discussed in the next section. 


* On the basis of the approximate bending formula used above in the derivation (d) 
it is permissible to put tan ^ 

t This method was used by K. Hayashi in his book Theone des Trdgers auf elaatischer 
Unterlage und ihre Anwendung auf den Tiefbau (Berlin, 1921). 
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2. Inter'pretation of th£ Integration Constants 

Assume a beam subjected to various loading (such as moment M, force P, 
and distributed load q) and take the origin of an x, y coordinate system at the 
left end of the beam (Fig. 3). 

In (3 a-d) general expressions were obtained for the y, 6, M, and Q quantities 
of a beam in bending. Taking in these equations a: = 0, we get the condition.s 
at the left end of our beam as 

M*-!) = yo = Cl + Cs , 

W =eo = X(Ci + ft-C3 + 

Laxjx-o 

\-EI ^-^1 = Mo = 2\^EI(-Ci 

L ax^Jx-a 

\-EI& = Qo = 2 X‘^/(C'i - 

L aarjx-o 

Ry progging the C’s as unkuowns, we have, from the equations above, 

Cl = + + 

4X “ 4^ ” 8 OT 

C4 = ^ Mo - 

Substituting these expressions for the C^s in (3a) and putting + e ^■^) = 
Cosh Xx and = Sinh Xx, we find that the general equation of the 

elastic line m\\ take the form 

Vx = yoFi(^x) + ^ doFi(\x) — MeFt(\x) — QoFi(\x) • • • , (c) 

where 

Fi(Xa;) = Cosh \x cos "Kx, 

F 2 (\x) = KCosh Xx sin Xi + Sinh Xx cos Xx), 

FaiXx) = iSinh Xx sin Xx, 

Fi^Kx) = i(Cosh Xx sin Xx — Sinh Xx cos Xx). 

It is seen that in (c) the general solution was put in a form in which the previous 
integration constants were replaced by the 3 / 0 , 0 o , Mo , and Qt quantities existing 
at the end x = 0 of the beam. On account of this feature the method developed 


Qo > 


Qo • 


(b) 


+ C4), 


Cj - Cs - C4). 


(a) 
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on the basis of (c) is termed the method of initial conditions]* because the simple 
interpretation of the integration constants it has a considerable advantage over 
the method outlined in the previous section. 

A more generalized form of (c) can be obtained through the following reason- 
ing: Assume that the 2 / 0 , 0o , Afo , and Qq quantities are known; then we can 
proceed from the left end of the beam toward the right along the unloaded 
portion A-a until we arrive at the point where the first load is applied to the 
beam. Assume that the first loading is a concentrated moment M, as shown in 
Figure 3 . Evidently this moment M must 
have an effect to the right {x > u^) of its 
point of application similar to that which 
the initial moment Mq had on the A-a 
portion (0 < a; < of the^elastic line. 

Seeing from (c) that the factor of Mq was 
— (l/\^EI)Fz{'Kx), we can conclude that 
the moment M at <2 should have a modifying effect of — {1/\^EI)Fq[\{x — Um)]M 
on the elastic line to the right of point a, where x > Um • Consequently, we 
obtain the deflection curve on the portion a-b by adding this last expression to (c). 

In a similar way we find that the force P will have an influence 
(i/\^EI)F 4 [\{x — up)]P'\ on the deflection line to the right of point b. Finally, 
since the distributed loading q can be regarded as consisting of infinitesimal con- 
centrated forces, we can conclude that its effect for the x > c portion must be 

{1/\^EI) / qF 4 [\{x — w)] du. For x> d the upper limit of the integral becomes 

d. Summing up these results, we find the equation of the deflection line for 
such a case as that shown in Figure 3 1 to be 

V. = yoFiilx) + ^ d.F.CSx) - ~ M,F,{\x) - ^ QoF4(Xa:) 

- MFz [X(a: - Um)\ + PF 4 [A(a: - Mj.)] 

+ ^ QFi [X(a: - u)] du. (4a) 


* This method was developed largely in Russia. See A. A. Umansky, Analysis of Beams 
on Elastic Foundation, Central Research Institute of Auto-Transportation (Leningrad, 
1933) ; and idem, Special Course in Structural Mechanics, General Redaction of Literature of 
Building (Leningrad-Moscow, 1935), Part I. These publications contain also bibliogra- 
phies of earlier Russian works. 

t Here the sign of the term taken from (c) had to be changed, since the downward- 
acting force P represents a negative shear for the portion to the right of point 6. 

t The expression for the deflection line could be generalized in a still larger sense by 
including among the loadings concentrated changes in the deflection ordinates and in the 
slopes, and also by regarding distributed moments as a loading type. Expressions for such 
cases are to be found in Umansky, opera ciL 
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This equation includes the effect of M, P, and q acting on the beam between the 
left end (x = 0) and the point under consideration (x = x). If any of these 
loadings are absent on this portion of the beam the corresponding term in (4a) 
should be disregarded. By taking the consecutive derivatives of the equation 
above and putting 


dFi 

dx 


-4X^4, 


^=Xfi, and = XFs , 

dx dx dx 


we obtain the expressions below for slope, moment, and shearing force: 
= 0o^’i(Xx) — MttFiQa) — Qx>Fz{kx) — ^Xy^FiiXx) 


- ^ MF^Ux - ««)] + ^ PFAX{x - Mr)] 

+ ~ 

Mx — MaFiQx) + i QaFi(\x) + yoFsiXx) + BoFi(Xx) 


^ (4b-d) 


+ 


MFi[\(x — Uu)] — ^‘PFsfX(x — Up)] qFt!\(x — u)] du, 


Qx = Qo Fi(Xx) -j- -yoF ^(Xa:) + ^ sCXa;) — 4XMo F 4(Xa:) 

- 4XMF4[X(a: - u,,)] - PFi[\(x - Mp)] - f qFi{\(x - u)j du. 


It is seen that the initial conditions appear in equations (4 a-d) according to a 
systematic scheme. In each of thege equations all the four initial conditions 
are present and the order of their succession is shifted by one place at a time as we 
proceed from (4a) to (4d). The same systematic shifting can be observed also 
in the F functions connected with the loading terms M, P, and q. 

Putting X = I into (4 a-d), we obtain the yi , di , Mi , and Qi quantities for 
the right end of the beam as expressed in terms of the initial conditions and the 
loadings. These relations can then be used to determine the unknown initial 
conditions. As we have said, out of the four quantities which define the condi- 
tion of one end of a beam, two are usually known at each end in every case. 
There remain two unknowns at each end; altogether there are four unknown 
quantities w^hich can be determined from (4 a-d). 

Consider for instance the beam in Figure 3 with both ends free. Here we 
have Mu = 0, Qo = 0 and Mi = 0, Qf = 0, Substituting these values in (4 a-d) 
we find that the left-hand side of (4c) and (4d) will be zero, while the right-hand 
side will contain only two unknown initial conditions, yo and 6o . From the two 
simultaneous equations the tw^o unknown quantities can be determined; then, 
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substituting these, in turn, in the general expressions (4 a-d), we can proceed 
to calculate the yx , dx , Mx , and Qx values for any intermediate point on the 
beam. The outstanding feature of this method is the simple physical inter- 
pretation of the integration constants and the systematic order in which these 
constants appear in the equations. For practical computation, however, the 
method can be considered only if there are numerical tables of the F functions 
available, and even then more complicated loadings involve lengthy and intricate 
calculations. 

3. Method of Superposition 

In the preceding sections two different methods have been presented, both 
of them aiming to determine the integration constants from the prescribed end 
conditions of the elastic line. It has been seen that the main difficulty in 
applying the general solution to particular problems arises in the determination 
of the integration constants, vrhich involves a considerable amount of work in 
both methods discussed. 

These difficulties can be largely avoided by using the method of superposition.'^ 
The advantage of this method lies in the fact that the determination of the 
integration constants for a beam of unlimited length (an infinitely long beam) 
is very simple and that, consequently, the equation of the deflection line for 
any loading on the infinitely long beam can be obtained in a concise form. Such 
deflection formulas will be derived in Chapter II; in Chapter III it will be shown 
that by superposing the formulas obtained for the infinitely long beam solutions 
can be derived for beams of any length and with any loading and end conditions. 
This procedure will prove to be the simplest in the application to particular 
problems; it can be used also when, in addition to the lateral loads, axial forces 
or twisting moments are acting on the beam.f 


* The application of the method of superposition in the solution of beams of finite 
length on an elastic foundation was first proposed by the writer in a paper called “Analysis- 
of Bars on Elastic Foundation,” Final Report of the Second International Congress for Bridge 
and Structural Engineering (Berlin-Munich, 1936). 

t The scheme in the method of initial conditions loses its periodical character when 
axial forces, in addition to the transverse loading, are acting on the beam. 



CHAPTER II 

BEAMS OF UNLIMITED LENGTH 

I, The Infinite Beam 


4. Concentrated Loading 

Consider a beam of unlimited length in both directions (an infinite beam) 
subjected to a single concentrated force P at point 0 (Fig. 4). Because of the 

apparent symmetry of the deflection 
curve we need to consider only the half 
which is to the right of point 0, the 
origin of the x, y rectangular coordi- 
nate system. 

In § 1 we found that the general 
solution for the deflection curve of a 
beam subjected to transverse loading can be written as equation (3a) : 

y = e^*(Ci cos \x + C2 sin Xx) + cos Xrr + C4 sin \x). 


'^miffrrnrmrrrmm 




Fig. 4 


(a) 


In the present problem, dealing with a beam of unlimited length, it is reasonable 
to assume that in an infinite distance from the application of the load the de- 
flection of the beam must approach zero, that is, if a; 00 , then 2/^0. This 

condition can be fulfilled only if in the equation above the terms connected with 
vanish, which necessitates that in the case under discussion Ci = 0 and C 2 = 0. 
Hence the deflection curve for the right part (x > 0) of the beam wiU take the 
form 


7/ = e ^*((75 cos \x + C4 sin Xx). (b) 

From the condition of symmetry we kno^ that 

[IL - 

that is, — (C3 — (74) = 0, from which we find Cs = (74 = (7. This last constant 
of the equation 

y = Ce~^ (cos Xx + sin Xx) (c) 

can be obtained from the consideration that the sum of the reaction forces will 
keep equilibrium with the load P, that is, 
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Since 2kC / e ^"^(cos \x + sin \x) dx = 2kC{l/\)^ from 2fcC(l/X) = P we get 
Jo 

C = P\/2k, and, substituting this in (c) above, we have 




(qos \x + sin \x),,_ 


(d) 


which gives the deflection curve for the right side (x ^ 0) of the beam. This 
deflection curve is a wavy line with decreasing amplitude {Fig. 5a). The de- 
flection under the load is yo = PX/2k; the zero points of the line are 
where cos \x + sin \x = 0, that is, at the consecutive values of \x = Itt, iw, 
etc. 

Taking the successive derivatives of y (see [d]) with respect to x, we obtain 
the expressions for 0, M, and Q on the right side of the beam as 


dy . PX -Xar . . 

dx k 

-EI^. = M=^ e"^*(cos Xa: - sin Xx), 
dx^ 4 a 

-EIp^ = Q = cos Xx. 

dx^ 2 


(e-g) 


The curves represented by the 
equations above are shown in 
Figure 5. They have all the 
features of damped waves.*^ At 
the point of application of the 
load {x = 0) or, to be precise, 
infinitely close to the right of it, 
we have the values 0 = 0, ikf = 
P/4X, and Q = —P/2, In the 
derivation of the general solution 
for the elastic line (see p. 3) the 
positive directions were defined 
for the shearing force Q (positive 
when acting upward on the left 
of the elemental section) and 
for the bending moment M (the 
moment on the left of the element 
in the direction of the positive 
shearing force). As an extension 
of this convention, we shall regard 
as positive quantities the downward-acting loading (P), downward deflection 
(y), and the angular deflection ($) rotating clockwise. Equations (d-g) give the 



This is the reason why the characteristic X is sometimes called the damping factor. 
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values oiy, 6, M, and Q for the right side (x > 01 of the beam according to this 
practice. On the left side the y and M curves will keep the same signs (?/* = 
y-x and Mx = M-x), but 8 and Q will change their signs (^* = — (?-» and = 
—Q-x)> as is shown in Figure 5. In calculating the ordinates of these curves 
the value x is always taken as positive. 


Introducing into (d-^), the symbols 

e'’^(cos Xx +• sin Xx) = Ax* , e~^ sin Xx — Bx» 

e~^(cos Xx — sin Xx) = Cx» , e~^ cos Xx = Dx* ,/ 


(h) 


we can write 


A 

y = ^Axx. 

M = £Cx.. 

Q = Dx. . 


(5 a«d) 


The A^B,Cy and D functions of \x above will be frequently used in the rest 
of the text when solving different problems connected with the theory of beams 
on elastic foundation; therefore, in order to facilitate their application, tables 
are attached at the end of this worh, giving the Ax, Bs,Cx, and Dx quantities 
as functions of a parameter x* These functions are essentially all of the same 
type, since by properly shifting the origin we can obtain one from the other. 
Through simple trigonometrical transformation we can find that 


ilxz — ^yB\xz — ^C\x2 2ctDx®i , (i) 


where 



H 

II 

I 

1 

II 

\Xz — Xx “ 37r/4, 

and 



a = sin 7r/4, 

(8 = e~^'^ sin ■ir/2, 

T = e“®*’^^sin3ir/4. 


These four functions form a periodical scheme We find that 


^ A\x = — 2X5xx , ^ B\x = XCxx , 

4 C'x# = -2XDx. , and ^ Dx, = -XAx. . 


* Such numerical tables were first given by H. Zimmermann in his principal book on 
this subject, Die Berechnung des Eisenhahnoherhaues (Berlin, 1888 ; 2d ed., Berlin, 1930). 
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The zero points for A are located at Xo; = (f + 7 z)t, for B SitXx = nr, for C at 
Xir = (I + n)r, and for 2) at Xir = (^ + n)r; similarly, the extreme values (maxi- 
mum or minimum) of these functions are found (outside of the origin) for A at 
Xx = nr, for 5 at Xo; = (J + ^)^, for C at Xx = (^ + n)r, and for D at Xx ^ 
(f + ri)r, where n == 0, 1, 2, 3, etc 

An important feature of these functions is the rapidly decreasing amplitude. 
As may be seen from the appended tables (see pp. 217-239), when Xx > 1.5^ 
the value of any of the four functions is under 0.01. This means that the manner 
in which the beam is supported in a distance of a: = I.Stt/X (or even x = r/X) 
from the application of the load will have only a small effect on the formation 
of the deflection line, or, in other words, a beam of the length I = 2r/X loaded 
with a concentrated force P at the middle will exhibit approximately the same 
deflection curve as the infinitely long beam shown in Figure 5 . Since elasticall}- 
supported beams with large XI values are frequently applied in engineering 
constructions, these considerations will permit us to derive approximate solutions 
for such problems, using the results obtained in this chapter for beams of un- 
limited length. 

Returning to the discussion of the curves given by (5 a-d), we find that y 
as well as 6, M, and Q is proportional to the loading P; hence it follows that the 
principle of superposition and the reciprocity theorem are directly applicable to 
the system. We encounter here the most general applicability of the reciprocal 
theorem, since it holds in this case not only for displacements, but also for angular 
deflections, bending moments, and shearing forces. If at point 1 a force Pi 
and at point 2 a force P 2 are acting, it is apparent either from the curves of 
Figure 5 or from (5 a-d) that 2 / 1.2 = 2 / 2 , 1 , ^ 1,2 = ±^ 2,1 ;* furthermore, ^ 1,2 = 
Jkf 2 ,i and Qi ,2 = ± 62 . 1 .* This states the reciprocity theorem in the most general 
form and proves that the y, 6, M, and Q curves of Figure 5 are at the same time 
influence lines for deflection, angular deflection, moment, and shear. 

So far we have been dealing with the situation in which a single concentrated 
force P is acting on the beam. From the formulas here obtained the deflection 
line can be derived also for the case when a concentrated moment Mq is applied 

at point 0 on the infinitely long beam 
(Fig. 6 a). This concentrated moment 
can be regarded as a limiting case of the 
loading shown in Figure 6 b, if we as- 
sume that while a is approaching zero 
(a 0) Pa will simultaneously ap- 
proach the value of ilfo (Pa Mq). 
Using (5a), we can write the deflection line for the loading in Figure 6 b as 

2 / = S = ~~ ^ 


a/ 




jmmm7mm7hm7f77Trrmwrrrrrm 




S}mmJmJ7777WWm7J77777rm777/ 
Fig. 6 


Plus-minus sign according to the convention adopted (see p. 11). 
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Since 


a 


= ^ Axx - -2X/yx. , 
Ja-^ dX 


and at the same time 

[Pa]a-»o — Mo , 

we get the deflection line due to the ilfo clockwise moment as 


y = 


MoX 


k 


B^. 


(6a) 


Taking the consecutive derivatives of y, we have 


dx k 


-EI^. = ilf = ^“ 




Du, 


-EliK = Q = j 




A\jc . 


(6 b-cl) 



The equations above present the 
y, 6, M, and Q curves, according 
to the sign convention established, 
for the right side {x > 0) of the 
beam. To the left of the point 
of application of the moment Mq 
the sign of y and M must be re- 
versed (see Fig. 7). When the 
xlfo moment is acting counter- 
clockwise, opposite to the direc- 
tion taken here, naturally the signs 
of all the curves in Figure 7 on 
both sides must be reversed. The 
arguments of the functions are 
always taken as positive, no matter 
on which side the point under 
consideration is located. 


5. Uniformly Distributed Loading 

Consider a uniform loading distributed over an A-B portion of the infinitely 
long beam and find the effect of this loading at an arbitrary point C, which is a 
distance a from the left end of the loaded portion and a distance b from the 
right end. 
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The distributed loading can be regarded as consisting of infinitely small 
concentrated forces gcfa. The deflection produced at point C by such an element 
can be obtained by substituting qdx for P in (d) on page 11, which gives 


Sy — e ^(cos Xa: + sin Xx), 


(a) 


where x denotes the distance of the qdx element from point C. The total effect 
of the distributed loading can be ob- 
tained by integrating the expressions 
above within the a-h limits of the loaded 
part of the beam. Here we shall dis- 
tinguish three cases, based on whether 
the point C is (a) within the loaded 


right of it. 


a. When Point C is under the 
Loading {Fig. 8a) 

In Figure 8a the distance a to the 
left can be regarded as negative, and so 



Fig. 8 


the deflection at C, as the integral of (a) above, will be 

J/o = ^ e'^'^'Ccos Xx -t- sin Xx) dx + e~^*(cos Xx -1- sin Xx) dx j 


= ^ [(1 — e cos Xa) -|- (1 — e cos X6)]. 


(b) 


Hence we can write 


yc = ^ (2 - Dx, - £>x6). 


(7a) 


In a similar way, substituting qdx for P in (5 b-d) and integrating within the 
assigned limits, we get expressions of 5, M, and Q at point C as 


0. = ^ (Axa - Au), 

Me = ^ (Bxo + B\h), " 
Qc = (Cxa - Cx5). 


(7 b-d) 
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h. When Point C is to Oie Left of the Loading {Fig. 8b) 

In the problem in Figure 8b both a and 6 distances will be considered positive. 
By the sign convention adopted on page 1 1 we obtain now by integration 


2/c “* 2^ {P^a ■Dxi) ^ 

flc = ^ {A^a - Au), 
Me = (-Bx# — Bu), 


(8 a-d.) 


Q. = (Cx« - Cxi). 


c. When, Point C is to the Right of the Loading {Fig. 8c) 

Formulas for the situation in Figure 8c can be obtained from (8 a-d) by 
interchanging there the symbols a and b, and, furthermore, reversing the signs 
of 6 and Q, as was done in dealing with a concentrated loading. 

In this way we get for the point C* 

Vc = ^ {P\a P)J>)t 


e. = ^ {Axa - A^), 
Mt = ^ (JSxa — Bu)y 
<3c = ^ (Cxa - Cxx). 


(9 a-d) 


The correctness of the formulas derived for the three different positions of point C 
can be checked by substituting o = 0 and 6 = Z in (7 a-d) and (8 a-d), and 
thus we get terms for point 4 from either side equally: 


Qs^-^{1- Gw). 





(c) 


* These formulas differ only in signs from the ones given by (8 a-d) and are reproduced 
here merely for convenience in deciding signs. 
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From (7 a-d) and (9 a-d), by substituting 6 = 0 and a — I, we obtain, in both 
ways again, the same expressions for point B: 


2/b — ^ (1 ~ -Oxi) > 




Qn = (1 - 


6. Triangular Loading 

We can distinguish again three 
cases according to the position of v 
the point C, -vfrhere the effect of the . 
loading is sought. 

a. When Point C is under the 
Loading {Fig. 9a) 

Counting x from point C, we 
have in the region A-C in Figure 9a 
q, = {qi>/l) (a - ^ \ 

region C-B, qx = (go/0 (a + x), so 
that the total deflection at C will be 





r (a — x) e ^*(cos Xa: + sin Xx)dx 
2kl (Jo 

+ J (o + a:) e'^Ccos Xx 4 sin Xa;)da:j*. (a) 


Carrying out this integration, we have 


yc = JTf 7 4- 4Xa), 

4\k I 


and in a similar way we obtain 


e, = (Dxa + Dx^ + XMu - 2), 

Mo = 7 (4xa - Axi - 2XiBx0. 

8X* { 


(lOb-d) 


<3c = ^ [ (Bxa + Bxo - XZCxo) . 
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In the same vay, by integrating between the limits a and b, with attention 
to signs, we can obtain expressions for the other positions of point C. Below, 
only the results of these integrations are given for the second and third positions. 

5. When Point C is to the Left of the Loading {Fig. 9b) 

y, = ^ 1 (Cxa - Cxx - 2xm), 

Me = ~ j (-4xa -Axi- 2\lBu). 

Qc = -^2 j (Bu - Bx, + XlCxi). 
c. When Point C is to the Right of the Loading {Fig, 9c) 

2 /, = ^ 1 (Cxa - 0x5 + 2\ZDx»), 

iXk I 

Oc = - Bx 5 +XUx5), 

Me = y 2\lBu), 

Qc = ^j^-(5x.-5x5-X1C'x5). 

A trapezoidal loading can be obtained by superposing two reversed triangles 
of different heights. If the two triangles are of the same height we get a uni- 
formly distributed loading over the portion A-B. 



(11 a-d: 


7 . Various Loading Conditions on the Infinite Beam 

When the infinitely long beam is subjected to a group of concentrated forces, 
then, according to the previously established law of superposition, the deflection, 
slope, M and Q, at any point can be obtained by summing up the effect of the 
separated forces on the point under consideration. 

The deflection, for instance, for any point can be obtained by use of (5a), as 


— sr 2 -P* » 


where Xn means the absolute distance of the force P„ from the cross section where 
the deflection is sought. 
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Let us assume that positive and nega- 
tive forces are acting on a beam (Fig. 10) 
and denote the upward-acting negative 
forces by R. The deflection for any point 
can now be written as 

^ ^ 2k . (13) 

The R forces can be looked upon as concentrated reactions, and their values can 
be determined from the conditions assigned to the points where they are applied. 
We may require, for instance, that at any i point where such an Ri force is 
acting the deflection should be zero {yi = 0), or we may assign such a condition 
that at each of these points the reaction Ri should be proportional to the de- 
flection yi occurring at that point, that is, ?/» = Ri/^i , where A»* (spring con- 
stant) denotes the elasticity of the ith support. 

In each of the cases above we can write as many equations of the type of 
(13) as there are R forces acting on the beam, and from that system of simul- 
taneous equations the values of the unknown fi’s can be determined. 

Such a system of equations can be solved most easily by a method of suc- 
cessive approximation.* Since the deflection line due to a single concentrated 
force has a rapidly decreasing amplitude (Fig. 5a), at the ith point the Ri force 
will have the greatest influence on the y* deflection, and hence it is permissible, 
for the first approximation, to neglect the effect of the other R unknowns. 

Making this first approximation, we shall find the fth equation to be 

2/< = (b) 

where y,- = 0 (rigid support) or yi = Rt/Ai (elastic support). In both cases the 
equation above for yt will contain only one unknown, that is, Ri , and in this 
way the first approximate values of all R’s can be obtained from a corresponding 
number of independent equations. By means of these first approximate values 
the process outlined above can be repeated until the required accuracy is ob- 
tained. 

In the same way solutions can be derived when the bar is subjected to a 
combination of concentrated and distributed loads and when certain conditions 
are assigned to the elastic line simultaneously at a number of points. This 
method, based on the principle of superposition and on the damped-wave 
character of the elastic line, is adaptable to obtaining solutions for all problems 
of thet 3 ^e. 

* See E. T. Whittaker and G. Robinson, The Cahulus of Observations (London, 1924), 
p. 255. 
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So far we have been discussing the effect of single concentrated forces and 
moments. From Figures 5 and 7 it may be seen that a concentrated force causes 
discontinuity in shear and that a concentrated moment causes discontinuity in 
moment at the point of its application. In order to complete the investigation 
in this respect let us examine now the type of loading which will cause dis- 
continuity in slope, or in deflection, at the section where it is applied.* Here we 
must have recourse to the curves shown in Figure 5. That these curves represent 
influence lines for deflection, slope, moment, and shear has already been estab- 
lished, and use of this property of the y and 6 curves was made in § 4. Now 
we shfl.ll utilize in the same way the M and Q curves. 

As we know from the theory of structures, if at one point on a beam, between 
two neighboring cross sections, a concentrated angular distortion is produced, 
the deflection line originated thereby will give the influence line of bending 

moment for the point where this relative distor- 
tion was produced.f Such distortion can be 
caused at point 0 by two moments V, applied 
in the manner shown in Figure 11, where the 
beam is assumed to be hinged at 0; so we can 
conclude that this type of loading, which we shall call double moment, will produce 
a deflection line similar to the M curve in Figure 6. Since 

y = Ce”^(cos Xx — sin 'Kx), (c) 

the C constant can be determined from the condition of statics that 

r" 1 

V = Ck j xe~^ (cos Xa; — sin 'kc)dx = (d) 

Hence C = —2V}^/k, and we get the deflection line for the loading shown in 
Figure 11 as 

y j— e (cos Xa: — sm Xa:) r— Cx* . (14aj 

A/ fO 



Fig. 11 


From the consecutive derivatives we obtain for the right side {x > 0) of the beam 



M = FAxx, 


(14b-d) 


Q « -2FX5x^. 


* See the papers by P. Nem^nyi : *'Eme neue Singularitateninethode ftir die Elastizi- 
tatstheorie,’^ Zeitschrift fur angewandte Maihematik und Mechanik, 9 (1929), 488-490; and 
^Tragwerke auf elastisch nachgiebiger Unterlage,” in the same periodical, 11 (1931), 450- 
463. 

t This statement can be proved by the reciprocity theorem. The theory, developed 
on similar considerations, is termed the kinetic (kinematic) theory. See the book by D. A. 
Molitor, Kinetic Theory of Engineering Structures (New York, 1911). 
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These curves are shown in Figure 12. 
We find that as .r 0, i¥ — ^ F and 
0 ^ 0 . 

In a similar way we can conclude 
that the influence line for shearing 
force is a deflection curve caused by 
a double shearing force W (Fig. 13) 
acting at point 0, where the beam is 
assumed to be cut, and producing 
there between the two neighboring- 
cross sections a distortion which is 
related to the shearing force. The 
deflection curve due to these ir\s 
will have the same form as the Q 
cui’ve in Figure 5, that is, 

y = cos \x, (e) 

From the consideration of e(iuilib- 
riuin we know that 



Fig. 12 


W = m- [ cos Xxdx = Ck^, (f) 
Jo 2a 

from which C = 2n’'X/A-, and so we have for the 
right side of the beam 

2WX -x. . 2JFX^ , 

y = e cos Xa: = -y- Dxx , (15a) 



Fig. 13 



The curves representing the equations above are shown in Figure 14. 

The loadings V and W are the ones which produce concentrated change in 
slope and deflection, respectively. Their action has the following significance: 
if M is the bending moment caused by any loading at one section on the infinite 
beam and we apply to that point a double moment F = — Af, as discussed 
above, we cancel the M moment at this section (producing, however, no change 
in shear), and the entire effect of these F forces 'mil be the same as if we had 
inserted a hinge in the bar at the point where we made them act. We may 
therefore call such a place a hinge for moment, since it releases moments but 
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Fig* 14 

spectively. By combining these loadings 


resists shear. On the other hand, 
when we apply at one point the 
W = —Q forces of the type discussed 
above, we cancel the shearing force 
which, because of some loading, 
existed at that point before, but 
produce no change in the bending 
moment. Hence we can say, by 
analogy, that now a hinge Jot shear 
has been introduced at the point. 

We have now discussed all four 
types of loadings by which we can 
fulfill conditions required for deflec- 
tion, slope, moment, or shear at an}' 
cross section of the infinite beam. 
It has been seen that these P, , V, 
and W loadings correspond to dis- 
continuities of the beam in shear, 
moment, slope, and deflection, re- 
} can get a large variety of conditions. 


II. The Semi-infinite Beam 
8 . The End-Conditioning Forces 

The term semi-infinite beam will be used for a beam which has unlimited 
extension in only one direction, having at point A a finite end. This end ma}^, 
under different conditions, be (a) free, (6) hinged, or (c) fixed (Big. 15 b-d). It 
will be shown that under any loading or end conditions solution can be arrived 
at for the semi-infinite beam by using the formulas obtained previously for 
the infinite beam. 



Fig. 15 


a. Semi-infinite Beams with 
Free End (Fig. 15b) 

Consider an infinitely long beam 
and assume that because of some 
loading we have at point A a bending 
moment Ma and a shearing force Qa . 
Thus Ma and Qa maintain the con- 
tinuity of the beam at A. The re- 
moval of M A and Qa will have the 
same significance for the right side 
of the beam as the removal of the 
whole portion to the left. In other 
words, it will create a semi-infinite 
beam with a free end at point A. 
Hence our problem is reduced to 
making Ma and Qa vanish on the 
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infinite beam. This can be done by applying at A such a moment Mo and force 
Poas will cause a bending moment —Ma and a shearing force —Qa at that 
section. Because of the singularity in moment and shear (Figs. 5d and 7c) let 
us make the distinction that we require Po and Mo to produce a moment and 
shear —Ma and —Qa at the section infinitely close to the right of their point 
of application; or, in other words, we shall apply Po and Mo infinitely close 
to the left of point A (Fig. 15a), where we want to cancel the moment and shear. 
According to the condition for a free end (Jf = 0 and Q = 0) we must have 
at A, using (5 c-d) and (6 c-d), 

il/x + ^ + -y = 0 and - — ^ = 0. (a) 


getting thus 

Po = 4(XM^ + Q^), 
ikfo = (2XM^ + Q^). 


(16) 


Po and ikfo applied on the infinite beam in the manner shown in Figure 15a will 
create at A the conditions of a free end (ikf = 0, Q = 0). Hence, under the ac- 
tion of the load, together with Po and ilfo , the part of the infinitely long beam 
which is to the right of point A will behave in every respect as if there were a free 
end at A. Briefly, the situations shown in Figure 15 a-b are identical, provided 
Po and Mo are determined from (16). 

In a similar manner we can determine Po and Mo so as to fulfill any other 
requirements at point A, In every case these forces must be applied at the 
place where we want the infinitely long bar to terminate. Since these quantities 
Po and ikfo create the required end conditions at the assigned point they will be 
referred to henceforth as the end-conditioning forces."^ 


b. Semi-infinite Beam with Hinged End {Fig. 15c) 

The conditions for A are y = 0 and ikf = 0. Hence if the load produces at 
this point a moment ikf^ and a deflection yA , the end-conditioning forces Po 
and ilfo have to produce here —ikf a and —yA respectively. Using (5 a, c) 
and (6 a, c), we can write these conditions as 

2 /^ + ^ = 0 and Mx+g + :|-“ = 0, (b) 


from which we get the expressions for the end-conditioning forces: 


Po - 





M, = 


(17) 


* This will be used as a collective term, in which we shall include the moment Mo as 
well as the force Po. 
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Gi\nng such values to P„ and Mo , we shall obtain for the right side of the beam 
(Fig. 15a) a situation identical to that shown in Figure 15c. 

c. Semi-infinite Beam with Fixed End {Fig. I6d) 

In order to fulfill the conditions y = Q and 0 = 0 for point A, if the loading 
produced Va and 0.i at this point of the infinite beam the end-conditioning forces 
Po and Mo would have to produce -!/a and -6 a at the same place. This condi- 
tion can 1>e written, by use of (5 a— b) and (6 a— b), as 

+ ^ = 0 and 0^ + = 0, (c) 

^ 2k k 

from which we obtain the end-conditioning forces as 



(18) 


If Po and i¥o in Figiii*e loa have these values, the right part of the beam will 
behave in exactly the same manner as the fixed-end beam shown in Figure 15d, 


OG 9. Particular Casets of End Loading 

— vll iTl I't 1 1'l 1 1 1 1 1 1 1 1 j i i* 

The formulas developed above for 
^ the end-conditioning forces can also be 

used for deriving expressions for a 
semi-infinite beam subjected to various 
types of end conditions. 

Let us consider fii'st the situation sho’svn in Figure 16. Here the end condi- 
tions for point 0 are M = 0 and Q = —Pi . Putting Ma = 0 and Qa = Pi 
into (16), we obtain the corresponding end-conditioning forces Po = ^Pi and 
Mo = --(2/X)Fi . If we apply these Po and i¥o on the infinite beam, using 
(5 a-d) and (6 a-d), we get the solution for x > 0. The result \rill be 


( 19 A~d) 




Q^-P^C^. ) 



In order to reach the solution for 
the situation showuiin Figure 17 we have 
to put Ma = —Ml and Qa = 0 into 
(16), which then gives Po = —4XAfiand 
Mo = 4Mi . Applying these end-con- 
ditioning forces at point 0 on the infi- 
nite beam, we have for values of .r > 0: 


Fig. 17 
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Q = -2MrXBx.. 


(20a-d) 


If in the example above a hinged support is assumed at point 0, then the 
corresponding end-conditioning forces are obtained by putting j/a = 0 and 
Ma — —Ml into (17), which then yields Po = 0 and Mo = 2Mi . These end- 
conditioning forces give the solution for the case shown in Figure 18: 


^ _ 2MiX" „ 

y 1 j 
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e = 


k 

2MiX* 

k 


C, 


\x 


Fig. 18 


M — Ml D\x , 

Q = -MiXAxs 


(21 a-d) 


In case of a displacement 2/0 and a rotation do of the end :r = 0 of a semi- 
infinite beam, the deflection and stresses can be derived by putting yA == — 2/0 
and Oa = —60 into (18). This gives Pq — (2k/\)yo and Mo = (k/\^)do , which, 
in turn, when applied to the infinite beam, furnish the solution for the case 
shown in Figure 19: 


JLj 

% 

' 1 ^ f I/ll 1 /m )')'iT)' 

^ 

V 





Fig. 19 


y = 2/0 A xx + - 00 B\x , 

6 = —2\yoB\x + doC\x 7 
M = 2\EI(\yo Cxx + OoDxx), 

Q - -2X'£/(2\2/oI>xx + 0o^x*), 


(22a--d) 



In the same manner formulas can be 
derived also for situations in which the 
senoi-infinite beam is loaded \\ithin the 
end a; = 0. Taking, for instance, a 
semi-infinite beam loaded by a con- 
centrated force P at a distance a from 
the free end, as shown in Figure 20, we 
can obtain the corresponding end-con- 
ditioning forces by putting, on the basis 
of (5c-d), 
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into (16). This gives 

p 

P, = P(Cxa + 2Z)xa) and Mo = -- (C^ + J5xa), 

which, ivhen applied to the infinite beam at point 0 (at a distance a to the left 
of the force P), yields the equation of the deflection line as 

[(Cxa + 2I)xa)4x. - 2(C'xa + T>x.)5x. + ^xi<.-*i ]• (23a) 

If the notation Cxa + 2D^a = a and Cxa + Dxa = ^ is used, the expressions for 
slope, moment, and shearing force will take the form 

Px2 

6 — p + fiC\x dh Bwa-zOy 

M = ^ {oiC\x — 2fiD\x + Cxja^xi), (23b--d) 

4X 

Q = — ^ (ciDxx — -Dx!a-X|). 

The last ternji in each of the equations above represents the effect of the con- 
centrated force P on the infinitely long beam. The a-x difference should be 
taken alwa^^s in absolute value. In the last terms of (23 b and d) the upper, 
plus, sign refers to points with x > a, while the minus sign should be taken for 
points for which x < a. 

Finally, let us determine the solution for a semi-infinite beam with free end 
subjected to distributed loading g, as shown in Figure 21. If the beam had 

infinite extension in both directions, at 
point 0 at the left end of the loaded 
portion Z, according to (7 c-d), a bending 
moment M — /4X^)5xz and a shearing 

force Q = (g/4X) (1 — Cxz) would be pro- 
duced. The ehd-conditioning forces, 
which are to cancel this moment and shear at 0, can be obtained by putting 
Ma = {q/4c\^)B\i and Qa (g/4X) (1 — Cu) into (16), which gives then Po = 
(g/X)(l -t- Bxi - Cu) and Mo = -(g/2X^)(l + 2Pxz - Cxz). Applying Mq and 
Qo on the infinite beam simultaneously with the distributed loading q, we have 
the equation of the deflection line for abscissa values 0 < x < 1: 

y = ^[(1 + Bn - Cn)A>^ - (1 + 2Bn - Cn)Bu + (2 - A. - Dxu-*))]. (24') 

At the same time for a: > Z we have, according to (9a), 

y = ^ [(1 + Bn — Cn)A\x — (1 + 2Bn — Cn)B\x — (Z>x* — J9x(*-z))]. (24") 

Formulas for 6, M, and Q in the problem above can be obtained by successive 
differentiation of (24') or (24"). 
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III. Applications 


10. The Railroad Track 

The theory of beams on elastic foundation found its first application in the 
calculation of stresses and deflections of railroad tracks.* Actually, in the 
modern crosstie systems only the ties are continuously supported by the roadbed, 
while the rail itself rests on the ties, that is, on closely spaced elastic supports. 
Investigations have showm, however, that an equivalent continuous elastic foun- 
dation can be substituted with good approximation for such supports, and in 
this way the theory can be applied to the analysis of the rails themselves. 

If two equal forces A", corresponding to the rail pressures, are symmetrically 
applied to a tie, and the}^ cause y-n deflection at their point of application, then 
the elasticity of the support, which is furnished by one tie to the rail, can be 
characterized by the 



(a) 


factor (spring constant). If such elastic supports are sufficiently closely spaced 
along the rail they can be replaced by a continuously distributed imaginary 
foundation.f the modulus of which is taken 


k = 


D 


(b) 


where a is the spacing of the ties and D is the spring constant to be determined 
experimentally. Introducing this modulus k into the previousl}^ derived 
formulas of the infinitelj" long beam, we can use those formulas for the anal^^sis 
of rails. 

Under a single wheel load P the maximum bending stress will then be, from 
(5c), 


^ ^ P ^ P .MEI 

s 4XS isy k ’ 


(c) 


where S denotes the section modulus of the rail. Introducing the cross-sectional 
area A of the rail into (c), we can write 


_ P A-^I UE 
A iS 7 k‘ 


(d) 


The second term on the right side of the equation is constant for geometrically 
similar cross sections, and the third term does not depend on the dimensions of 
the rail. Hence we can conclude that the maximum bending stress in the rail 


* E. Winkler, Die.Lehre von der Elastizitdt itnd Festigkeit (Prag, 1867), pp. 182-184; and 
Zimmermann, op. cit. 

t This approximation was introduced by S. Timoshenko in a paper on “Strength of 
Hails, Transactions of the Institvte of Ways of Comnninicatioii (St. Petersburg, 1915). 
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can be kept constant if with the increase of the wheel load P the cross-sectional 
area A (i.e, the weight of the rail) is also proportionally increased.* 

It is seen from (c) that an error in the determination of the modulus k will 
not influence substantially the value of <rm&y * Putting, for instance, 2k instead 
of k into (c), we find that the 100 per cent difference introduced in k causes only 
16.5 per cent, that is, (1 ~ \/^2), deviation in the value of the maximum bend- 
ing stress. 

The approximation achieved by substituting a continuous elastic support 
for the separate ones is not restricted to the analysis of the railroad track, but 
may find application to various engineering sti'uctures. As a rule, separate 
elastic supports may be replaced by an imaginary continuous foundation if we 
have at least four of the supports in the characteristic wave length I = tt/X 
of the deflection line. This moans that for such cases we must satisfy the 
formula 


~~ET 


< T, 


(e) 


where a denotes the spacing and D the elasticity of the supports, and where El 
indicates the flexural rigidity of the supported longitudinal beam. 

Figure 22 f shows the moment diagram ofa beam of unlimited length subjected 
to a single concentrated force and analyzed, first, as resting on separated elastic 
supports (polygonal moment diagram) and, secondly, as supported on an ecpiiva 



lent elastic foundation (continuous moment curve). The agreement between 
the deflection lines, calculated by the two different assumptions, is a close one 
and the differences are quite insignificant. 


* See the paper by S. Timoshenko and B. F. Langer, ‘‘Stresses in Railroad Track,” 
Transactions of the American Society of Mechanical Engineers, vol. 54 (1932), Applied Me- 
chanics Section, pp. 277-302. 

t Figure 22 was taken from A. Wasiutyhski, Recherches exp^rimentales sur les deforma- 
tions eiastiques et le travail de la superstructure des chemins defer, in Annales de V Academic 
des Sciences techniques t Varsovie, Tome IV (1937). 
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In the case of a railroad track the ballast and especially the underlying subsoil 
represent a certain continuity between the deflection of neighboring points. 
Such continuity was not considered in the fundamental assumption (equation 
[a], p. 2) on which the present theory is based, but its influence can be taken intc 
account if the value of Z) in (b) above is determined in the following experi- 
mental way. 

Suppose that the rail is subjected to a 
wheel load P and the deflection ordinates of 
the rail are measured at every tie (Fig. 23). 
Assuming that the spidng constant D is the 
same for every tie, from the consideration 
of equilibrium we get P = D ^ yi and 
hence 



D = 


P 

Hvi' 


(f) 


Such experiments have been done recently b}^ A. Wasiut^nhski (op. cit), who 
points out that the value of D determined by means of (f) is about half the value 
obtained when only a single separate tie is loaded (equation [a], p. 27). The 
reason for this difference is that on account of the continuity in the subsoil the 
deflection of the neighboring ties to the right and left of point i facilitates the 
deflection of the ith tie, and, in consequence of this, one tie in such an assembly 
will be about twice as flexible (half as large as D) as a separate single tie under 
the loading. The value of D determined from (f) corresponds to the situation 
actually existing in the railroad track. Putting this D into (b) and introducing 
the modulus k so obtained into the formulas for the infinitely long beam, we find 


Locomotiire L.octdmff . 




Fig. 24 
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the calculated results to be in remarkable agreement with the actual stress and 
deflection measurements. Such a comparison, taken from the work of Wasiu- 
tyfiski cited on page 28, is shown in Figure 24. One can observe that the stress 
measurements usually check more closely with the theoretical results than do 
the deflection measurements. This might be explained by the fact that an 
inaccuracy in the determination of k has greater effect on the deflection line than 
on the moment curve. While a 100 per cent difference in the value of k would 
cause only 16.5 per cent deviation in <7max (^s shown on p. 28), it jwould produce, 
From equation (5a), a 40 per cent difference, that is, (1 — ^^^2), in the value 
of the maximum deflection ordinate of the beam under a single concentrated 
force. 

The elements of a normal track have in general the following dimensions; 
ties, length 8-9 ft., cross section 8 X 6-9 X 7 in., spacing 24-30 in. on centers; 
ballast (crushed stone), average depth 14 in. Experiments carried out on such 
tracks (under simultaneous loading of several ties) gave for the elastic coeffi- 
cients introduced above the average values 

D = 48,000 Ibs./in. - 60,000 Ibs./in. 

and 

k = 1400 Ibs./in." — 2000 Ibs./in."* 

From such measurements also the A*o modulus of the foundation of the ties (;an 
be deiived. This ko is found to have a value (when several neighboring ties arc 
simultaneously loaded) of ko = 110 — 130 lbs./in4^ per inch. 

11 . Cylindrical Tube under Axially Symmetrical Loading 

Consider a thin-walled cylindiical tube subjected to radial forces uniforml}^ 
distributed along an arbitrarj^ circle on the tube (Fig. 25a). 

Because of the symmetiy of such loading every section normal to the axis 
will remain circular, while the radius i? wdll undergo a change, AR — y, different 
for each cross section. The radial displacement y can be regarded as deflection 
for a longitudinal element of the tube, and hence it is seen that the assumed 

loading will set up bend- 
ing stresses in the lon- 
gitudinal elements. On 
account of the sj^mmetiy, 
we have to consider the 
deformation of only one 
element. Let it be A-B, 
shown in Figure 25a, and 
Fm. 25 assume its width equal to 

unity. 

* For further details see the Progress Reports of the Special Committee on Stresses in 
Railroad Track (under the direction of A. N. Talbot), published in the Transactions of the 
Ainerican Society of Civil Vols. 82-83, 86, 88 (1918, 1920, 1923, 1925); and in the 

AjnericanBailvxiy Engineering Association Bulletin, Vol. 31, No. 319 (1929). 
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The radial displacement y must be accompanied by a circumferential com- 
pression y/R of the tube, which in turn will give rise to compressive hoop forces 
N (Fig. 25b) having a magnitude of 

-KT Et f . 

A' = ^ 2/ (a) 

per unit length of the A-B element, R being the middle radius and t the thick- 
ness of the tube. The resultant of these forces N will have a radial direction 
and be of the value 

= at i J 2/. (b) 

It is seen that this force P, opposing the deflection, will also be proportional 
to the deflection, Et/R^ being the proportionality factor. Hence we may 
conclude that a longitudinal element of a cylindrical tube loaded symmetrically 
with respect to its axis can be regarded as a beam on an elastic foimdation, 
the modulus of which, 

fc=|. (25) 

depends on the cross-sectional dimensions and on the material of the tube. The 
width of the longitudinal element in the derivation above vras taken equal to 
unity. 

When dealing with the bending of a longitudinal element we must consider 
that, on account of the axial symmetry of the deformation of the tube, the 
sides of each longitudinal element will not be able to rotate in order to permit 
the lateral extension or compression of the longitudinal fibers, but will have to 
remain parallel with their original (radial) directions. This restraining influence 
is equivalent to a bending moment 

c = f (c) 


in the circumferential ring where Mx denotes the bending moment in the longi- 
tudinal beam and m is Poisson’s ratio for the material. The stiffening effect of 
Me on the bending deformation of the longitudinal beams can be taken into 
account by increasing the moment of inertia of each beam of unit width in the 
ratio 1/(1 — ii), and thus we have 


12(1 - if) ‘ 


(d) 


Using the expressions above for k and J, we shall obtain the characteristic X 
for the tube as 



If steel (ji = 0.3) is the material of the tube we have 


X = 1.285 


1 

\/Rt ’ 


(e) 
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Since any loading which is symmetrical with respect to the axis of the tube 
can be regarded as composed of such concentrated elements of loading as that 
shown in Figure 25a, from the principle of superposition it follows that the 
same method may be used equally well in the general case when the load varies 
in an arbitrary manner along the axis of the cylinder, provided that in each nor- 
mal section the radial loading is uniformly distributed along the circumference 
of the cross section, which means that the axial symmetry of the loading is 
preserved. In problems of this type the deformation and stress in the longi- 
tudinal elements can be obtained from the elastically supported beam formulas 
ssy,, dr, Mr , and Qr , respectively, by taking h and X as in (25) and (26). At 
the same time the stress in the circumferential direction is obtained by adding 
to the normal hoop stress, Cn , the stress caused by the circumferential bending 
moment, . Thus we have as extreme fiber stress in the circumferential 
direction 


(Tc 


E 6 

= ff„ + CTi, = 2/, ± yMr 


(27) 


where the plus and minus signs on the right side give the fiber stresses at the 
inside anfl at the outside surface of the tube respectively, tensile stress always 
being regarded as positive. 

If we assume a thin-walled cylinder without external load to be subjected 
to a change of temperature, constant in any of the cross .sections but varying 
arbitrarily along the axis of the cylinder, w'e have again a problem of axially 
.symmetrical deformation to which the theory of beams on elastic touiidation 
applies. 

I^t To denote the initial uniform temperature of the tube and T the tempera- 
ture after heating has taken place, assuming the latter to be uniform in each 
cross section and to vary only along the axis of the tube. The radial displace- 
ment y of the element A-B (Fig. 25a) will be accompanied by a unit strain y/R 
in the circumferential direction; this strain is due partly to the circumferential 
(iompresisive forces .V and partly to the temperature change {T — T^) in the 
cross section under consideration. Denoting by a the coefficient of linear ex- 
pansion for the material of the hibe, w-e have 


>1 

R El 


a(T - y,.). 


(f) 


from which 


.V = ^ // + aE/(7’ - r„). 


(28) 


The corresponding radial forces acting on the element A-B will be 


7> \7 ^ _L / 7'' fr \ 

^ ~ li ~ 


(g) 
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El d^y 


and will be equal to — — , as is known from the bending theory of 

1 — doer 

beams. Hence we have the differential equation for our problem 

r^.e- -[§>' + 


Comparing this expression with equation (1), on page 3, we find that the second 
term on the right side of the equation above corresponds to a distributed loading 
— q acting on a beam of flexural rigidity El /{I — ii) supported on an elastic 
foundation with the modulus k = Et/E\ Hence the distribution of thermal 
stresses in a cylindrical tube due to a variation of temperature {T — To) along 
the axis of the tube can be determined b}^ simply taking a{Et/R){T — To) as 
a distributed load on the tube.* Any of the previously derived formulas for 
beams on elastic foundation will then give the solution for deflections, moments, 
and shears in the longitudinal elements of the tube, while the circumferential 
forces N will be determined hy (28). 


12. Examples 

1. Because of the wav}' course of the moment influence line on an infinite 
beam (Fig. 5c), it is possible to place on the beam a number of equal forces P 
in such a manner that the resulting maximum bending stress will be less than 


that caused by a single foi’ce P alone. 



Fig. 26 


A single force P on the infinite 
beam will produce a maximum bend- 
ing moment, from (5c), equal to M == 
F/4X (Fig. 26a). From the influence 
line for moment showm in Figure 5c we 
see that another force, P, applied at a 
distance x = t/2\ will 2 *educe the 
former maximum moment to 

M{1 + Cxx-r/2) = - 0.2079) 

= 0.7921 M (Fig. 26b). 

If one more P load is added to the pre- 
vious two with the same spacing, x = 
t/ 2X, the bending moment under the 
center load will be 

iV/(l + 2C\x>^r/2) = 

.¥(1 - 0.4158) = 0.5842 ¥, 


while under the side loads w^e shall have the value 


+ Cxx^O = - 0.2079 ~ 0.0432) = 0.7489 M (Fig. 26c). 


* See S. Timoshenko, Strength of Materials (2d ed.; New York, 1941), Part II, p. 174; 
and also J. P. den Hartog, ^‘Temperature Stresses in Flat Rectangular Plates and Thir 
Cylindrical Tubes,” Journal of the Franklin Institute, 222 (1936), 149-181. 
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2. Consider an infinite beam loaded as shown in Figure 27. Let us set the 
problem of finHing for the beam the value of I which gives such a pressure dis- 
tribution in the foundation that the ina.ximum pressure at the center of the 
loaded portion will equal I 3 . Using (7a), we can write this requirement as 

= 3 cos ^ = \q, 

Fig. 27 

or, putting x = fXZ and e * cos x — Dx j find that the condition must fulfil 
the equation 

Dx - 0.75 = 0. 

Such equations can be solved most easily by Newton’s approximation.* 

As a first approximation for x we have from the tables (p. 221) Xi =0.25, 
which gives 

f(xj) = Dxi - 0.75 = 0.7646 - 0.7500 = 0.0046 

and 

f{x{) = 

Hence the second approximation for x will be 

% = 0.2500 + = 0.25485. 

Since 

z = 0.25485, 

from X — ^k/4:EI = (2/^)0.25485 we have the expression for the required 
moment of inertia as 

I = 3.704 ~ . 

£4 



* If Xi denotes the first approximation of the root of equation f[x) = 0, a second im- 
proved value for the root can be obtained as 




Xi - 


/fa) 
ffa) ' 


This step can be repeated until the required accuracy in the value of x is secured. This 
method is especially adapted to solving equations involving the C, and D functions, 
since they are derivatives of one another (see the equations on p. 12), and consequently 
/(xi) and f{xi) can be taken out of the same table. 
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3. A beam of flexural rigidity El is supported on the free ends of a series of 
cantilevers, each having bending stiffness EJo , and loaded with a distributed 
load q (Fig. 28). Assume that the spacing c of the cantilevers satisfies the 
condition (e) on page 28 and the longitudinal beam can be regarded as one 
supported on a continuous elastic foundation, the modulus of which will here be 

k = D/c = ZEoIq/ccl. If the flex- 
ural rigidity of one of the cantile- 
ver beams is increased, a concen- 
trated reaction force R will be 
produced at that place, causing 
bending in the longitudinal girder. 
Let us find the value of R pro- 
UiG. 28 duced if the value of EqIq for one 

of the cantilevers is doubled. 

If all cantilever beams had the same EJq value, the deflection of the main 
girder would be constant, 2/0 = q/k = q{c(i /ZEJq). If the flexural rigidity of 
one of the cantilevers is doubled the deflections at that point must satisfy the 
requirement 

from which we have 



72 


= Q. 


2c 

Xc + 2’ 


where X = y/k/AEi and k is as given above. 


4. If a circular tube of unlimited length is subjected to an internal pressure 
p, w^e find, from considerations of statics, that there will be produced in the wall 
of the tube a uniform circumferential stress <Tc = pR/t, where R denotes the 
middle radius and t the wall thickness of the tube. Because of this stress the 
tube will expand radially by the amount 8 = pR^/Et. Suppose that at one place 
a so-called reinforcing ring is applied to the tube which prevents the expansion 
at its point of application (Fig. 29). The effect of this ring wUl be the same as 

the effect of a concentrated force pro- 
ducing deflection y == pR^IEt on an 
infinite beam supported on an elastic 
foundation having the values of k 
and X defined by (25) and (26). The 
maximum bending moment due to 
this action can be determined from 
(5 a and c), and so we get (using 
jLt = 0.3) for the maximum bending 
stress 



\p 

Fig. 29 
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It ia seen that this bending stress, which occurs under the reinforcing ring in 
the longitudinal fibers of the tube, is 82 per cent larger than the circumferential 
stress existing before the application of the ring.* 

5. Consider a circular tube with one end built 
into a wall made of the same material as the tube 
(Fig. 30a) and assume that the temperature of the 
tube is raised by T degrees with respect to the tem- 
perature of the wall. By the fixing of the end A a 
radial extension 6 = aTR of the tube is prevented, 
a denoting the coefficient of thermal expansion of the 
material and R the radius of the tube. At the same 
time, owing to the fixed end, the slope of the de- 
formation curve at A must also be equal to zero. 
Putting 2/0 = oiTR and 0o = 0 into (22c), we ob- 
tain the maximum bending moment at A (a: = 0) as 

Mnucc = 2aTREI\\ 

^ 12(1 - ^ ~ ~ Ri ’ 

we can, by using m = 0,3, write the expression for the maximum bending 
moment as 

iiimax = 0,ZQBaTEt\ 

If we assume such fixing at A as permits a rotation of the end (Fig. 30b), an 
expression for the M curve can be obtained by taking yo = aTR and [ilf]x-o = 0 
in (22c). This gives So = —X^/o , and now we get, using the expressions above 
for I and X, the equation of the bending-moment diagram as M = 
—O.SOSaTEiV^ sin Xr, the maximum value of which, at a distance x = 7r/4X 
from point A, ^^ill be 

= -0,098aTEt\ 

6. Consider a cylindrical tube of 
unlimited extension heated along a cir- 
cumferential circle to a temperature of 
T degrees. Assume that from point A 
of the heated circle the temperature de- 
creases on both sides linearly along a 
length I until it reaches the uniform 
initial temperature To of the tube (Fig. 
31). Such a condition can occur when 
two tubes are butt-joined by welding. 

* In spite of their stress -raising effect, reinforcing rings are frequently used for con- 
structional reasons, such as to increase the stiffness of the tube, to provide support, and 
so on. 
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Since for the tube 
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The problem is to find the thermal stresses set up in the tube. The solution 
(*,an be obtained if, according to (29), we subject the tube to a triangular loading 
whose maximum ordinate is equivalent to 

go = -“f (r- To). 

Substituting this value in (10c) and putting X = \/3(l — ,0, — I, 

b = 0, we have the maximum bending moment occurring at A (the value given 
by flOc] is doubled because of the double triangular load): 

= (r^y3T4“(r - 

the maximum longitudinal bending stress will be (if jjl = 0.3) 

(Tma. = 0.707a(r - To)EVm ~ ^ . 

The deflection at point A is obtained from (10a), with k = Et/R^, as 

= -0.S8MT - ToW^t ~ ^ ; 

and foi- the normal hoop stress a„ , after substituting in (28) the 2 /a value above, 
we have 

= ^ = a(T - '1\)E - 0.389\/Ii + 2XZ - 1 

This normal stress is acting in the middle plane of the wall of the tube. The 
extreme fiber stress in the circumferential direction is obtained (according to 
[27]) by adding to the <Jn value above the stress produced by bending in the 
circumferential direction: 


0-6 = &nMA/t^- 



CHAPTER III 

BEAMS OF FINITE LENGTH 

13. Ge 7 i€ral Method of Solution for Beams of Finite Length 

For a beam of finite length the correct solution is the one which, besides 
fulfilling the differential equation of the elastic line, also satisfies the required 
conditions at both ends of the beam. 

The previously derived elastic curves of the infinite beam all satisfy the 
differential equation of bending. In consequence of the principle of super- 
position any combination of particular loadings will also satisfy that differential 
equation. Hence it follows that, if we find such a combination of loadings as 
fulfills the conditions prescribed for certain points (end points) of the elastic 
line, we shall thus obtain the solution for a beam of finite length. 

Assume that an infinite beam is subjected to a given loading P and g, as 
shown in Figure 32. Because of this loading certain values of y, 6, M, and Q 
will be produced at points A and B, By superposing on this loaded beam 
two pairs of concentrated forces and moments (ilfox , Pox and Mob , Pqb) we can 
modify the elastic curve in such a way that at points A and B the required end 
conditions will be fulfilled. For each end {A and B) ^\e can prescribe two 
conditions. 

Since the four quantities Pox , Mqa and Pqb , Mob create the required condi- 
tions at A and R, they will be collectively termed, in the discussion which fol- 
lows, the end-conditioning forces. This end-conditioning principle was used in 
the preceding chapter when we derived solutions for the semi-infinite beams. 
The present use differs only in that now we must consider also the influence 
of these end-conditioning. forces on each other, for Pox and Moa will have an 
effect on the conditions existing at B, and similarl}^ Pob and Mob will have an 
influence at point A. Thus the correct value for these end-conditioning forces 
must be determined from four simultaneous equations, representing the simul- 
taneous fulfillment of the end conditions at points A and B. It will be assumed 
that these end-conditioning forces are applied infinitely close to the outer side 
of the A-B portion. In this way any uncertainty which might arise from the 
singular character of the points of application will be eliminated. The assumed 
positive sense for the end-conditioning forces is shovm in Figure 32. The proce- 
dure for finding their values in any particular case of end conditions will be 
discussed in the following sections. 

14. Beams with Free Ends 

Consider an infinitely long beam subjected to a given loading, as shown in 
Figure 33a. Our aim will be to obtain from it a solution for the beam of finite 
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Fig. 32 


length which is under the same loading 
and has free ends at A and B (Fig. 33c). 

In the beam in Figure 33a there are 
bending moments and shearing forces 
produced at A and 5, but in that in 
Figure 33c we have M = 0 and Q = 0 
at those points. Our method will be to make the moments and shears vanish at 
points A and B on the infinite beam, by applying the end-conditioning forces 
Boa , Moa and Pqb , Mob at those 
points. According to the reasoning 
previously presented, the infinitely 
long bar under the action of the 
given loading and the end-condition- 
ing forces (Fig. 33b) will behave 
between points A and B exactly in 
the same manner as if it had free 
ends at these points (Fig. 33c). 

The end-conditioning forces must 
produce - Ma , - Qa , - Mb and - Qb at the points A and B, Having 
altogether four conditions for the two ends, we can determine the value of the 
four end-conditioning forces. 

By use of (5 c-<i) and (6 c-d), the conditions above for free ends can be 
written as 



•nr I B QA I B OB ^ I Mqa i -Mob -r^ ^ 

4X + 4X + ^ + 

Q. - ^ ^ = 0, 

MB + ^Cxi + ^ + ^Ihi + ^ ^0, 


Qb — Du + 


Bob 

2 


yMoA A t xMob 
-y Axi -h 2 


= 0 . 


(30) 


By solving such a system of equations we can determine the values of the end- 
conditioning forces in each case, but an explicit form for the unknowns in (30) 
would lead to complicated expressions. 

In order to simplify the solution of these equations we shall resolve the 
original loading (as a simple example consider that shown in Fig. 34a) into two 
parts, a symmetrical part (Fig. 34b) and an antisymmetrical one* (Fig. 34c). 
By resolving in this way any given loading into symmetrical and antisymmetrical 


* This method is sometimes referred to in the literature as the ‘‘Andree-Herzka 
method.’* See W. L. Andree, Zur Berechnung statisch uribestimmter Systeme^ Das B-U 
Verfahren (Munchen-Berlin, 1919). 
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components we actually resolve the 
system of four equations shown in 
(30) into two systems with two un- 
knowns in each. Thus in Figure 
34b, as well as in Figure 34c, the 
moments and shears at the end 
points A and B are equal in absolute 
value and differ only in signs, as 
is shown there. Hence in each of 
these situations the end-condition- 
ing forces will be of equal value too, and their calculation will need, in each 
instance, the solution of only two simultaneous equations. 

Since a considerable simplification in the computing work is attainable by 
this procedure, we shall make extensive use of it in the future. The consecutive 
steps in appl3dng the method will be: (a) resolving the original loading into a 
S3"mmetrical and an antis^mimetrical part, (6) determining the end-conditioning 
forces in each of these parts, and (c) adding them together afterward at each 
end point. By this means we obtain the total value of the end-conditioning 
forces for the original given loading. 

The sign convention will have considerable importance in this procedure, 
and so we shall decide now* that Ma , Qa and Mb , Qb will denote the moments 
and sheai-s at points A and B due to the original loading (Fig. 34a) ; that Ma , 

will represent the moment and shear at A due to the symmetrical loading 
(at B the values are the same; onty the sign of the shear is reversed, as shown 
in Fig. 34b); and that will indicate the moment and shear at A due to 

the antisvmmetrical loading (at B they are of the same value, but the sign of the 
moment is reversed; see Fig. 34c). An}’ of these symbols ma.y denote negative 
quantities. For example, if when computing the shearing force at A this 
happens to come out negative,, then Qa will indicate a negative quantitv. 

According to this notation, it follow^s.from Figure 34 a-c that 

Ma = Ma + Ma , Mb = M'a - M'I , 

Qa = Q'a + Qa, Qb= -Qa + Q'1. 

and, therefore, 

M'. = m.< + Mb), Q'a = - Qb), I 

Afi = h,{MA - Mb), Qa = HQa + Qb). ] 

Having determined the Ma , Mg, , Qg values due to the original loading on 
the iniinite beam, we can find from (31) the corresponding M'a , Qa and M'a. 
Qa values for the symmetrical and antis 3 ?mmetrical loadings respective! v. 

* In addition to the general conventions established on p. 11. 
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The next step will be to remove 
moments and shearing forces at 
points A and B by applying at these 
points Pq , Mq in the symmetrical 
case and Po , Mo in the antisym- 
metrical case, as shown in Figure 35 
b-c. Both these figures indicate 
the assumed positive directions for 
the end-conditioning forces. By su- 
perposing the symmetrical and anti- 
syTOmetiical components we shall 

obtain the end-conditioning forces for the original case (Fig. 35a), in which 



== Po + Po , 
il/oa = Mo + Mo , 


PoB = Po - Po , 

Mob = Mo - Mo . 


In order to remove the moments and shears at A and B on the infinite I)eam wo 
shall recjuire that Po.i , il/o.-i , Pqb , and Mob should produce altogether — Ma , 
— Qa at A and — Mb , — Qb at P, which they will do if: Po and Mo produce 


1 

1 

o 

at -1 

and 

— Ma , + Qa at P, 

(a) 

and if Po and Mq pnxhifc 

- M'l , - Q'l 

at .1 

and 

1 

+ 

(b) 


From conditions (a) and (b) above the values for the end-conditioning forces 
can be determined separately for the symmetrical and the antisymmetrical eases : 


a. Symmetrical Case 


Using (5 c-d) and (6 c--d), wc can write the conditions in (a) above as 
§ (1 + Cxi) + y (1 + Dxi) = - M', , I 


-yd- Dxi) 


UIo 


(1 - Axi) = - Q'.i 


(c) 


From this we have 


P', = AEAQ'Al + I>v) + XM:,(1 - Axi)], 

Mo = -^EAQ'aH + Cxi) + 2Xilf:(l - Dxi)l, 

where 

- 20 + Dxi)(l - Dxr) - (1 - ^v)(l + Cxi) ' 


( 32 '^ 


* In another form : 


1 


2 Sinh Td H- sin XZ 


r,. 


1 


e 


2 Sinh XZ — sin \l ' 
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b. Antisymmelncal Case 

Using (5 c-d) and (6 c-d), we can put the conditions in (b) in the form 

^ (1 - kt) + ^ (1 - Ad = -M'J , 


~ (1 + A) 


(1 + Axi) = -Qa, 


from which 


p" = 4 A [0" (1 - A) + XM'l (1 + ^^d] , 
il/r = -Ha IQ'l (1 - Cxi) + 2xMa (1 + Dxi)] , 

A 


where 


2(1 + A) (1 Dxt) - (1 + AxO (1 - Cxi) * 


At the end of this book a table of E functions is given. The E quantities as well 
as the other multiplicators of the Q’s and M’s on the right side of (32') and (32") 
are functions of \l only; consequently, these coefficients have to be established 
only once for each beam and can be used for determining the end-conditioning 
forces for any type of loading. 

If (32') and (32") give a negative value for an end-conditioning force, it will 
mean that the direction of that force should be opposite to the one that was 
assumed as positive (Fig. 35b-c). In any particular problem it is advisable 
to show in a sketch the way in which these end-conditioning forces are acting, 
separately in the symmetrical and the anti-symmetrical cases, in order to avoid 
any mistake in signs w'hen adding them together at the end points A and B 
respectively. 


This procedure gives the solution for a beam of finite length subjected to any 
lateral loading. It includes also the particular situation when forces are acting 


only at the ends of the beam. From 
(32') and (32") it follows that P'o 
and Mo on the infinite beam (Fig. 
36a) will create a situation between 
points .4 and B which is identical 
with that in w'hich the beam of finite 
length A-B is acted upon at the 
ends by — M^ , — Qa and ~ Ma , 
-j- Qa end loads (Fig. 36b). Simi- 



Fig. 36 


*See note on page 41. 



BEAMS OP FINITE LENGTH 


43 


larly, Figure 37 a-b gives an identi- 
cal situation on the A-B portion 
for the antisymnietrical case. In 
(320 and (32") we can assign any 
value to the quantities ill .4 , Qa ; 
consequently, in this way we can 
derive the solution for a beam of 
finite length subjected to an^' end 
loading. 



15. Beams with Hinged Ends 

For a beam with hinged ends, such as that 
shown in Figure 38, the conditions for both ends 
arc 

y = 0 and M = 0. 

Extending the sign convention previously adopted 
(p. 40) for deflections and slopes, we shall denote 
Va , Oa , Vb , Sb the deflections and slopes pro- 
duced by the loading at points A and B respec- 
tively on an infinite beam; by t/1 , Oa the deflection 
and slope in the S 3 ’'mmetrical case at A (at B the 
values remain the same, but the sign of 6 is reversed) ; and b.v yA , Sa the deflec- 
tion and slope in the antis^'ihmetrical case at A (at B the.v are of the same value, 
but the sign of y is reversed). As was pointed out before, any of these symbols 
may denote a negative quantity. From the notations above it follows that 

yA = Va + yA , Ha = M'a + Ha , 

2 /b == 2 /a - yl, Hb == Ha - Ha, 












4 


^77777777777777777777777 






PA 




B 


1 


Fio. 38 


and, therefore, 


h'a = \{y.\ 4- Hb), 
y'l = hiy.i - Vb), 


M[, = JO/a + il/fi), 1 
ili" = m.i - Mb). J 


(33) 


We shall again split the original loading into a symmetrical and an antisymm<!ti-i- 
cal one and shall determine the end-conditioning forces separately for each. 


a. Symmcirical Case 

P'o and M'o must produce ~ v'a and - M'a at points A and B on the infinite 
beam. That is, by (5 a and c) and (6 a and c). 


§(1 + Cx0 + '^ (1 + J5x,) 
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From this we have 

P', = - 2\^EIyUl + Du)], | 

Ma = 2Fj[-MAil + Au) + 2\^EIyA0- + 1 

where 

1 * 

' B\i (1 4- C\i) — (1 + D\i) (1 + -Axz) 

b. Antisymmeirical Case 

P'o and Ma must produce — y'i and — M" at A and + yA and + Ma at B. 
Using (5 a and c) and (6 a and c), we can write the conditions above as 


PiX 


(1 - Au) - 


2k 

(1 - CxO + 


P" Mn 

aq /I /nr \ t 

4X 


M" p /r 

—j— D\i = -yA, 


(1 - AO = -M'l , 


from which 


where 


p" = -4XP/j[ilf"Px, + 2X'P72//(1 - AO], 

M',' = -2F„[Ma{1 - *4x;) - 2\^EIyA{l - A;)], „ 


(b) 


(34") 


Fn = 


" “ 5x2 (1 - Cx() + (1 - AO (1 - Axi) '■ 

1(). Beams with Fixed Ends 

For a beam Avith fixed ends, such as that shown 
in Figure 39, the conditions for both ends are 


y = 0 and 6 = 0. 

According to our adopted sign convention (p. 43), 
we shall hatT in this case for the infinite beam 


= ?y.4 + Ua , 
Vb = v'a - Ua , 


^A — 6 A + 6 a , 

6b = ~ 5.4 + 6a , 


* In another form: 


F, =i 




2 Cosh Xr -}■ cos XU 
See tables of E and F functions on page 241. 


F„ = 





A' 



^/7777Tt ,,,, f rr/77777ft(^ 

^ 1 

1 


’^rr/Trni 


-5 


Fig. 39 




2 Cosh XZ — cos XZ ' 
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and, therefore, 

yA = 5(2/^ + Vb), Q'a = hi^A — 6 b), ] 

» /, (35) 

Va = hivA - Vb), 6a = + 6b). J 

Having determined on the infinitely long beam the yA , ys , 6a , and 6b values 
due to the given loading, we can obtain the yA , 6a and y" , 6 a values from (35) 
for the symmetrical and antisymmetrical components, respectively, of the given 
loading. They will be used in the formulas derived below. 


a. Symmetrical Case 

P'o and ilfo must produce — yA and — b'a at A (at B, consequently, — yA 
and Ba will be pi’oduced). This condition requires that 

Pc( Yy (^ \ = -2/1 , 

^2 n3 

Po J Pxz + Mo ~ (1 - Cu) = -e', . 

From this we have 

Po = SX^EIErldABx, - //4X(1 - Cxi)l ] 

/ / / [ 

M'o = + .4x/) - yA2\Bxil j 

where Ej is the same as before (see p. 41). 

h. Antisymmetrical Case , 

Po and Mo will produce — yl and — s'l at A (thus at P, + yA and — 
will be produced). This (*ondition requires that 


K ^ (1 - -4x0 - Mb ^ Bu = -y " ,] 

— B'z B\i + Mb' ^ (1 + C\i) = —b'a j 

From this we get 

Po = ~8X^EIEijIBaB\i + X2/a(1 + C\i)], ] 
Mo = -AXEIEzj[dA{l - Au) + yl2XBxil\ 


where the symbol En denotes the same expression that Avas given on page 42. 

In an analogous way, the end-conditioning forces can also be determined 
for other kinds of end conditions than those of free, simply supported, and fixed 
ends which have been discussed so far. 
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Trom the four quantities y, 6, M, and Q we can select two and ascribe any 
value to them, establishing in this way the conditions for an end. From these 
four quantities six different types of end support can be derived, a circumstance 
which, if we consider both ends of the beam, permits of twent} -one diffeient types 
of beams. Of these, six will be symmetrical, and of those six three have been 
investigated above. For the remaining three symmetrical beams the analysis 
can be carried out in the same manner, the general solution being iesol\ed into 
two pairs of simultaneous equations. But when we deal with diffeient end 
conditions at the two ends (a situation which admits of fifteen types of beams), 
such simplification is not possible, and, as a rule, all four equations of the type 
expressing the four end conditions (see [30]) will have to be solved simultaneously. 

17. Classification of Beams according to Stiffness 

^Ye have seen that it was the \l quantity which characterized the relative 
stiffness of a beam on an elastic foundation. This Xl quantity determines the 
magnitude of the curvature of the elastic line and defines the rate at which the 
effect of a loading force dies out in the form of a damped wave along the length 
of the beam. According to these XI values we may classify beams into three 
groups: 

I. Short beams: Xl < t/4; 

II. Beams of medium length: w/4: < Xl < tt; 

III. Long beams: Xl > tt. 

This classification is made from a practical point of view, since it offers the 
possibility of using approximations and of neglecting certain quantities in par- 
ticular instances. 

For beams belonging to group I we can neglect, in most practical problems, 
the bending deformation of the bar, since this deformation will be so small as 
to be negligible compared with the deformation produced in the foundation. 
Hence, computing beams of Xl < 7r/4, we can assume them to be absolutely rigid; 
consequently, the position which the}’’ take on the foundation, when subjected 
to loading, can be determined from simple considerations of statics. 

Group II comprises the situations in which accurate computation of the 
beams is necessary. The characteristic of this group is that a force acting at 
one end of the beam has a finite, and not negligible, effect at the other end. Con- 
sequently, when a beam of such length is derived from the infinitely long one, 
the countereffect which the end-conditioning forces have on each other has an 
important role, and no approximation is advisable. 

Beams belonging to grpup III have a Xl value such that the countereffect 
of the end-conditioning forces on each other is a diminishing one. When 
investigating one end of the beam, we may assume that the other end is infinitely 
far away. Forces applied at one end will have a negligible effect at the other. 
In other words, Xl is so large that we can take in all the formulas A\i = B\i — 
Cxi = B\i = 0, \vhich greatly simplifies the computation. 
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The limits established above for the classification of the beams are not 
definite. They depend on the accuracy required in the computation. Around 
these limits the suggested approximations will give results differing only by a few 
per cent from the exact ones. If we want greater accuracy we should put the 
upper limit of group I at XZ = 0.60 and the lower limit of group III at \l = 5.00. 
But beyond these limits use should be made of the approximations, since then 
the difference from the exact results will be negligibly small. 

In the example below the exact anaksis required for group II is used for a 
beam which has a value of \l larger than tt. This is done in order to show how 
the accurate solution can be arrived at, but it should be noted that satisfactory 
final results for practical purposes can be more simply obtained by making use 
of the approximations. 


18. Example 

Consider a beam with free ends, its 
dimensions and loading as shown in 
Figure 40. Find the deflections at the 
ends and the deflection, moment, and 
shear at C, in the middle. The modulus 
of elasticity of the material of the beam 
(wood) is £ = 1.5 X 10® Ibs./in.^ and 
the modulus of the foundation, h = 200 

Ibs./in.^ AVe shall have k = bh = 10 in. X 200 Ibs./in.® = 2000 Ibs./in.^, 



10 X 8712 = 

m 


426.7 in.^ 


X = 


2000Ibs./in.^ 


4 X 1.5 X 10Mbs./in.2 X 426.7 in.^ 


= 0.02973 in.” 


XZ = 0.02973 in.‘' X 120 in. = 3.568. 

First we have to calculate the bending moment and shearing force values pro- 
duced by the given P and q loadings at points A and B on the infinitely long beam. 
Force P will produce, according to (5 c-d) : 


at A (x = 30 in.): Ma = -2548.0 in. lbs., Qa = 643.2 lbs.; 
at B (x = 90 in.): = -3889.0 in. lbs., = 153.8 lbs. 


The distributed load q will produce 
at A (a = 52 in., 6 = 100 in.), according to (8 c-d) : 

M^a = -5787.0 in. lbs., Qi = -125.1 lbs.; 


at 5 (a = 68 in., 6 = 20 in.), according to (9 c-d): 

Ml = -5402.4 in. lbs., Ql = -272.9 lbs. 


Altogether there will be produced 

Ma = -8335.0 in. lbs., Ms = -9291.0 in. lbs., 
Qa = 518.1 lbs., Qb = -119.1 lbs. 
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Putting these values into (31), we obtain for the corresponding symmetrical 
and antisymmetrieal components; 

M'i = -8813.0 in. lbs., M'I = 478.0 in. lbs., 

Q\ = 318.G lbs., Q'l = 199.5 lbs. 

Substituting these values in (32') and (32") and taking the .4xi , Bu , etc., values 
from the tables (p. 235), using interpolation, we obtain the A'alues 

P'o = 158.3 lbs., = 15400.0 in. lbs., 

p" = 854.0 lbs., Mo = 15130.0 in. lbs. 

So we shall have the end-conditioning forces 

at A : PoA = Po + P'o = 1012.0 lbs. (downward), 

3/(, , = M'o = 265.0 in. lbs. (clockwise) ; 

at B: PoH - p'o - p'o = 695.7 lbs. (upward). 

Mob = m'o — m'o = 30530.0 in. lbs. (counterclockwise). 

The.se forces and moments applied close to the left of A and to the right of B 
on the infinitely long beam will produce, according to (5 c-d) and (6 c-d), 

at A: -Ma = 8335.0 in. lbs., -Qa = -518.1 lbs.; 

at B: —Mh = 9291.0 in. lbs., —Qb = 119.1 lbs. 

Thus, if we apply the end-conditioning forces on the infinite beam simul- 
taneously with the given loading, the deflection, slope, M, and Q will be the 
same at any point between A and 5 as in the original problem of Figure 40. 
This part of the calculation can be carried out conveniently in the following 
tabxilar form 


a. Defleclions 



Va 

Vc 

Vb • 

On the infinite beam: 

P 

0.02141 

0.02141 

-0.00113 

Q 

0.00140 

0.02797 

0.01286 

POA 

0.00752 

0.00097 

-0.00028 

Moa 

0 

0.00002 

-0.00000 

PoB 

0.00019 

! -0.00066 

-0.00517 

Mo B 

-0.00016 

0.00222 

1 

0 

On the beam of finite length : 

0.03036 

0.05193 

0.00628 
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b. Pressure in the Foxindation, p = hy Ibs./in.^ 
pA = 6.07 Ibs./in.^ pc — 10.39 Ibs./in.^, pe = 1.26 Ibs./in.® 


c. Bending Moment and Shearing Force at C 



Mq in. lbs. 

Qc lbs. 

On the infinite beam : 

P 

-2547.9 

-643.2 

Q 

13251.3 

630.2 

Pox 

-1700.0 

18.0 

Mo A 

-4.7 

-0.5 

Pojt 

1168.2 

12.4 

Mq b 

-543.4 

58.4 

On the beam of fibaite length: 

9623.5 

75.3 



CHAPTER IV 

PAETICULAR CASES OF LOADING ON FINITE BEA:MS 


I. Solutions of the Differential Equation of the Elastic Line 

In this chapter we shall give ready formulas for a number of simple cases of 
loading on beams of finite length. These expressions were derived by the 
previously presented method of superposition, by which solutions for any other 
loading or end conditions can also be obtained. In the formulas, wherever the 
symbol X is used, it denotes -^kjAEI, where k = bfco ; fco Ibs./in.* is the modulus 
of the foundation; and h is the constant width of the beam in contact with the 
foundation; and El is the flexural rigidity of the beam. 


19. Beams with Free Ends 

a. Equal Conceniraied Forces at Both Ends (Fig. 4^) 

2PX Cosh Xrc cos Xa:' + Cosh Xx' cos Xa: 

^ " "F Sinh XJ + sin XI 


(37a) 



Deflection at the end points: 

_ _ 2PX Cosh \l + cos XZ 

h Sinh XZ + sin XZ ‘ 


Deflection at the middle: 


yc = 


1 XZ xz 
Cosh - cos -• 


4 ^ 

h Sinh XZ + sin XZ * 


The deflection yc = 0 when XZ = x, 3x, 5x, etc. 

2p\2 1 

% = — r— g,. V . 7 , — : — w (Sinh X.^ cos Xa;' + Cosh Xrc sin Xo;' 
h Sinh XZ + sin XZ 

— Sinh Xa;' cos Xx — Cosh \x! sin Xo;). 

Slope at the end points: 

. . 2PX^ Sinh XZ — sin XZ 

^ ^ k Sinh XZ + sin XZ * 

M = — Sinh \x sin Xrc^ + Sinh sin Xa ; 

X Sinh XZ -f- sin XZ 


:37bJ 


(37c) 
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Bending moment at the middle: 


Mr = - 


rut « XZ • XZ 
2P Smh^sm^ 


X Sinh XZ + sin XZ ’ 


Me = 0 when XZ = 27r, 47r, Gx, etc. 
M c is negative when XZ < 2x. 

M c is positive when 2x < XZ < 4t, 




(Sinh \x cos Xo;' — Cosh \x sin \x^ 


Sinh XZ + sin XZ 

+ Cosh Xx' sin \x — Sinh Xx' cos Xx) . 
b. Equal Concentrated Moments at Both Ends {Fig. 4^) 


y = 


2ilfoX' 


(Sinh Xx cos Xx' — Cosh Xx ojn Xx' 


k Sinh XZ + sin XZ 

+ Sinh Xx' cos Xx — Cosh Xx' sin Xx). 



Deflection nt the end points: 

Va ^ Vb = -- 


2ilfoX^ Sinh XZ — sin XZ 
k Sinh XZ + sin XZ ' 


4MoX® Cosh Xx cos Xx' — Cosh Xx' cos Xx 


k 

Slope at the end points: 

Oa = = 

1 


Sinh XZ + sin XZ 
4MoX® Cosh XZ — cos XZ 


M - 0 


ft Sinh XZ + sin XZ * 
(Sinh Xx cos Xx' + Cosh Xx sin Xx' 


Sinh XZ + sin XZ 

+ Sinh Xx' cos Xx + Cosh Xx' sin Xx). 
Bending moment at the middle: 


Me = 2il/o 


I XZ XZ , ^ T XZ . XZ 

Sinh - cos - + Cosh - sin — 

2t JL Z Z 

Sinh XZ + sin XZ 


(37d) 


(38a) 


(38b) 


(38c) 
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Me = 0 whea cos ^ = — sin that is, when \l = Itt, iir, etc., if wc 

ji 2i 

assume that at these Xi values Sinh XZ = Cosh X/. 


Q = 2ilfoX 


Sinh Xa: sin Xa:' — Sinh 'hx' sin \x 
Sinh XZ + sin XZ 


c. Co7icentrated Force at One End (Fig. 4^) 

2P\ Sinh XZ cos \x Cosh \x' — sin XZ Cos h \x cos Xx' 
k Sinh® XZ — sin® XZ 


Deflections at the end points: 

_ 2PX Sinh XZ Cosh XZ — sin XZ cos X Z 
k Sinh® XZ — sin® XZ ’ 

_ 2P\ Sinh XZ cos XZ — sin XZ Cosh XZ 
k Sinh® XZ — sin® XZ 

The deflection j/b = 0 when XZ = fir, -jir, etc., if we as.siime that at these XZ 
values Sinh XZ == Cosh XZ. 


A: Sinh® XZ — sin® XZ 


[Sinh XZ (sin Xa: Cosh \x' + cos Xa: Sinh \x') 


Pig. 43 


+ sin XZ (Sinh Xa: cos Xa:' + Cosh Xa: sin Xa:')]. (39b) 

- I Slopes at the end points: 

^ ^ 2P\^ Sinh^ XZ + sin^ XZ 

k Sinh® XZ — sin® XZ ’ 

^ ^ _ dPx’ ’ Sinh XZ sin XZ 

* A: Sinh® XZ — sin® X7 ' 


The slope 6s — 0 when XZ = t, 2ir, 3x, etc. 

, , P Sinh XZ sin Xa; Sinh Xa:' — sin XZ Sinh Xa: sin Xa:' 


M ; 


Sinh® XZ — sin® XZ 


0 = —P sinh^x/ — gin® \1. ^ ^ Xa:' — sin Xa: Cosh Xa:') 

— sin XZ (Cosh Xa: sin Xa:' — Sinh X.r cos Xa:')]. (39d) 
(Z. Concentrated Moment at One End (Fig. 44) 

y - XZ — sin^ \1. (Cosh Xa:' sin X.r — Sinh Xa;' cos Xx) 

+ sin XZ (Sinh Xx cos Xx' — Cosh Xx sin Xx')]. (40a) 
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Va = 


Deflections at the end points: 
2Mo\^ Sinh^ \l + sin^ \l 


k Sinh^ \l ~ sin^ \x ' 
4Afo Sinh XI sin XI 



k Sinh2 XI — sin^ XI ’ 

The deflection ys = 0 when XI = tt, 2t, 3t, etc. 

4MoX^ Sinh XZ Cosh Xa:' cos Xx + sin XI Cosh Xx cos Xx' 

® = 1 Sinh^XZ-sin^XZ ’ 

Slopes at the end points: 

_ 4x¥oX® Sinh XI Cosh XI + sin XI cos XZ 
k Sinh^ XZ — sin^ XZ 

_ 4iifoX^ Sinh XZ cos XZ + sin XZ Cosh Xl 
^ k Sinh- XZ — sin^ XZ 

The slope 6b — 0 when XZ = Itt, ^tt, etc., if we assume that at these XI 
values Sinh XZ — Cosh XL 


M = Mo 


1 


[Sinh XI (Sinh Xx' cos Xx + Cosh Xx' sin Xx) 


Sin& XZ — sin^ XZ 

— sin XZ (Sinh Xx cos Xx' + Cosh Xx sin Xx')]. (40c) 
Sinh XZ Sinh Xx' sin Xx + sin XZ Sinh Xx sin Xx' 


Q = ~2MoX 


y = 


Sinh^ XZ — sin^ XZ 

e. Concentrated Force at the Middle (Figs. 4^-46) 

1 

[Cosh Xa: cos X(i — a:) + cos Xa: Cosh X(Z — a;) 


(40d) 


1 

2fc Sinh XZ + sin XZ 

— Sinh \x sin X(Z — a:) + sin Xa: Sinh X(Z — a:) 

+ 2 Cosh Xa; cos Xa:]. 


(41a) 


Deflection at the middle: 


Deflection at the end points: 


jPX Cosh XZ cos XZ -|- 2 


Sinh XZ + sin XZ 


„ , XZ XZ 

2PX 


A Sinh XZ + sin XZ ' 

The deflection Va = Vb = 0 when XZ = ir, Sir, Sir, etc. 
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The deflection at the end points is positive when XZ < x; XZ = x defines the 
effective length of the beam subjected to a concentrated force in the middle 
(Fig. 46). 



e — {Sinh Xx [cos Xx + cos X(Z — x)] 

” k Sinh XZ + sm XZ ' 

— sin Xx [Cosh Xx + Cosh X(Z — x)] } . (41b) 


Slope at the end points 

, XZ XZ . XZ i-i 1 ^ 
2 px 2 Sinh 2 COS 2 -sm^Cosh- 

Sinh XZ + sin XZ 

M = — — ; — r- — ^ — n [Sinh Xx [sin Xx — sin X(Z — x)] 

4X Smh XZ + sm XZ 

— Cosh Xx [cos Xx + cos X(Z — x)] 

+ sin Xx [Sinh Xx — Sinh X(Z — x)] 

+ cos Xx [Cosh Xx + Cosh X(Z — x)] } . (41c) 

Maximum bending moment at the middle: 

_ P Cosh XZ — cos XZ 
~ 4X Sinh XZ + sin XZ ‘ 

P 1 

Q = - {Cosh. Xa; [sin Xx — sin X(Z — x)] 

2 Smh \l + sin XZ 

+ cos Xx [Sinh Xx — Sinh X(Z — x)]}. (41d) 


/. Concentrated Force at an Arbitrary Point {Fig. 47) 

The following formulas for the deflection, slope, bending-moment, and 
shearing-force curves are for the A-C portion of the beam, where x < a. The 
same formulas can be used for the B-C section, where x < 6, by measuring x 
from end B and replacing a by h and h by a, 

PX 1 

y \r2T1 ^“TT 7 {2 Cosh Xx cos Xx(Sinh XZ cos Xa Cosh \b 

k Smh XZ — sm XZ ' 

— sin XZ Cosh Xa cos Xb) + (Cosh Xx sin Xx 
+ Sinh Xx cos Xx)[Sinh XZ(sin Xa Cosh Xb — cos Xa Sinh Xb) 

+ sin XZ(Sinh Xa cos Xb — Cosh Xa sin X6)] } . (42a) 
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Deflection at the point of application of the load (x = a): 

P\ 1 

yc = — Sinh^ \l — sln*^ XZ Xa)(Sinh X6 Cosh X5 

— sin Xb cos X6) + (Cosh^ Xb + cos^ Xb)(Sinh Xa Cosh Xa — sin Xa cos Xa)]. 


2PX2 1 

d = ■“ 7— 2 T; t-tVj {Cosh Xa; cos Xa; 

k Sinh XZ — sm XZ ^ 


• [Sinh XZ(sin Xa Cosh Xb — cos Xa Sinh Xb) 

+ sin XZ(Sinh Xa cos Xb — Cosh Xa sin Xb)] 

— (Cosh Xa; sin Xa; — Sinh Xa; cos Xa;) 

* (Sinh XZ cos Xa Cosh Xb — sin XZ Cosh Xa cos Xb) } . (42b) 



Slope at the point of apphcation of the load (a; = a) : 


6c 


_ 2PX^ Cosh^ Xa cos^ Xb — cos^ Xa Cosh^ Xb 


A; 


Sinh^ XZ — sin^ XZ 


P 1 

M = — , 2 ^ 7 {2 Sinh Xa; sin Xa;(Sinh XZ cos Xa Cosh Xb 

2X Smh XZ — sm XZ ' 

— sin XZ Cosh Xa cos Xb) + (Cosh Xa; sin Xx 

— Sinh Xx cos Xa;) [Sinh XZ(sin Xa Cosh Xb — cos Xa Sinh Xb) 

+ sin XZ(Sinh Xa cos Xb — Cosh Xa sin Xb)] } . (42c) 

Bending moment at the point of application of the load (x = a) : 

P 1 

Me - — c. ,2 [(Cosh^ Xa — cos^ Xa)(Sinh 2Xb — sin 2Xb) 

4X Smh XZ — sin XZ ^ 

+ (Cosh^ Xb — cos^ Xb)(Sinh 2Xa — sin 2Xa)J 

Q = P , 2 77 ~ — ^~rr 7 { (Cosh Xx sin Xx + Sinh Xx cos Xx) 

Smh XZ — sm XZ 

• (Sinh XZ cos Xa Cosh Xb — sin XZ Cosh Xa cos Xb) 

+ Sinh Xx sin Xx[Sinh XZ(sin Xa Cosh Xb — cos Xa Sinh Xb) 

+ sin XZ(Sinh Xa cos Xb — Cosh Xa sin Xb)] } . (42d) 
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Shearing force directly to the left of point (7: 


Qo 


P 1 

4 Sinh* XI — sin^ XZ 


(4 Sinh XZ Sinh Xa Cosh X5 - 4 sin XZ sin Xa cos \b 

— Sinh 2Xa sin 2X6 + sin 2Xo Sinh 2X6) . 


g. Two Equal Concentrated Forces Symmetrically Placed (Fig^ 48) 
Deflection line for portion A-C (x < a): 

PX 1 

, — 7 ~T, 12 Cosh Xx cos Xx[Cosh Xa cos X(Z — a) 
k Sinh XZ + sin XZ ' 

+ Cosh X(Z — a) cos Xa] + (Cosh Xx sin Xx + Sinh Xx cos Xx) 

• [Cosh Xa sin X(Z — a) — Sinh Xo cos X(Z — o) 

+ Cosh X(Z — a) sin Xa — Sinh X(Z — a) cos Xa] } . (43a') 



With the aid of the formula above the deflection line for the portion C-D (a < 
X < Z — a) can be expressed as 

PX 

yc-D - [j//-c]*>a + -Y [Cosh X(x — a) sin X(x — a) 

— Sinh X(x — a) cos X(x — a)]. (43a") 

Particular values of deflection ordinates: 

_ _ 2PX Cosh Xa cos X(Z — a) + Cosh X(Z — a) cos Xo 

k Sinh XZ + sin XZ ’ 

PX 1 

yc = yn — — r , — : — ^7 [2 Cosh^ Xa(cos 2Xc + Cosh XZ) 

2k Sinh XZ + sm XZ 

+ 2 cos* Xa(Cosh 2Xc + cos XZ) 

+ Sinh 2Xa(sin 2Xc — Sinh XZ) — sin 2Xo(Sinh 2Xc — sin XZ)], 



siiThxz'-r^ xz 

+ cos Xc[Cosh X(Z — c) + Cosh Xc] 

— Sinh Xc sin X(Z — c) + sin Xc Sinh X(Z — c) } . 
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Angular deflection along A-C (x < a): 

2PX2 

c == — ^ — 77 { (Sinh Xx cos Xx — Cosh Xx sin Xx) 
k Smh XL + sin XP ^ 

• [Cosh Xa cos X(Z — a) + Cosh X(Z ~ a) cos Xa] 

+ Cosh Xx cos Xx[Cosh Xa sin X(Z — a) — Sinh Xa cos X(Z — a) 

+ Cosh X(Z — a) sin Xa — Sinh X(Z — a) cos Xa] } . (43b'' 

For portion C-D (a < x < I — a) we have 


2PX^ 

Sc-D = [6A-c]x>a — —j— Sinh X(x — a) sir 


Particular values of 6: 

2PX“ 1 

Sa = —6b = —r- — r—y [Cosh Xa sin X(Z — a) 

k Smh XZ + sin XZ 

— Sinh Xa cos X(Z — a) + Cosh X(Z — a) sin Xa — Sinh X(Z — a) cos Xa] 

_ _ 2PX^ Cosh^ Xa sin 2Xc — cos“ Xa Sinh 2Xc 

^ ~ ” k Sinh XZ + sin XZ 

The condition for 0c = 0 (a matter very important in railroad ties) will be 

Cosh Xa _ / Sinh 2Xc 
cos Xa y sin 2Xc 

This (‘ondition is approximately satisfied when a = 0.82 c. 


Bending moment along portion A-C {x < a ) : 

P 1 

Ma-c = — ^ — Tt {2 Sinh Xx sin Xa:[Cosh Xa cos X(Z — a) 

2X Smh XZ + sm XZ ^ ^ ^ 

+ Cosh X{1 — a) cos Xa] + (Cosh Xa: sin Xx 

— Sinh X.r cos Xa:)[Cosh Xa sin X(Z — a) — Sinh Xa cos X(Z — a) 

+ Cosh X(Z — a) sin Xa — Sinh X(Z — a) cos Xa]}. (43c') 

For portion C-D (a < x < I — a) we have 

p 

Mc-d = \MA-c\x>a - ^ [Cosh X(.T - a) sin X{x - a) 

+ Sinh X(x ~ a) cos X(a: — a)]. (43c") 

Particular values of M : 

Me == Mjj = 4* o- — ^^7 [2 Cosh" Xa(cos 2Xc + Cosh XZ) 

4X Smh XZ + sm XZ 

— 2 cos” Xa(Cosh 2Xc + cos XZ) 

~ Sinh 2Xa(sin 2Xc + Sinh XZ) 

— sin 2Xa(Sinh 2Xc + sin XZ)], 
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Mo = — ^ c,. - . {Sinh Xc[sin Xc + sin \(l - c)] 

2X Sinli Xt + sin \l 

+ sin Xc[Sinh Xc + Sinh X(Z — c)] 

4- Cosh Xc cos X(Z — c) — cos Xc Cosh \(l — c) }. 

Shearing force along A-C (x < a): 

Qa-c = P 7 ^, — ; — r-, { (Sinh Xs cos Xx + Cosh Xx sin Xx) 

Sinh XZ + sin XZ 

•[Cosh Xa cos X(Z — o) + Cosh X(Z — a) cos Xa] 

+ Sinh Xx sin XxICosh Xa sin X(Z — a) — Sinh Xa cos X(Z — a) 

+ Cosh X(Z — a) sin Xa — Sinh X(Z — a) cos Xa]}. (43d0 
For portion C-D {a < x < I — a) ive have 

Qc-d = [QA-e]x>« + P Cosh X(x — a) cos X(x — a). (43d") 

Shearing force directlj' to the left of point C: 

Qc = ? — r-vi [Sinh 2Xa(cos 2Xc -j- Cosh XZ) 

2 Smh XZ •+• sin XZ 

+ sin 2Xo(Cosh 2Xc -+• cos XZ) 

— 2 Sinh® Xa Sinh XZ + 2 sin® Xo sin XZj. 

Zi. Sy7nmetricaUy Placed Uniformly Distributed Loading {Fig. 49) 
deflection line for portion *4-C (x < a): 

yA.-c = r o ~ ' ll ^' 7 -^ 1 — : — Ti [Cosh Xx cos Xx[Cosh Xa sin X(Z- — a) 
iC blllXl A6 "T Sin hi 

— Sinh Xa cos X(Z — a) + cos Xa Sinh X(Z — 0 ) — sin Xa Cosh X(Z — a)| 
+ (Cosh Xx sin Xx + Sinh Xx cos Xx) [sin Xa Sinh X(Z — a) — Sinh Xa sin X(Z — a)] } . 

(44a0 

With the aid of the formula above the deflection line for the portion C-D 
can be expressed as 

yc-D = [yA-c]x>a + I ~ ^(^’ ~ ®) cos X(x — a)]. {4AsJ') 

Deflection at the end points: 

Q 1 

“ I s T nhXZ + sinXZ ~ 

+ cos Xa Sinh X(Z - a) — sin Xa Cosli X(Z — a)]. 
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Deflection at the middle: 


*'”-1 


1 




\i 


2 { Sinh Xo cos Xc Cosli ^ + sin Xa Cosh Xc cos 

A 


xiV 

^ 2) 


Sinh XI + sin XI 


Expressions for slope, bending 
moment, and shearing force can be 
derived by differentiating repeatedly 
with respect to x the formula ([44a'] 
or [44a"]) for the deflection line. 
This yields the particular values 
below. 

Slope at the ends: 


y ^ 



\Mm 

'itrrrT/vh 

1 






Fig. 49 


6a = — 


2q\ sin Xa Sinh X(Z — a) — Sinh Xa sin \{l — a) 


k Sinh XZ + sin XZ 

Bending moment at the middle: 




sin Xc Sinh ^ Sinh Xa + Sinh Xc sin ^ sin Xa 


Sinh Xl + sin XI 

20 . Beams with Hinged Ends 

a. Concentrated Force at the Middle {Fig, 50) 

y = — = [cos Xx Sinh X(l — x) — Cosh Xx sin X(l — x) 

•' 2A;(Cosh Xl + cos Xl) 

+ sin Xx Cosh X(l - x) - Sinh Xx cos X(l - x)]. (45a) 


Deflection at the middle: 


_ PX Sinh XZ — sin XZ 
2k Cosh XZ + cos XZ 


0 = - 


PX' 


1 


k Cosh XZ + cos XZ 
Slope at the end points: 


[Sinh Xx sin X(Z — x) + sin Xx Sinh X(Z — x)]. (45b) 


, XZ . XZ 

SmhjSmj 


7 A — — VB — 


M = 


k Cosh Xl + cos Xl ‘ 

[Cosh Xx sin X(l - x) - Sinh Xx cos X{1 - x) 


4X Cosh Xl + cos Xl 

+ cos Xx Sinh X(Z - .r) - sin Xx Cosh X(1 - x)]. (45c) 
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Bending moment at the middle: 

M — — 

^ 4X Cosh \l + cos XZ ‘ 

P 1 

Q = — 7 : 7 , ^7 [Cosh X.T cos X(Z — .r) + cos \x Cosh — (45d) 

2 Cosh XZ + cos XZ ^ \ / 

From this we can obtain an expression for the reactions A = B = 
""[Q]^- 7/2 ; if positive values thus denote upward-pointing reaction forces, we 
have 

1 xz xz 

Cosh - cos ^ 

A = B — P ^ ^ 

Cosh XZ + cos XZ ‘ 


A = 5 = 0 when XZ = tt, 3x, Stt, etc. 

The first root XZ = tt corresponds to the so-called effective length discussed on 
page 54. 


J 


-ys- 








s 


b. Uniformly Distributed Loading over ,he Whole Span (Fig. 51) 
Cosh Xa: cos bx' + Cosh hx' cos 



% 


(46a) 


Fig. 51 


Cosh XZ + cos XZ 

Deflection at the middle: 

k \ Cosh XZ + cos xz/ 


e = 




k Cosh XZ + cos XZ 


(Sinh \x cos \x' + Cosh Xo: sin Xa;' 


— Sinh \x' cos Xa; — Cosh Xa;' sin Xa;). 
Slope at the end points: 

M = S. Sinh Xa; sin W + Sinh \x' sin \x 
2X2 Cosh XZ + cos XZ 

Bending moment at the middle: 


(46b) 


n a Sinh XZ — sin XZ 

Cf^ ~ ~~~yB ~ — 

k Cosh XZ + cos XZ ‘ 


(46c) 


Me = 


1 xz , xz 

g Smh^sin- 


Q--1 


2X Cosh XZ *4" cos XZ 


X2 Cosh XZ 4- cos XZ ■ 

(Sinh Xa: cos Xa;' — Cosh Xa: sin Xa:' 


+ Cosh Xa:' sin Xa: - Sinh Xa:' cos Xa:). (46d) 
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Hence we obtain an expression for the reactions A = B = [Q]*-o ; 

x'"=l 

A = B = — + sin 

2X Cosh XI + cos XI ’ 

c. Equal Concentrated Moments at Both Ends {Fig. 5%) 

— ^ 

^ k Cosh XI + cos XI 


Deflection at the middle: 

fN* I XZ • xz 

4M.X‘ Smh^sm^ 

^ k Cosh XZ fl" cos XZ 




Fig. 52 


= - — r-— — (Cosh Xx sin Xx* — Sinh Xx cos Xx' 

k Cosh XZ + cos XZ 

— Cosh Xx' sin Xx + Sinh Xx' cos Xx). 

Slope at the end points: 

Q — ^ Sinh XZ + sin XZ 

^ ^ k Cosh XZ + cos XZ ’ 

71 /f 71 ^ Cosh Xx cos Xx' + Cosh Xx' cos Xx 

^ = ^0 r>. - u T 7 i w • 

Cosh XZ + cos XZ 

Bending moment at the middle: 


-Sb = 


M = M, 


Me = 2Mo 


^ <1 xz xz 

Cosh 2 cos 2 
Cosh XZ + cos XZ * 




Q = MoX ^ (Sinh Xx cos Xx' + Cosh Xx sin Xx' 

Cosh XZ + cos XZ 


— sin Xx Cosh Xx' — cos Xx Sinh Xx'). 


Reaction forces: 


A = 5 = -MoX 


Sinh XZ — sin XZ 
Cosh XZ + cos XZ * 


d. Concentrated Moment at One End {Fig. 5S) 

2Mq^ Cosh XZ Sinh Xx' sin Xx — cos XZ Sinh Xx sin Xx' 
k Cosh^ XZ — cos^ XL 


2MoX® 


k Cosh^ XZ — cos^ XZ 


[Cosh XZ(cos Xx Sinh Xx' — sin Xx Cosh Xx') 


— cos XZ(Cosh Xx sin Xx' — Sinh Xx cos Xx')]. (48b) 
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Slopes at the end points: 

2MoX’ Cosh \l Sinh \l - cos XI sin XI 
= “fc Cosh* XI - cos* XI ’ 

2ilfoX^ Cosh XI sin Xl — Sinh XI cos Xl 
= fc Cosh* Xl - cos* Xl ■ 

M = Mo „ , 2 '/ sr , (Cosh XZ cos Xx Cosh Xx' 

Cosh Ai — COS XL 

— cos \l Cosh Xx cos XxO- (48c) 

o = - X 2 — rr, [Cosh XZ(cos Xa: Sinh Xx' + sin Xa: Cosh Xa:') 

^ ‘ Cosh \l — cos' xL 

+ cos XZ(Sinh Xx cos Xx' + Cosh Xa: sin Xa:')]. (48d) 



Hence the expressions for the reaction forces arc 

, , r , Cosh Xl Sinh Xl + cos Xl sin Xl 

A = -.1/oX 

„ ^ Cosh XZ sin \l + Sinh \l cos \l 

B = AUX Cosh2 XZ - cos2 XZ 


21. Beams with Fixed Ends 

a. Concentrated Force in the Aliddle {Fig. 54) 

P\ 1 

V = — c.. 1 w {sin Xx Sinh X(Z — x) — Sinh Xx sin X(Z - x) 

^ 2k Sinh XZ + sin XZ ' 

— cos Xx[Cosh Xx — Cosh X(Z “ x)] 

— Cosh Xx[cos Xx — cos X(Z — x)] } . (49a) 

Deflection at the middle: 

PX Cosh Xl -f* cos Xl — 2 
2A; Sinh XZ + sin XZ 

_ PX^ sin XxfCosh Xx — Cosh X(Z — x)] — Sinh Xx[cos Xx — cos X(Z — x) ] 
k Sinh XZ + sin XZ 

(49b) 

P 1 

3/ = —— o. ^ — T? {sin Xx[Sinh Xx + Sinh X(Z — x)] 

4X Sinh XZ + sm XZ ' 

+ Sinh Xx[sin Xx + sin X(Z — x)] 

— cos Xx Cosh X(Z x) + Cosh Xx cos X(Z — 


x) } . (49c) 
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Particular values of M: 


Mj, = Mb = 


p Sinh - sin - 
X Sinh XZ + sin XZ ’ 





ilf c = 


^ Cosh XZ — cos XZ 
4X Sinh XZ + sin XZ ‘ 


wrrw^?n'^‘ 
Fig. 54 


Q = - 


2 Sinh XZ + sin XZ 


{Cosh Xrr[sin Xrc + sin X(Z — a;)] 


+ cos Xa:[Sinh Xx + Sinh X(Z — a;)]}. 
Hence the expression for the reactions is: 


A ^ B = P 


1 XZ * XZ , XZ ri • I xz 

Cosh - sin - + cos - Sinh - 

^ 2i Jj 2i 

Sinh XZ + sin XZ 


5. TJniJormly Distributed Loading over the Whole Span {Fig, S5) 


y = H> 


Sinh XZ +■ sin XZ 


(Sinh Xj: cos \x' + sin Xa: Cosh Xrr' 


+ Sinh \x' cos Xa: + sin Xx' Cosh Xa;) 



Fig. 55 


Deflection at the middle: 


2(1 


O /q. , XZ XZ , ^ , XZ . xz\ 
2 (Sinh - cos 2 + Cosh 2 2 / 

Sinh XZ + sin XZ 

2q\ Sinh Xa: sin Xrc^ — sin \x Sinh "Xx ' 
k Sinh XZ + sin XZ 


il/ ^ 


2X2 ginji XZ + sin XZ 


Particular values of M : 


(Sinh \x cos \x' + cos \x Sinh Xa;' 

— sin \x Cosh Xa;' — Cosh Xa; sin Xa;'). 


,, _ , j g_ Sinh \l - sin \l 

.1 iiB 2 x 2 Sinh + sin XZ ’ 


Me = A 


• xz T xz XZ »>( . . xz 
sin — Cosh - — cos 2 Sinh - 

Sinh XZ + sin XI 


^ Cosh \x cos Xa;' — cos Xx Cosh Xa;' 

X Sinh XZ + sin XZ 
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Hence the expression for the reactions is: 

_ „ _ ^ Cosh \l — cos \ l 
X Sinh \l “t“ sin XI 


22. Cantilever Beams 

a. Ccmcentraied Force at the End {Fig. 56) 

2PX Sinh Xx cos Xx' Cosh XJ — sin Xa: Cosh Xx' cos XI 


y = 


Deflection at the end B : 


Cosh^ XI + cos2 XI 


(51a) 


PX Sinh 2XZ - sin 2Xl 
“ fc Cosh^XZd- co^XV 

Op\2 1 

e = — r-; [Cosh XZ(Cosh Xrc cos \x' + Sinh \x sin \x') 

k Cosh XZ + cos XZ 

— cos XZ(cos \x Cosh \x' — sin \x Sinh Xx')]. (51b) 


Slope at the end B: 

Cosh' XZ 

k Cosh2 XI + ccs2 XI * 


^ _ 2Px' Cosh' XZ — cos' X l 










Fig. 56 


M 


_ _P Cosh Xx sin Xx' Cosh XZ + cos Xx Sinh Xx' cos XZ 


(51c) 


X Cosh" XZ -}- cos^ XZ 

Bending moment at the end A : 

,, _ _P Sinh XZ cos XZ + Cosh XZ sin XZ 
X Cosh^ XZ + cos^ XZ 

P 

Q = , 2 x 7 , Tw [Cosh XZ(Sinh Xx sin Xx' — Cosh Xx eos Xx') 

Cosh XZ + cos XZ ^ ' 

— cos XZ(sin Xx Sinh Xx' + co.s Xx Cosh Xx')]. (51 d) 

Reaction force at the end A : 


^4 


2 Cosh XZ cos XZ 




Co.sh" XZ “T COS" XZ 
b. Uniformly Distnbuted Loading over the Whole Span {Fig. 57) 

Co'sh' XZ + cos' XZ XZ(sin Xx Sinh Xx' + cos Xx Cosh Xx') 

— cos XZ(Sinh Xx sin Xx' — Cosh Xa: cos XxO]| • (52a) 
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Deflection at the end B: 


-i(‘- 


2 Cosh Xl cos XI ^ 
Cosh2 XI + cos" XZy 


2qX Sinh Xx cos cos XI — sin Xa: Cosh Xx' Cosh XZ 


Cosh^ XZ + cos^ XZ 


Slope at the end B: 


_ 2gX Sinh XZ cos XZ — Cosh XZ sin XZ 
Ic Cosh2 XZ + cos^ XZ * 


2X Cosh XI -f” cos XZ 


2 ^, [Cosh \Z(siii \x Sinh \x' — cos Xa: Cosh Xa:') 


+ cos XZ(Sinh Xx sin Xx' + Cosh Xx cos Xx')]. (52c) 



Fio. 57 


Bending moment at the end A: 

, , q Cosh’ \l — cos^ X7 

2X*Cosh2X7 + cos^XZ' 

^ q Cosh Xx sin Xx' cos XZ + cos Xx Sinh Xx' Cosh XZ 
^ ~ \ Cosh= XZ + cos- XZ ■ 

JEleaction force at the end .A: 

Q _ q Sinh 2XZ ■ h sin 2XZ 
^ Cosh^XZ + cos2 XZ’ 

c. Triangular Distributed Loading over the Whole Span {Fig. 38) 


_qo(, _ A _go_ 
Z/^2XZZc 


— " 2 . ■] rr. {Sinh Xa:[cos Xx + cos X(2Z — a;)] 

Cosh XZ + cos XZ ^ 


+ sin Xx[Cosh Xx + Cosh X(2Z — x)] 
+ 2XZ[cos X(Z — x) • (Sinh Xx sin XZ — Cosh Xx cos XZ) 

— Cosh X(Z — x)-(Sinh XZ sin Xx + Cosh XZ cos Xx)]}. (53a) 

« - "I + fi Cosh-XiVwTi 10“'' ‘'i'® ^ - ,)1 

+ cos Xx[Cosh Xx + Cosh X(2Z — x)] 

+ Sinh Xx sin X(2Z — x) — sin Xx Sinh X(2Z — x) 

+ 2XZ[sin Xx(Cosh Xx + Cosh X(2Z — x)) 

— Sinh Xx(cos Xx + cos X(2Z — x))] } . 


(53b) 
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M 


go 1 

Cosh^ XZ -|" cos^ XZ 


{cos Xx[Sinh \x — Sinh X(2Z — a:)] 


— Cosh Xa;[sin Xa: — sin X(2Z — a:)] 


+ 2XZ[Sinh X(Z - x) ■ (Sinh XZ cos Xa: — Cosh XZ sin Xa;) 
+ sin X(Z — a;) • (Cosh Xa: sin XZ — Sinh \x cos XZ)] } . 


(53c) 


Bending moment at the end A : 

go sin 2XZ — Sinh 2XZ + 2XZ(Sinh* XZ + sin^ XZ) 

^ ~4FZ Cosh2 XZ + cos* XZ 

« - - C»,VxiVcos^ ^ ~ 

+ COS Xa; Cosh X(Z — a;)] 

+ cos XZ[Sinh Xa; sin X(Z — a;) — Cosh Xa; cos X(Z — a;)] 

+ XZ{Cosh Xa;[sm Xa; ~ sin X(2Z - a;)] + cos Xa;[Sinh Xa; - SinhX(2Z - a;)]} . 

(53d) 

Reaction force at the end A: 

^ qo XZ(Sinh 2XZ + sin 2XZ) — (Sinh^ XZ + sin^ XZ) 

” ^Z Cosh2 XZ + cos2 XZ 


From the formulas above simple 
approximate expressions can be derived 
for cases where XZ is relatively large 
(XZ > 5). Such large values of XZ are 
most frequent in the design of cylin- 
drical tanks and containers, w^hich 
constitute an important application of 
these formulas. It has been pointed 
out in § 17, page 46, that when XZ > 5 
the beam can be considered for prac- 
tical purposes as one of unlimited 
length, when it is permissible to put Sinh XZ = Cosh XZ = and to neglect 
the sin XZ and cos XZ terms in comparison with the hyperbolic functions of the 
same argument. With these simplifications expressions (53 a-d) will take the 
following form: 

y = ^ [x(z -x) - UA^ + sg, I 



e = -| (1 - 2XZBxx - c^), 


(54 a~d) 


Q = 5^. (2XZD,^ - A^). 
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Here the same notations were used as in Chapter II (p. 12) : 

A\x = D\x + B\x , C\x == D\x — B\x , 


where 


B\x = e ^ sin Xo: and Dx* = e cos \x. 


At point A we shall now have the following values: 

^ 

23. Partially Supported Beams 

a. Concentrated Force at the Middle of a Free Span (Fig. 59) 

For points A and B (see Fig. 59) respective^ the following values can be 
derived : 


Mj, = Ms = 


^ ^ P xV(Sinh^ \l - sin^ \l) ~ 4(Sinh^ \l + sin^ \l) 
8X XL(Sinh2 XZ — sin^ XZ) + Sinh 2XZ + sin 2XZ ’ 


Ox = -0. = 


(a) 


Putting these values of Q and M in place of P and ikfo into (39 a-d) and (40 a~d), 
we can obtain the complete solution for the side portions A-C and 5-D respec- 
tively. For cases where \l > t the following approximate formulas can be 
used for the side spans: 


y - g [4D. 
P\‘ 


(2 - XL)CxJ, 


= [2.4 X. - (2 - XL)Z)J, 


M = [4Bx* - (2 - XDXxx], 


Q = [2Cx. - (2 - XL)Bxx], 


(66 a-d) 


where x is counted from the end of the free span, as shown in Figure 59. 
For points- X. and B we have now the following values: 

P\ 

Va = Vb = -^(2 + XL), 


6a = — Bb — 


PX°L 
2Ji: ’ 


Mx = Ms = ^ (2 - XL), 




B B 


Qa = — Qb = 


Fig. 59 
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It is seen that = Mb = Q when XL = 2, and that Ma. and Mb are positive 
if XL < 2 and negative if XL > 2. 


b. Uniformly Distribnied Loading over a Free Span (Fig. 60) 

For points A and B (see Fig. 60) respectively the following values can be 


derived: 


Ma = Mb 


qL X^L^(Sinh^ U - sin" XZ) - 6(Siiih^ XI + sin^ \l) 
12X XL(Sinh* \l — sin^ XZ) -b Sinh 2XZ + sin 2XZ 


Qa = -Qb 


(b) 


Substituting these values of Q and M in place of P and Mq in (39 a-d) and (40 
a-d), we can obtain complete solutions for the side spans A-C and B-D respec- 
tively. If XZ > TT, the following approximate formulas can be used for the side 
spans: 

r 

OiC \ x ) ) 




e = (A^ - 2aDxf), 

M = -|^ (Lx. - «Ax.), 

Q = (Cu + 2aLx.), 


(56 a-d) 


where 


6 - 

6(2 + XL) 





D 

1 ^ 

A. 

-L 



Fig. 60 


and X is measured from the end of the free span, as shown in Figure 60. 
For points A and B we have now the following values: 


2/x = 2/s = ^ (1 - a), 

Sa = -Sb (1 - 2a), 

Ma = Mb = ^ cc, 

Qa = -Qb^^. 


It is seen that Ma = Mb = 0ifXL = \/6 = 2.45, and that Ma and Mb are 
positive if XL < V6 and negative if XL > \/6. 
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If the portions to the left of point A and to the right of point B are also 
loaded with a uniformly distributed load (let it be p), then we must add a yo = 
p/k value to the expression of j/ in (56a), while the values of 0, M, and Q in 
(56 b-d) will remain unchanged. 

II. Solutions in the Form of Trigonometric Series 
24. Beams vrith Free Ends 

In the literature on bending of beams* frequent use has been made of the 
fact that any elastic line which passes through the points x = 0,y = 0, and x = I, 
y = 0 can be represented in the form of a trigonometric series, as 

E ** . UTTX 

sin -y- . 

n»l L 

This series, with some modifications, can also be applied in the analysis 
of beams on elastic foundation. 

Taking a beam with free ends, sup- 
ported on an elastic foundation and 
subjected to loading, we find that the 
conditions above, concerning the de- 
flections at the ends, are generally not 
fulfilled. Displacements will occur at 
both ends and the deflection diagram 
will look like that in Figure 61. In 
order to be able to apply the series 
method to problems of this type, the 
deflection diagram in Figure 61 will be 
regarded as having originated in three 
steps. We may suppose (1) that the 
w^hole beam was displaced, so that it was parallel with itself, by a constant 2 / 0 ; 
(2) that it was rotated by an angle a around its center; and (3) that it under- 
went elastic deformation, as shown by the4"C"J5" curve in Figure 61. Since 
this elastic line will have zero ordinates at x = 0 and x == Z, it will always be 
possible to express it by a sine series like the one in the equation above. 

Adding together the three deflection components, we obtain for any deflec- 
tion ordinate the expression 

2/ = 2/0 + a 2 «n sin ^ . (57) 

In order to simplify the solution of this general case we shall split it into two 
parts, the symmetrical and the antisymmetrical loading components, as was 
done before. 

* See S. Timoshenko, Strength of Materials (2d ed.; New York, 1941), Part II, p. 44. 
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a. Symmetrical Case {Figs. 62--6S) 

From the symmetry of the deflection curve we can conclude at once that 
for this case we shall have in (57) the term a = 0, and, furthermore, that the 
sine series will contain now only odd terms. Hence the expression for the de- 
flection curve viill be 


y 


yo + 


z 




. mrx 


an sin — . 


(a) 



to the conditions of equilibrium we 
2P = k f y dx ^ k I fyo + 2 

•'O ‘'O \ n- 1,3.5, 


Fi*om this we have 


Denoting the modulus of the founaa- 
tion by ko and the width of the beam by b, 
and putting kob = fc, we know that the 
distributed reaction p caused in the sup- 
porting medium by a deflection y will be 

p — ky. 

Assuming that the beam is loaded with 
two symmetrically placed concentrated 
forces as shown in Figure 62, according 
must have 

. nirx\ j 
an sin j ax 



yo 


2P 

kl 


- t 



(b) 


We shall determine the coefficients a„ in (b) by considering the strain energy 
of the whole sj^stem. The strain energy of bending of the beam will be 


Vi 



El 

2 



00 


z 


a^n • 


(c) 


The strain energy of deformation in the foundation will be 


V, 





(d) 


Since the whole system is in equilibrium, the work done by the external forces 
by any siriall change don in the elastic line must, according to the principle 
of virtual displacements, equal the corresponding variation in the strain energy 
of the system, that is, 
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Determining each term in this expression from equations (a)-(d), we can write 
(e) in the form 


2P 





^1 ^ 1 

IT® 


(58) 


With the aid of this formula we can determine as many a terms as are necessary’' 
for the required accuracy in the deflection line. In every case we shall have a 
system of linear equations with the an terms as unknowns. Putting numbers 
instead of the symbols n and i into (58), we get the scheme 


2p(siii55 


xj “ +2 j + 

] = Ch (3 2 ) ~ ^ + Iffls + • • ■)» 

J = ffls ^5 2 / ~ + 508+ • • -)■ 


3x, 


5t 


From this we can determine the coefficients Oi , Os , os , and from (b) we can 
obtain the quantity yo . Putting the latter into (a) we have the formula for the 
deflection line: 



(59) 


and this is completely defined by the a terms obtained above. 

The system of equations in (58) is such as can readily be solved by the 
method of successive approximations. 

When the beam is loaded at the center or at the ends (c = 1/2 or c = 0) 
good approximation of the deflection line can be obtained by taking only the 
fii-st term (oi) from the series in (58), and thus we get: 

2p(a."-?) 

r*EI Ik 4lk' 

2P 2 


Substituting this in (59), we get 



The slope of the deflection line can be obtained in any case by differentiating 
the general equation (59) with respect to x. Instead of taking the higher deriva- 
tives of the elastic line, we can derive expressions for shearing forces and mo- 
ments in a more accurate way by the following reasoning. The beam can be 
regarded as loaded not only by the external forces, but also by the distributed 
reaction p = fcy of the foundation, which keeps equilibrium with the external 
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loading. Thus, knowing all the forces acting on the beam, we can obtain the Q 
and M curves by integrating (59). This integration can be carried out nu- 
merically or graphically. Application of trigonoraetric series is sometimes 
economical in determining deflection curves (for instance, in dealing with 
railroad ties), but we must do considerable additional computing when M and 
Q curves are required. Therefore, if a complete analysis is needed, it is usualh^ 
simpler to use directly the exact analysis presented in the preceding sections. 
For this reason we will not discuss at this place other cases of loadings besides 
that involving two symmetrically placed equal concentrated forces. For more 
complex loadings the application of this series method is not economical because 
too many terms have to be computed in order to define the elastic curve ac- 


curately. 

From the solution above for concen- 
trated forces we can derive an approxi- 
B mate expression for the case when the 
beam is loaded with concentrated mo- 
ments (Fig. 63). Using only one term 
of the series, as in (60), we first take 
two downward-acting forces P at a dis- 
tance c' from the ends and then two forces P of the same magnitude acting upward 
at a distance c" from the ends. Superposing the two on each other, we have 



.p/. TTC' 2 . ttc", 2\ 

2P sin — sin -= — h - ) 

\ I TT t TT/ 

/P/ Ik _lLk 

2 P 2 


Taking the limit when the two forces approach each other (c' 
and at the same time putting P(c' — c") = Mo , we have 


ai 


Ilf 

Mo y COS 


TTC 

1 


Ik _4llc’ 
~2P "^2 7r2 


c" and c" 


c) 


and thus the approximate expression for the deflection curve of the beam in 
Figure 63, since 2 P/kl = 0, will be 


y = -ai 


a 



(61) 


6. Antisymmetrical Case {Figs. 64 - 60 ) 

The beam will now have a deflection curve of the form shown in Figure 64. 
We can deduce at once that here yo = 0, and that the series will include only even 
terms. Hence we can write the deflection curve as 

f I ^ I V • 

2/ = a ( o “ ^ ] + 2^ a„ sin — . 

/ n— 2,4,6, - •• L 


(0 
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Considering the equilibrium of moments, for the type of loading shown in Figure 
64, we have the relation 


P{1 — 2c) + fc / yxdx = 0- 


f 

Jo 


(g) 


Putting in (g) the expression for y from (f) and carr^'ing out the integration, 
we get 


12rP(l - 2c) 

Z* L * 


f 


E 


n-2,4.6,-** 


an sin 



(h) 


Substituting this in (f) we have the equation for the deflection curve in Figure 
64 as 


12P0-2e) (l A ri 2 /i 
" kP \2 7 [if \2 

The an terms can be determined in 
the same way as in the symmetrical 
case, by equating the change in the 
strain energy of bending of the bar 
and in that of the deformation in the 
foundation to the external work done 
by the loading during a virtual dis- 
placement. In this wa}'' w^e obtain 
for the present problem the general 
formula 


- a;") ~ 1 sin ^ . (62) 

/ J n— 2,4,6, -‘ i 



2P 


. utc 

,m-T 




12ki ^ 1 

TITT" i*=2,4,6,--* 


(63) 


from which, as from (58), any number of a„ terms can be computed. 

In some cases satisfactory approximation is obtained by taking only the 
first term (n = 2), from (63), getting thus 



The shearing-force and bending-moment curves can bo obtained most easily 
by successive integi'ation of the deflection curv'o, as has pre\iously been sug- 
gested. 

By making use of the first term (os) alone an approximate expression can be 
derived also for the case when the beam is subjected to two concentrated 
moments, as shown in Figure 65. Taking forces P at distances c' from the ends 
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and forces ~P at distances c" from the ends, the hmiting case of c' 
and P{c' — c") — > Mo leads to the formula 


(Z2 = 


16 


4t 27rc 
Mq -j cos — 


2 ? 


u 

2 


SU’ 

71 ^ 


C 


which then gives the appi'oximate deflection curve as 


It is seen that the application of trigonometric series, so far as beams with 
free ends are concerned, becomes rather cumbersome and ordinarily does not 

seem to offer any advantage over the 
previous solutions based on the dif- 
ferential equation of the elastic line. 
Sometimes, however, just the first 
term of the series solution will give 
a good approximation for the de- 
flection curve of the beam, and in 
such cases the use of the method becomes profitable. In order to examine 
this situation, let us find the necessary length of beam which, when loaded with 
a concentrated force in the middle, will exhibit no deflections at the ends 
(2/0 = 0 ). 

From (60), putting c = 1/2 and x = 0, we have 

= 2? _ 2 ~ x) 

kl kl 4Jcl' 

2P 2 TT* 

From this expression we obtain the required length as I = 3.072 (-^iEI/k) 
or, in another form, \l = 3.072. The exact answer to this problem (the effective 
length) is, as was pointed out on page 54, XZ = tt = 3.142, the difference being 
2.3 per cent. According to the reciprocity theorem, this value I = t/\ will 
also be the length of a beam which, when loaded with equal concentrated forces 
at the ends, will have no deflection at the middle. 

The value XZ == t is close to the upper limit for beams of medium length,* 
for which the deflection analysis has the greatest importance. Thus we can say 
that the first term of the series alone will give good approximate results over the 
whole range of beams of medium length, providing the beam is loaded by con- 
centrated forces at the ends or in the middle. These loadings, however, com- 



See § 17 on p. 46. 
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prise a great share of the practical problems for which the use of the series method 
is most convenient. 

In the cases where only one term is necessary to give the required accuracj^, 
the series method also has a particular advantage over the exact analysis, for, 
as is seen from the corresponding formulas, in the series method the dimensions 
of the beam (E, 7, and Z) and the modulus of the foundation (fco and k = hko) 
appear separately, and are not included in trigonometric and exponential func- 
tions through X, as is true of the exact method. This feature of the series method 
makes it applicable in solving problems when one of the dimensions of the beam 
or of the foundation is unknown and must be determined in such a way as to 
satisfy some specific requirement set up regarding the elastic line. The proce- 
dure to follow in such design problems can be illustrated by the numerical example 
below. 

Consider a beam having jB = 2 X 10® Ibs./in.^ 7 = 32 in.^, and k = bko = 
100 Ibs./in.^ and being leaded with a concentrated force P in the middle. Let us 
set the problem of finding what the length I of the beam must be at which the 
deflection at the middle will l e twice as much as the deflection at the end, that 
is: 2yo — yo + a-i or ya = Oi , From (60) we can write this requirement in the 
form 



which gives for the unknown length of the beam 

Taking this value for Z, we have from (60) the deflection at the end as yo = 
0.138 X 10"®P and the deflection at the middle as yc = 0.276 X 10"^P. 

The exact formulas from (41a) give for this case 

2/0 = 2/.4 = 0.140 X 10"^P and j/c = 0.283 X lO^'P, 

which are in the ratio 0.283/0.140 = 2.021, differing only about 1 per cent from 
the required proportion. 


25. Beams with Hinged Ends 


The method of expressing the deflection line by trigonometric series is espe- 
cially adapted to beams hinged at both ends. A sine series of the form 


== ^ an sin 

T <»1 


nirx 

~ 


will satisfy completely the conditions of a hinged support {y = 0, y" = 0) at 
both ends of the beam. Proceeding in the same way as in the previous section. 
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we can determine the dn terms of the series from the consideration of the strain 
energy of the system. 

a. One Concentrated Force 

Assuming the sine series form above for the deflection line, we find the strain 
energy of bending of the beam to be 


' 2 Jo ■ 






The strain energy of deformation in the foundation will be 

T 7 ^ r* 2 7 kl ^ 2 
72 = 5 / y dx ^ -2^ 

2 Jq 4 n=l 

If a small variation is produced in the dn term, the resulting change in the strain 
energy will be 

dV ^ dVi^ , dV2. tEI a . ,kl . 

— ddn — r ddfi *4“ r ddfi — o 73 ~ ^ ddn *4“ Cln ddn . 

ddn ddn ddn 2 

At the same time, because of the change ddn , the assumed loading consisting of 
a force P at a distance c from the left end (Fig. 66 ) will do work of the amount 

■n d j . nirc y 

P'T- = P sin -y- ddn . 

ddn ^ 

Equating this change in potential energy to the change in the strain energy 
of the system derived above, we have 

. nrc El 4 , kl 

from Avhich the formula for any a« term can be obtained as 

. nirc 

_ 2Pf T 

““ ^EI kf ■ 

n + 




Consequently, the expression of the deflection curve for Figure 66 will then 
become 


y = 


2Pf 

iPEI 


Z 


. utcc . nm 
sm^sm-T 


n* + 


kf 

tPEI 


(65) 


If, instead of the symbolic notation for the series in (65), its individual terms 
are written out fully, we have the expression for y in the following form 

_ 2Pf fsin (irc/l) sin (tx/1) , sin (2Trcfl) sin {2irx/l) 

^ ~ ^EI L 1 + kP/iPEI '' 16 + U^/tPEI 

sin (3irc/i) sin (3 to/0 , 
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The series is suitable in the form above for the computation of deflection 
lines; the convergence of the solution, however, can be substantially increased 
by the following reasoning.* 

The hinged-end beam of Figure 66 can be regarded as acted upon by the 
concentrated force P and by the distributed reaction forces of the foundation 
p = ky, where y is to be taken from 
( 65 ) above. Consequently, the final de- 
flection of the beam can be resolved into 
two parts, the first (y^) being produced 
by the force P, the second (y^), by the 
distributed p reaction forces, both load- 
ings acting on a beam simply supported 
at its ends, while the elastic foundation 
can be thought of as absent. The deflection y^ is obtained in a finite form by 
the elementary polynomial formula, and y^ can be determined by integrating 
four times the fundamental equation EI(d^y^/dx^) + % = 0, using for y the 
expression given by ( 65 ). In this way we obtain the deflection line for Figure 
66 in the form 



2 / = / 


2 Pf 

ir^EI n^l 


. UtC . TIttZ 

srn-sm-T 




(66a) 


The series part of this expression is rapidly convergent, and its convergence 
will be good even after successive differentiation, which will yield the corre- 
sponding expressions for 0, M, and Q in the forms 


flTC UTTX 


2 Pf 

00 

Y 

sm cos — p 

El 

n=l 

3/, , 



"V + “ W 



. 71tC . mrx 

_ 2 Pl 

00 

V 

sin -p sin — 

tP 

n=l 



(66b-d) 


Q=Q^--t 

^ n=*l 


. mrC UtX 

sjn—cos — 


n 


+ ^ -w) 


In the expressions above, y^, M^, and denote the deflection, slope, and so 

on produced by the concentrated force P on the beam with hinged ends, with- 
out the presence of an elastic foundation. 


* See also the article by Th. von K^irmiin, “Use of Orthogonal Functions in Structural 
Problems,” Stephen Timoshenko 60th Anniversary Volume (New York, 1938). 
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If x < c, / = m - e)cx - 

if x>c,y^^ ,4r 1 - c^Kl - x) - (I - x)*-). 

b. One Concentrated Moment 

From (65) of the previous section 
we can derive an expression for the 
deflection curve produced by a single 
concentrated bending moment ilfo 
(Fig. 67). Taking simultaneously 
a downward-acting force P at a 
distance c- and an upward-acting force — P at a distance c" from the left end of 
the beam, for the limiting case when d c and c" — > c we shall have 

. n^d . 7i7rc" ^ nAd — c") tittc 
sm-p-m-p -2 cos-p. 

Taking at the same time P(c' — c") = il/o , we obtain the deflection line due to 
the moment loading of Figure 67 as 





nvc . mrx 
_ ^ M cos sm -J 

^ ifiEi h . , w 


(67) 


The convergence of this formula can be increased in the same manner as in 
the loading with one concentrated force. This will lead now to the expressions 


V = 


A 


nirc . nirX 
COS — - sm -y 


n 


(' + ’• -w) 




71tC 7171 X 

cos y cos — 


" if) 

HttC . ?l7r.r 

ow » nr -r 
= iir’^ _ 2^" ^ _i ± 

^ A L ^ ^ El\ 

” Tfr) 

t w==l 


nirc 7iTX 

2Mo ^ T X 


1 + 71 


^rEI ’ 


k¥ 


(68 a— d) 
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where ^ , and denote the deflection, slope, bending moment, and 

shearing force produced by the Mo loading of Figure 67 on the beam wth hinged 
ends, without the presence of an elastic foundation. 

If x<c,t/" = [(21^ - 6lc + 3c^)x + x^h 

if a: > c, i/" = ^ I [(Z^ - 3c^)(Z -x) -il- a:)1. 

c. Unifomly Diatrihuted Loading ^ ^ 

For uniformly distributed loading J 
we can again derive the deflection 

curve from (65), by putting qdc instead ^ ^ / ^ ^ TZ^ 

of P and integrating between the limits ^ 

Cl and C 2 (Fig. 68), which gives Fig. 68 


. uttc , 

/ sm — dc 
J e^ L 


ql f nirCi uttcS 

= — I cos -y- — cos -y- ) . 
nr \ I I / 


Substituting this expression instead of P sin nrc/l in (65), we have the deflection 
line for Figure 68 as 


74 00 I cos 


nrC 2 \ . nrx 




nln^ + 


The convergence of this solution can be increased by the same reasoning 
used in the two previous types of loading, w^hich will give now the complete 
solution for the situation in Figure 68 as 


^ ^ s 


( nrCi TZTTCaN . 

cos -y- ~ cos -y- 1 SH 




M . M- - E 

IT n-1 


Q = e* - f E 

n«l 


rCi nrCo \ UrX 

r~" 0 S— jcos-^ 

4 A , 4 rEI\ 

/ nrCi nwc^ . nrx 

3 A , 4 tEI\ 

h nrC 2 \ nrx 

. - cos —)oos-j- 


( UrCi nrC^ Urx 

cos -p - cos —)c-- 
2 A , ,tEI\ 


(70 a-d) 
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where f, 0\ M\ and Q® denote quantities produced on the beam with hinged 
ends, \nthout elastic foundation, by the q loading. With the notations ci + C 2 = 
2a, / — a == 6, C 2 — Cl = c, shown in Figure 68, we have 


for .T < Cl , 2 /’ = {[4(Z* - h^) - c^Jo: - 40:^. 

for Cl < X < Ci, ~ ~ ~ be }’ 

for :r > c, , y’ = 1" { [4(Z^ - a^) - c\l - x) - 4(f - a:)^} . 


26. Beams with Fixed Ends 

The deflection line can here be assumed as a trigonometric series of the form 



every term of which satisfies the end conditions {y = 0, 2 /' = 0) at both ends 
of the beam. 

Since every term of this series is 
symmetrical with respect to the 
center line {x = 1/2) of the beam, 
formulas can be developed from it 
only for symmetrical loadings. 

If we apply the strain-energy 
method in the same manner as was 
done in the previous types of beams, the assumption above will lead to the 
deflection formulas below. 



a. Two Symmetrical Concentrated F orces {Fig. 69) 
2n7rcVi 2n7ra;\ 

'-““-rA 

’ in ,, 3 kl‘ 

"^+ 16 ^ 1 ? 

6. Two Symmetrical Concentrated Moments (Fig. 70) 
. 2nirc /, 2nTx\ 

^ 2t^ei i:ri , , 3 



(71) 


( 72 ) 
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Symmetrically Distributed Loading {Fig. 71) 


^ 8r:^EI SI 


(;-2. + lsin^)(l- 




16 rr*EI 




Fig. 71 

III. Applications 

27. Examples 

1. In Figure 72 is shown the cross section of an aqueduct. In the direction 
perpendicular to the plane of the paper this section is assumed to continue in 
the same form: thus we can 

. — Ill I I ■ n 

consider the object as a two- i ^ - 

dimensional problem. The ySin 

onestion is to find the pressure ^ 

distribution in the subsoil and 7f^ 

the moment diagram for the 

bottom plate. The modulus yrSin / 

of elasticity ^e^^i^ture ^ >; ^ Y 

Ibs./in.^; the modulus of fcun- ^ ^ - - *" — 

dation, A'o = 1651bs./in.^ The 

])ottom plate can be regarded ^ 1 i Xv ^ 

as a beam on elastic foun- j ^ pressi/re distribution^ > 

dation, with a uniformly dis- 

tributed loading (the weight of Ibs/i/i 

the bottom plate itself and the - t-t — — 1 1 1 — 

water pressure along its whole | | 

length) and subjected in ad- ^ ^ ^ ' 

dition at its ends to concen- ^ g \ / Nj. 

trated forces (weight of the eojtmuFzjsxtxRsT\. "dooo 

side walls) and moments (due j/ 

to the hydraulic pressure on 

the side walls). 

. "Fto. 72 

Computing these loadings 

for a section of unit width, 1 in., of the stmcture, we have: 

Weight of the bottom plate: 

8 in. X 0.0875 Ibs./in.® = 0.70 Ibs./in."; 


^lArrs OF 

' coa^/uflexvkeI 


MOMENT BIA&RAM 


Tig. 72 
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Weight of the water: 

84 in. X 0.0361 Ibs./in.* = 3.04 Ibs./in.^ ? = 3.74 lb.s./in.‘'; 
Weight of the wall: 

P = 86' in. X 8 in. X 0.0875 Ibs./in.^ = 60 Ibs./in.; 


Moment of the hydraulic pressure: 

il/ = i X 84® X 0.0361 = 3570 in. Ibs./in. 

Hence our problem is to find the deflection and moment curve of a beam, on 
elastic foun^tion, subjected to the loading shown in Figure 73. The distributed 

loading will.cause only a uniform com- 
pression in the foundation, of the value 
p == 3.74 Ibs./in.^ The deformations 
and moments produced by the P and 
M end loadings can be computed from 
(37 a and c) and (38 a and c) respec- 
tively. The result of this computation 
is shown in Figure 72. The maximum pressure is at the ends: = 11.47 

Ibs./in.^ while the maximum value of the bending moment, = —3830 
in. Ibs./in., occurs at some distance from the ends, as shown in Figure 72. 

In connection with this problem we shall now illustrate the previously 
mentioned applicability of the series method to design problems. Let us sup- 
pose that the pmax soil pressure obtained above is greater than the pressure 
permissible for the subsoil imder consideration and let us set the problem of 
finding that value I for the bottom plate which will secure a more uniform pres- 
sure distribution under the structure and will lower the value of pnmx to 8 Ibs./in.^ 
Subtracting from the given 8 Ibs./in.^ the uniform loading of the intensity 
q = 3.74 Ibs./in.^ (Fig, 73), we obtain p = y^k = 4.26 Ibs./in.^ as the maximum 
permissible pressure due to the concentrated loadings at the ends. 

Using (60) and (61), we can write the requirement above as 



2P 

yok^^ + 


j. I U 

21?k ^2 


4.26 lbs./m.* 


Substituting the given numerical values m this equation and expressing I as 
unknown, we have the answer that the moment of inertia, satisfying our condi- 
tion, must be / = 140 in.*, which corresponds to a thickness t = 11.9 in. for the 
bottom plate instead of the 8-in. thickness used in the example. Checking this 
conclusion by exact formulas derived from (37a) and (38aX corresponding to 
I = 140 in.*, we obtain the pressure at the ends due to the end loadings as p = 
4.46 Ibs./in.®, and adding to this the uniformly distributed 3.74 Ibs./in.® loading, 
we get the maximum pressure as = 8.20 Ibs./in.*, which exceeds by only 
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2.5 per cent the required limit. Though in this example we had \l = 4.20, 
which is beyond the range of bars of medium length, the results obtained by the 
series method are still accurate enough for practical purposes. 

2. Consider a thin-walled cylindrical tube subjected to internal pressure p 
and supplied at equal intervals I with rigid reinforcing rings, as shown in Figure 
74. In § 12 (p. 35) we have already analyzed the problem -when only one rigid 
r ing was applied to the tube. There we found that, while in a plane tube under 
internal pressure p the maximum stress is in the circumferential direction and 
its value is <r<, = pR/t, t denoting the wall thickness and R the middle radius 
of the tube, upon application of the ring a bending stress is produced in the 
longitudinal fibem of the beam, and this stress is o-* = 1.82 pR/t. The problem 



we shall investigate now will be the effect of the spacing of the rings upon the 
maximum bending stress in the tube. 

If a series of rigid rings is applied at equal I intervals to the tube and the 
spacing is increased from zero to very large values of I, we find that the <rc and 
(Xm stresses must increase from zero values to Vc = pR/t and <r„ = 1.82 pR/t 
respectively in the manner indicated in Figure 75. Hence we see that there must 
be a certain spacing k where the maximum bending stress produced by the rings 
will be just equal to the circumferential stress value in a plane tube under 
internal pressure. This k spacing of the rings can be determined in the following 
way. 

A longitudinal element of the tube between two reinforcing rings will be 
regarded as a beam fixed at the two ends, subjected to a uniformly distributed 
loading p and supported, at the same time, along its entire length on an elastic 
foundation. The modulus of this foundation will be, according to (25), k = 
Et/I^ and the moment of inertia of the beam I = ^/12(1 — i^), with t denoting 
the wall thickness and R the middle radius of the tube. By means of (50c) 
the condition o-,„ = sc for U can be written as 

6 p Sinh Xic — sin Xlo _ pf2 
~f- ?^2SinhXZo + sinXlo f’ 

where, with ju = 0.3, 

X = ^3(1 - “ 1-285 
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Introducing this expression in the equation above we have the condition in the 
simplified form: 

SinhX^o - sinX lo ^ A -j^ ^ q 5505 . 

Sinh X/o + sin Xio y 3 

By the trial-and-error procedure we find this equality is satisfied by a value of 
X^ = 1.899, from which we have the required spacing 

Zo = ^ = 1.478 y/Rt- 

If the spacing is larger than U given by this equation, then the application of the 
rings vtII increase the maximum stress value in the tube. A decrease of stress 
will occur only if J < Zo • It is seen from the formula above that, compared to 
the radius of the tube, k will have a rather small value. 

3. Though the relationship between stresses and deformations in earth foun- 
dations is, in general, of a very complex nature, not infrequently we find subsoils 
which follow the simple law assumed for our elastic foundation (p. 2) accurately 
enough to permit a mathematical analysis to be developed on this basis. If 
this is the case, stresses and deflections occurring in sheet pilings and similar 
structural elements can be readily calculated by the formulas given in the first 
part of this chapter. Sheet pilings, for instance, may be regarded as cantilever 
beams partly sun-ounded by an elastic foundation, as shown in Figure 76. Under 
the action of the loading, which is usually applied at the unsupported part of 
the cantilever, the beam will deform elastically and will assume a position in 
which the active and passive earth pressures arising from the displacements 
in the subsoil maintain equilibrium %vith the external loading. 

According to the Rankine theory, if there is no cohesion between the ele- 
mentary particles of the soil, an active earth pressure of the amount pi = yx ■ 
(1 — sin tp)J (1 - 1 - sin is present at a depth x under the surface; the resistance of 
the soil against displacement, that is, the passive earth pressure at the same 
depth, can be expressed as pj = 7 a:-(l -F sin <f)/0- — sin <p), 7 denoting the 
specific weight of the earth under consideration and ^ representing its angle of 
friction. The value P 2 — Pi = 7 a: -4 sin (p/{\ — sin^ p) defines the maximum 
pressure which can be resisted by the soil and determines the limit of its static 
equilibrium. This point should be taken into consideration in the analysis of 
sheet pilings and similar constructions. If the modulus of foundation k is 
assumed in such cases to increase proportionally with the depth x, the pressure 
distribution along the beam will be defined by p = kxy, where y denotes the 
transverse displacement of the beam. This pressure p must stay at every 
point within the maximum resistance, Ps — Pi , of the soil. 

The deflection curve of the types of beams under consideration will be such 
that its maximum ordinate will occur right at the surface of the earth, where, 
to a certain depth xa , the pressure p = kxy will necessarily exceed the resistance 



CASES OF LOADING ON FINITE BEAMS 


85 


p 2 Pi • For this reason, along the length xo , where the static equilibrium is 
overcome, the resistance of the earth will not be considered, and the elastic 
foundation will be taken into account from point A on, at which point we have 
p = P2 - Pi . 

The case when the modulus of foundation varies proportionally with the 
depth, which is compatible with the Rankine theory of earth pressure, will be 
discussed in the next chapter. At this place only the method of solution when 
the modulus of foundation is constant will be illustrated. 

The portion A~B of the beam (Fig. 76) with a length I = L — Xq , involving 
the unknown depth Xq , is subjected at end A to a concentrated force P and a 
bending moment Mo = P(h + Xq). The requirement that at point A 


kyA 


4 sin <p 
1 — sin^ <p 


yxo 


can be written from (39a) and (40a) as 


2P\ 


Sinh^ \l — sin^ \l 


[Sinh XZ Cosh XZ — sin XZ cos XZ 


+ X (/? + ajo)(Sinh XZ + sin XZ)] = 




1 — sin^ (p 


yxu. 


From this equation, by a trial-and-error procedure, the unknown xo can be de- 
termined. Having it, we can obtain diagrams of deflection, moment, and so on 
for the A-B portion by using (39 a-d) and (40 
a-d). As a numerical example, let us assume the 
following values: L = 72 in.; h = 36 in.; -E = 

2 X 10® Ibs./in.^ / = 140 in.^ k = 180 Ibs./in.^ 

7 = 0.10 Ibs./in.®; and ^ = 25°. Hence we have 
X = ^kf4EI = 0.020 in.""^ By trial and error 
we find that Xo = 19.5 and I = L — xo = 52.5 
satisfy the equation above. Having the unknown 
rco and having computed the deflection and pres- 
sure distribution along the portion A-B from 
(39a)-(40a), we get the result shown in Figure 
76. 


4. Consider an arrangement in which two 
main longitudinal beams are supported by closely 
laid transverse bars and the whole structure is 
placed on an elastic foundation (Fig. 78). The 
longitudinal beams are assumed to be infinitely 
long, and the problem is to determine the de- 
flection surface of this infinite strip under a concentrated load P acting at point 
A on one of the main longitudinal beams. 
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The dimensions of the construction are shoMui in Figure 78. The transvemi 
bare are assumed to be 1 in, wide. We shall take for these bare E = 5.0 X 10" 

lbs./in.“, and for the foundation, ko = 240 



Ibs./in.® The first step will be to detennine the 
deflection of one transverse bar under symmet- 
rically and anti-symmetrically applied concen- 
trated forces P = 1000 lbs. The values of the 
deflection ordinates were computed by (37a) and 
(39a), and the results are shown in Figure 77. 
Since in our structure the main girders are sup- 
poi'ted at the ends of the transveree bars, the end 
deflections shown in Figure 77 will define a modu- 
lus of foundation for the main girders in symmetri- 
cal and antisymmetrical loadings. 

Let us first consider the situation when the two 
main beams are subjected to equal and down- 
ward-acting forces P/2 at points A and B (case I). 
In this symmetrical case the modulus k for each 
of the main beams will be, from Figure 77a, 


}.j « 1022-5!; per inch = 8130 lbs./in.^ 

0.123 m. ^ 

which, if we take E = 1.25 X 10® Ibs./in.® for the modulus of elasticity of the 
main beams, gives 


4/4x1. 


,25 X 10« X f (20)' 


= 0.0198 in.' 


In the corresponding antisymmetrical loading, where there is a downward- 
acting force P/2 at A and an upward-acting P/2 at B (case II), the deflection 
of each main girder can evidently be computed, from Figure 77b, with 

7 1000 lbs« • OnAA Tkrt /i-rt ^ 

^ per m. = 3900 Ibs./m. 

0.256 m. 




3900 

4 X 1.25 X 10« X 1(20)® 


= 0.0164 in." 


Computing the deflection of each of the main beams, first with the ki , \i and then 
with the kn , hi values, and superposing cases I and II, we obtain the deflection 
surface in Figure 78 as the answer to the original problem. In each case the 
deflection line of the transverse bars will be similar, proportional to the end 
ordinates, and in every instance points of zero deflection will lie on a straight 
line parallel with the main girders. Superposing cases I and II, however, we 




Fig. 78 
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obtain a three-dimensional solution. In Figure 78 the dotted lines connecting 
points of zero deflection illustrate the three-dimensional character of the problem. 

5. It has been showm in Chapter II, page 30, that a longitudinal element of a 
cylindrical shell under axially symmetrical loading can be regarded as a beam 
on elastic foundation, in which event the modulus of the foundation k and the 
characteristic X are 

= g and X = \/3(l - , 


where R is the middle radius, t the thickness of the cylinder, E the modulus of 
elasticity, and m Poisson’s ratjo for the material. 

On this basis many stress problems in con- 



Fig. 79 


nection with cylindrical containers and pressure 
vessels can be analyzed. In the general case, 
when a cylindrical body is joined to a flexible 
drumhead (Fig. 79), the calculation can be car- 
ried out in the same manner as for statically in- 
determinate structures. The container will first 
be pictured as cut up into its two main struc- 
tural parts, the cylindrical body and the head, 
and it will be assumed that each of these parts 
can freely deform under the action of the load- 
ing, which usually is an inside pressure on the 
container walls. As a result of these deforma- 
tions we obtain along A-A a discontinuity in 
displacements and rotations between the neigh- 


boring ends of the cylindrical body and the head. In order to maintain the con- 
tinuity of the material (continuous displacement and slope) in .this region, we 
shall have to apply shearing forces Qa and bending moments M a , uniformly 
distributed along the circle of juncture A-A, The values of Ma and Qa can be 
determined from the two simultaneous continuity requirements mentioned 


above.* 

To be able to determine these unknowns, Ma and Qa , we must know the 


deformation of the cylindrical body and the head due to the internal pressure 
as well as that due to the unit values of the Ma and Qa quantities respectively. 
Stresses and deformations attributable to internal pressure can be determined 
for each part separately by simple considerations of statics, which, since the 
bending resistance of the elements is usually neglected in such cases, furnish the 
so-call^ membrane stresses and deformations. Let us assume that this mem- 


♦ In addition to the loading Ma and Qa shown, there will also be a distributed axial force 
around circle A-A due to the reaction of the head, but the effect of this axial force on the 
displacements due to Ma and Qa in the cylinder is quite negligible in most engineering 
structures, as is shown in Chapter VI, p. 138. 
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brane analysis gives a radial displacement yc and a rotation Be for the cylindrical 
part and yn and Bn values for the head along the circle A- A, We shall then have 
at this place a discontinuity yc — Vh in displacement and 6c — Bh in slope. 

Displacements and rotations of the end A of the cylinder due to unit values 
of Qa and Ma can be determined from (39 a and b) and (40 a and b) and will 
be denoted by , B^c , and yf , Bf respectively. Corresponding values for the 
spherical head, yt , Bh and 2/f , Qh , can be computed from equation (150 a-c), 
in Chapter IX. If we are dealing with a flat plate head these displacement values 
can be obtained from any book concerned with the theory of thin plates. Having 
these data, we can write the continuity in deflection and slope along the A-A 
circle as 


(2/c + yh)QA + {yc + yk)MA = yc ^ yh , 

(^c + Bh)QA + {Be + Bh)MA — Be — Bh, 

from which the unknown Qa and Ma quantities can be determined. The stresses 
set up by Qa and are usually called discontinuity stresses, and they have 
primary importance in the design and strength of containers and pressure vessels. 

In the general case, when we deal with flexible container heads, the analysis 
must be carried out according to the scheme above. The computation will be 
greatly simplified, however, if the construction of the head is so rigid that its 
deformation, in comparison with that of the cylinder, becomes negligibly small. 
In such a case an axial strip of the cylindrical portion A-B in Figure 79 can be 
regarded as a cantilever beam fixed at the end A, supported on an elastic founda- 
tion and loaded by a uniform or a triangular (hydraulic) distributed loading, 
according to the nature of the internal pressure in the container. In either 
case of loading the solution can be readily obtained from the formulas developed 
for cantilever beams in § 22. 

As an example, let us consider the cylin- 
drical tank in Figure 80, with the dimensions: 

R = 360 in.; t = 14 in.; A = 312 in.; material: 
reinforced concrete E = 4,25 X 10® Ibs./in.^; 
jLi = 0.25; tank filled with water, specific grav- 
ity 7 = 0.0361 Ibs./in.^ The bottom plate 
will be assumed to be perfectly rigid, and 
thus an element A-B can be regarded as a yiq. 80 

cantilever beam subjected to a triangular dis- 
tributed load with a maximum value at A of go = yh. We have 



, Et 4.25 X 10® X 14 2 


tod 


X - </3(r^) ^ 'J'S X 0.9875 
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Since \h = 0.0182 X 312 == 5.68 is sufficiently large, accurate results can be 
obtained by the simplified formulas in (54a-d). Putting I = h and qa = yh, 
we have for the unknown Ma and Qa quantities 

(X/i - 1) == 14,000 in. Ibs./in., 

2a® 

Qa = (2X/I - 1) = 564 Ibs./in. 

The distribution of bending moments and shearing forces along A-J5 can be 
computed from (54 c and d) respectively. The circumferential hoop force N 



Ibs./'in. can be obtained from the deflection formula (54a) as iV^ = --kyR. The 
results of these computations are shown in Figure 81. It should be noted that 
in calculating the maximum stress in the circumferential direction we must add, 
according to (27), to the circumferential normal stress the effect of circum- 
ferential bending <Tc = N/t + 

6. Figure 82 shows schematically the construction of a commutator for an 
electrical machine. The copper commutator bars with mica laj^ers between 
them are held together by the radial forces which result as the bolts are tightened 
up on the V rings shown in the figure. Because of this manner of assembly 
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such a commutator construction is referred to as the arch-bound type. Since 
the overhanging parts A-B of the bars are portions of a cylindrical shell, they 
can be computed as beams on an elastic foundation. In the calculation it is 
to be assumed that the commutator is built up of two materials, copper and 
mica; consequently, the modulus of foundation k = Et/R^ used when calculating 
cylindrical tubes will need some modification in this case. 

Denoting by Ec and Em the modulus of elasticity of copper and mica, and 
by he and bm the width of the copper bars and mica la 5 ’’ers respectively, we get 



Ihc unit compression produced by a circumferential pressure p between tlu^ 
l>ars as 


^ , _P ^ P_ Em 

Ec be + bm Em be + bm Ec be + bm 


Hence the compressibility of the composite tube will be the same as that «>l i 
homogeneous tube with an elastic modulus: 


E = Ee 


be + bm 

+ ^ bm 


This is the value of E which will have to be used in the formula for the modulus fc. 
Taking the dimensions be = 0.500 in. and bm = 0.025 in. from Figure 82 and 
assuming* Ec/Em - 3, we have E = 0.912 Ec . The same effect is considered 

* The use of the actual, nonlinear, stress-strain relation in mica would have only a 
negligible effect in this calculation. 
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when computing the moment of inertia of the A-B beams, by taking for unit 
width 


he 1 X 

be “t" bm 12 


0.952 


12 ' 


With these values we have 


X = 




X 0.912 
0.952 


1 

VBt 


1.300 


1 

y/Rt' 


Taking R = 25 in., i = 2 in., and a = 1 in., we get 

X = 0.184 in.”* and Xa = 1.288. 


The middle part B-B of the commutator bar can be assumed to be perfectly 
rigid, and thus the overhanging parts A-B can be looked upon as cantilever 
beams fixed against rotation at the base B. In the stress calculation two 
main types of loading will be considered: the assembly forces and the inertia 
forces due to rotation. 

Denoting by H the assembly force produced by the bolts per 1-in. nin of the 
circumference, if friction is not considered at the contact area under the 7 ring, 
we see that a unit width of the bars will be subjected to a radial compressive 
force P = 2H cot /3 (Fig. 82). Let us assume that because of this centrally 
applied force P the rigid middle part B-B will undergo a uniform radial displace- 
ment Vb ■ This will correspond to a uniformly distributed reaction 2cakyB 
along the length B~B, where the factor 

« = + V3(h - 0^ 

t 2ct 

takes into account the increase of area along B-B in comparison with the uniform 
area along the beams A-B. The rest of the reaction, 

P — 2cakyB = 2Qb , 

w'Ul be transmitted in the form of a shearing force Qb to each of the two flexible 
beams A-B. The deflection of these beams at points B must equal the value 
l/B , which condition can be written from (41a) as 

^ 2Qb\ Cosh^ Xo + cos** Xg 
k Sinh 2Xa -f- sin 2Xa ’ 

Substituting here the expression above for Qg , we have the deflection y* as a 
function of the loading P: 

^ ^ 1 

^ 2caX -|- + sin 2Xa ' (c) 

Cosh“ Xo -b cos* Xo 
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Taking H = 5000 lbs. per inch circumference, we have P = 17,300 Ibs./in., 
and, since < = 2 in. and ii = 5 in., we get a = 2.987. Using these values and 
2c = 16, X = 0.184, \a = 1.288, we have from the formulas above 


p\ 

ya = 0 . 094 ^ 


and Qb = m - 0.826) = 0.087P = 1500 Ib./in. 


The bending moment in sections B can be calculated from (41c) as M = 4310 in. 
Ibs./in., which then gives as the maximum bending stress produced by the 
assembly forces 


4310 


<Ta = 


0.952 1- 
6 


-2 = 6790 lbs./in.' 


JL 




jU£1 


The circumferential pressure p = hyRji 
is maximum at B (and the same over 
the rigid center portion), where its 
value is 

Pb = O.OUPXR/t = 3740 Ibs./in.' 

At the end A, since from (41a), 
VB/yA = 3.530, the circumferential pres- 
sure reduces to Pa = 1060 Ibs./in.' 

Stresses due to inertia forces can be 
computed by assuming the portion A-B 
as a cantilever beam on an elastic founda- 
tion, fixed at the end B and loaded with a 
uniformly distributed loading 

q=^ « P, 

9 





tENDWeSTMSSES 





jissB>eBLy*maau 

pressure BETyEEJV BARS 


p&S./in. 

Fig. 83 


where 7 is the specific weight of the bars, 
g the gravitational acceleration, and <0 the 
ang ula r velocity of the commutator. 

Taking the speed of rotation equal to 450 r.p.m., we have w = 47.12 sec."’' 
Then putting 7 = 0.320 Ibs./in.® and g = 386 in./sec.®, we have q = 92.1 Ibs./in. 
per inch. The bending moment in section B calculated from (52c) will be 
M = 1310 in. Ibs./in., and will produce a bending stress 


1310 


ffc = 


0.952 


= 2060 lbs./in." 

6 
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The circumferential pressure, or pressui-e relief in this case, produced at point A 
by the centrifugal forces can be calculated from (52a); taking = (kR/t)yA , 
we then get 

Pa = 0.719 1 and Pa = 0.719 y = 830 Ibs./in." 

Adding up the centrifugal and assembly stresses, we obtain the maximum bend- 
ing stress at B as 

a = + ac 6790 + 2060 = 8850 Ibs./in,' 

'The circumferential pressure between the bars will be constant p = 3740 Ibs./in.^ 
along the rigid center portion B-B. Along beams A-B the centrifugal loading 
will cause a release in p, and w’e shall have its minimum value at A as 

Pa = 1060 - 830 = 230 Ibs./in." 

Tha distribution of bending stresses a and arching pressures p along the beams 
A-B is shown in Figure 83. These curves have been calculated from (41c), 

7. Let us assume that in coal 
mining a gangway is driven into 
a seam of coal which is support- 
ing a rock layer of limited thick- 
ness, as shown in Figure 84. 
By driving the gangw’ay the orig- 
inally uniform stress distribution 
is disturbed, for in the coal layer 
close to the gangway an increase 
of pressure is produced, . and in 
the rock layer, which can he regarded as a beam in this case, bending 
stresses are set up- 

As a rule, the modulus of elasticity for coal (Ec) and for rock species (Er) 
can be definitely established in any particular situation which makes feasible 
the stress calculation in the elastic range. Since Er is usually much larger than 
Ee , we can disregard in an approximate analysis the continuity in the coal layer. 
This assumption then reduces the problem to the simple case of a beam partially 
supported on an elastic foundation of the p = /cy type and loaded with a uni- 
formly distributed loading, the solution of which is given in § 23 (p. 68). 

The same problem has been investigated experimentally by E. Lehr.* In 
his experiments the upper layer of rocks w’as replaced by a hard rubber bar 
laid on various foundations of hard and soft rubber representing the sublayer of 
coal. The bar was loaded with a uniformly distributed loading and the deflection 

* “Modellversuche an Balken auf elastischer Unterlage zur Klarung der Spannungsver- 
teilung im Hangenden von Abbauorten,’* Forschungsheft 372, Beilage zur Forschung auf 
dem Gehiete des Ingenieurwesens, Ausgabe B, Band 6 (May-June, 1935), pp. 22-33, 
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curve was measured, from which, by a method of graphical differentiation, the 
bending stresses were derived. Since in Lehi-’s publication no attempt was 
made at an analytical solution of the problem, such a solution will be demon- 
strated here by using the dimensions from one of his examples. In order to be 
able to compare the computation with the experimental results, we sHah employ 
the kilogram-meter system. 

The dimensions of the experimental setup shown in Figure 85 are: I = 15 
cm.; L = 20 cm.; fco = 30 kg./cm.’; k = hh = 60 kg./cm.®; E = 23,000 kg./cm.b' 
7 = 1 cm.'* Hence we have X = ^k/4ET = 0.149 cm."*, and XZ = 2.235, 


BEAM RUBBER E--Z3000 
FOUArHAriON-SOFTHt/BBER 



XL = 2.980. The distributed loading 3 = 1 kg./cm. above the side portions 
AC and BD will cause only uniform compression and displacement. The loading 
above the free span, on the other hand, will produce a bending of the beam. Us- 
ing the given dimensions, we have from equation (b) on page 68 

fl/x — Mb = -5.60 kg./cm. and = —Qb = 10.0 kg. 

Putting these values into (39 a-c) and (40 a-c) we obtain the deflection (pres- 
sure) and bending-moment diagrams which are shown in Figure 85, in compari- 
son with the experimental results. The high local cun'atures in the experi- 
mental bending-moment diagram and the presence of bending ordinates at the 




96 


BEAMS ON ELASTIC FOUNDATION 


free ends C and D seem to show experimental errors. In view of these errors 
and of the fact that in this case there was a definite material continuity in the 
foundation which our theory, in turn, did not take into account, there is a 
remarkable agreement between the analytical and experimental results. 

If the side spans AC and BD are considered infinitely long, which more 
closely approximates the actual situation in the mine, the computation takes a 
still simpler form, and then (56 a-d) can be used. 

Ludwig Prandtl* has suggested the theoretical analysis of an experimental 
setup of this same arrangement to investigate the failure of brittle materials in 
tension. If we merely reverse the direction of the distributed loading in Figure 
85, so that it now represents tensile forces, and imagine the A-B span to be an 
initial crack in the material, we have a situation similar to what may exist in the 
inside of a brittle material in tension. The maximum tensile stress will then 
occur at the A and B end points of the crack and its intensity will be increased 
as the A-B distance increases. Prandtl, reasoning in this way, explains several 
phenomena (why longer cracks spread more easily, and so on) observed in 
experiments with brittle materials. 

* “Ein Gedankenmodell fttr den Zerreissvorgang sprSder K6rper,” Zeitschrift far 
angewandte Maihmatik und Mechanik, Band 13 (1933), Heft 2, pp. 129-133. 



CHAPTER V 

BEAMS OF VARIABLE FLEXURAL RIGIDITY 
AND VARIABLE MODULUS OF FOUNDATION 


28 . Variation in Steps 


A beam whose flexural rigidity varies in steps can be regarded as composed 
of shorter prismatic beams, formulas for which have been developed in the 
previous chapters. Thus the problem can be analyzed by the usual method of 
computing statically indeterminate structures. 

Imagine that the beam, which is subjected to the given loading, is cut through 
at the places where there is an abrupt variation in the cross section (Fig. 86). 
This cutting produces separate prismatic bars, the deflections of which we can 
determine from the formulas previousl 3 ^ developed. At every point of separa- 
tion there will be, because of the loading, a relative displacement and slope dif- 
ference between the ends of the neighboring bars. Denote these quantities at 
the fcth point of separation by 
the s 3 ’'mbols Soa and . On the 
original beam there is continuity 
at that point, and thus no sharp 
change of deflection or slope be- 
tween the neighboring sections 
can occur; instead of these dis- 
placement quantities, moments 
and shearing forces act to bring 
about and maintain the continuity’^ of the bar. 

Denoting these shearing forces and moments acting at the kth point * by 
Xk , Yk and X* , Yk, according to whether they act on the left or on the right 
ends meeting at the point k, and denoting the deflection and angular displace- 
ment due to unit values of each of these forces by 5k,k-i , , and so on, in 

which the first subscript shows where the force is acting and the second shows 
where the deflection is produced, we can write the equations of continuity for 
the Arth point as 



Xk^i8k-.i,k + Yk-iBl-i,k + Xk(8f,k + Sk,k ) + -f- S^k ) 


-f- Xk-f-iSk+i,k + + Soifc = 0, 

Xk-l0k^l,k + Yk~~i6k-.i,k + Xk{dk,k + Gk,k ) + Yk{6l,k + 6k,k ) 

-b + Yk+iBk^-i,k + = 0., 


( 74 ) 


* These forces differ only in sign: |X/1 — \Xk''\ « Xjband |F*'| =* |T*'| =* Tjb, as shown 
in Figure 86. 
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Forces acung at the — 2 or A: + 2 points have no effect on the displacements 
occurring at point k. For each point where there is a step in the cross section 
we can write two equations of continuity of the same sort as those in (74); 
accordingly there will be two unknown quantities (X and Y) to determine at 
each of these points. These equations are of the same type as the well-known 
three-moment equations. The scheme of the equation system so obtained 
will have a diagonal symmetry, since 5k-i,k == Sk,k-i ; furthei’more, 6k-\,k = 
Olk-i = Sk-i,k = Slk~i , and so on. All these 6 and 0 quantities due to X = 1 
and y = 1 can be obtained from (39 a and b) and (40 a and b). Since the 

equations of continuity at the first 
step from either end of the beam 
contain only four unknowns instead 
of six, the possibility is presented of 
solving the system of such equa- 
tions by the method of successive 
approximation. The same proce- 
dure can be followed when, instead 
of the cross section, there is a stepwise variation in the modulus of the founda- 
tion. 

As a special instance of the problem discussed above we can consider the 
.situation shown in Figure 87. This figure represents column footings, where 
flexible flanges are attached on both sides of an infinitely rigid middle portion. 
Using formula (41a), we find, by considerations of statics, that the deflection 
of the middle portion \rill be 



yc = 


^ 1 
kD’ 


(75) 


where 

n - Sinh 2Xffl + sin 2Xa , 

Cosh® Xa -1- cos® Xa 

The shparing force at points a and b can be obtained as Qa = —Qb = 
§(P — 2ckyc). Having this value, we can compute the elastic line of the flanges 
as though we had a beam of length 2a loaded by a concentrated force 2Qa at the 
middle. 

29. Continuous Variation 

Let us now consider the case in which the flexural rigidity of the beam Eh 
and the modulus of the foundation kx are both continuous differentiable func- 
tions of the variable x.* 


* It will be assumed in the following discussion that only I varies as a function of x 
The procedure remains the same, however, if B is also considered to be a variable of x. 
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Substituting in the differential equation of bending 

the relation between the bending moment M and the distributed reaction forces 
p of the foxindation, 

wc obtain 



which, after the assigned differentiation has been earned out, takes the form: 
dx* 7* dx da? 7» dx^ dx^ £7, " 


If only the modulus of the foundation varies -ftith x and 7 is constant, the equa- 
tion above reduces to 


^ 4 ^ 2 / = 0 . 

Er 


(76') 


A differential equation of similar type can be established for variable 7x 
but constant k by differentiating (b) twice with respect to x and substituting 
the result in equation (a). Thus we get 


^ -L A. 

da? Eh 


M = 0. 


(76") 


By comparing (76') and (76"), it is seen that, whenever a solution is found for 
variable k and constant /, one can always find a corresponding case of variable I 
and constant k where the same type of solution will apply. 

Rigorous solutions of differential equations of the types (76') and (76") 
can generally be derived in the form of power series, which are sometimes ex- 
pressible in terns of Bessel functions. Approximate solutions for problems of 
this kind can be obtained most conveniently by either the Rayleigh-Ritz * 
analytical method or the Vianello-Stodola f graphical method. 

The Rayleigh-Ritz method consists in assuming a set of functions each 
term of which satisfies the boundary conditions of the problem. The unknown 


* Lord Rayleigh, Theory/ of £ou7id (2d ed.; London, 1929), I, 111, 2S7; Walther Ritz, 
CEuvres (Paris, 1911), p. 265. 

t Luigi Vianello, ‘‘Untersuchungen der Krdckfestigkeit gerader Stabe,” Zeitschrift des 
Vereins deutscher Ingenieure, 42, pt. 2 (1898), 1436; A. Stodola, Steam and Gas Turbines 
(New York, 1927), I, 449-. See also A. PSppl, Vorlesungen Uber techniseke Mechanik (9th 
ed.; Leipzig, 1922), III, 264. 
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multipliers of the functions can be determined from the requirement that the 
total potential energy of the system have a minimum value in the equilibrium 
position. The procedure is the same as that applied in the case of constant I 
and k on page 75, where the elastic line was represented in the form of a trigono- 
metric series. 

It is seen from (76') and (76") that the problem of bending of a beam on an 
elastic foundation can be looked upon as that of finding the deflection curve 
which is proportional to the distribution of the loading of the beam, the pro- 
portionality factor being in general a function of x. The Vianello-Stodola 
method obtains this equilibrium position by successive approximations, as- 
suming first the distribution of the loading and then determining graphically 
the deflection curve due to it. The deflection line leads to a corrected form of 
the corresponding loading, and the procedure, when repeated, will converge 
to the true solution, where the deflection curve, multiplied by the proportionality 
factor fcj in (b), will coincide with the loading distribution curve on the beam. 

Both of these approximate methods can be used advantageously in practical 
applications. In the following sections, however, only those problems will be 
discussed in which a rigorous solution of the differential equation of the elastic 
line has been obtained, and approximate formulas will be mentioned only if they 
constitute special forms of a rigorous solution. 

30. Linearly Varying Moment of Inertia: the Circular Plate 

The most frequently occurring example of a beam with linearly varying 
moment of inertia is a wedge the width of which is a linear function of x (Fig. 

88). Here, however, on account of the 
variable width of the beam, we shall have 
to deal also with a linearly varying value 
of k. Thus we shall have 

I = hx and k = kobox, 

where &o and Iq are the width and the 
moment of inertia of the beam at unit 
distance from the origin 0, respectively, and w^here h is the constant modulus 
of the foundation. A rigorous treatment of the bending of such a wedge-shaped 
beam w^ill require the application of a system of polar coordinates. Thus the 
problem becomes analogous to that of a circular plate supported on an elastic 
foundation and subjected to a loading distributed symmetrically with respect 
to the center 0. Under such conditions, the circular plate can be regarded as 
consisting of w^edge-shaped elements, each of which is deformed in the same 
manner. The only difference between the beam and the plate problems is that 
in the latter the deformation of the cross section is restrained on account of the 
continuity of the material in the circumferential direction; thus opposing mo- 
ments w^ould act on the sides of each wedge element. From this point of view 
the beam problem can be considered as a limiting case of that of a bent circular 
plate; this will be the approach used in the followdng discussion. 
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The differential equation of bending of the plate can be obtained from the 
equilibrium conditions of an infinitesimal element of the plate (Fig. 89). SUch 
an element will be acted upon, per unit length of its sides, by bending moments 
Mr and shearing forces Qr in the radial and bending moments in the cir- 
cumferential direction, while unit areas of its upper and lower surfaces vdll be 
subjected to a distributed loading q and a distributed reaction of the foundation 
p, respectively. Other force components vanish on account of the assumed 
symmetry of the loading. 

A consideration of the equilibrium of the moments in the radial plane gives 


dMr , Mr n - n 

j "1” Vr — U, 

dr r r 


(a) 


while the equilibrium of the forces in the vertical direction requires that 


Or 

dr r 


^ - p = 0. 


(b) 


Denoting by w the downward positive deflection, we can express the changes 
of curvature of the element due to bending in the radial and tangential directions 
respectively as 


_ d^w 


and 


^ 1 dw 
^ r dr ^ 


(c) 




while the corresponding 
bending moments per unit 
length will be 

Mr — —D{Kr + and 

= —D{k^ + JlKr)j (d) 

=4-"=^- y 

where D = Eh^/12{l — i/) ^ 

is the flexural rigidity of the i 
plate, h is its thickness and 
ju is Poisson’s ratio for the 

plate material. By means of (c) the bending moments can be expressed as 





Mr = 


\(iir r ar / 


r,{^dw . d^w\ 

Substituting these formulas in (a), we have for the shearing force 

/ , 1 ^ _ 1. 

T^drJ’ 

The substitution of this expression in (b) gives 


(Tio , 2 ^ ^ _ g ~ P 

dr* r dr* r* dr* i* dr D ’ 
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where, according to our fundamental assumption, -p = hw. The distributed 
loading q can be eliminated from this equation bj' a change in the dependent 
variable, and thus the problem of the axiallj’- symmetrical bending of a circular 
plate on an elastic foundation reduces to the solution of the differential equation 

ArW + v*w — 0, (77) 


where A, denotes the differential operator 

Ar = — + i - and r = ji/^. 

' dr^ r dr V D 

By putting vr = ^~lp, we can transform (77) into 

^liv — w = 0 , 

which in turn can be resolved into either of the two following forms : 

Ap{/^pW + w) — {ApW + uj) = 0 


or 

Ap{Apiv — w) + (ApW — tij) = 0. 

Hence it is seen that the solution of (77) can be obtained as the sum of the 
solutions for the two following differential equations: 

ApW + w ^ 0 and ApW — ty = 0. 

The first of these equations is the same as the known Bessel equation with zero 
parameter value; the second can be transformed into the same form by changing 
the variable p to The solution of the Beasel equation 

. , d^w , 1 dw , « 

ApW + == -y, + - ~ + ly = 0 

p jp 

is known to be 

w = AiJg(p) + A 2 A^o(p)j 


where Jo(p) and A^o(p) are Bessel functions of the first kind and second kind (Neu- 
mann function) respectively, both of the zero order. 

In a similar wav we have the solution of 


AoW — w — 


d^w , 1 dw 

-y-o+ --3 W = 0 

dfr p dp 


in the form 


w = AzJoiip) + AANoitp), 

Thus we obtain the complete solution of the original equation (77) as the sum 
of the two solutions above in terms of the original variable r: 

to = ^4iJo(=byr\/^) + A 2 NQ(divr\/~+i) 

+ AzJo{dzvr\/ — i) + A4No{zhvr\/~^i), 
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For calculation it is more convenient if the solution is expressed in real functions 
of the argument rr, instead of in the form above. This can be achieved by 
introducing the following functions:* 


Zi{vr) = \Jo{vr\/+i) + Jo{vr\^ —i)], 

Z^iyr) = [t/o(vr\/+i) - /o(rrv'~0}, 

Zziyr) = Zi{vr) + ^ [N,{vry/Ti) ~ N,{vW~i)l 
Z^ivv) = Z^ivr) + ^ [N^{vr^/ +i) + No{vr\/--i)], 


(g) 


when the solution of (77) will take the final form 


^ 4 ) = CiZj{vr) + CsZaCrr) + C,Zz{vr) + C^Z.ivr). (78) 


The Z functions have the character of exponential waves; Zi and Z 2 increase 
rapidly with increasing argument, while Zz and Z 4 decrease as the argument 
increases. If we denote the argument by x, these functions can be written in 
the form of power series as follows: 



* These Z functions were first introduced by F. Schleicher and tabulated in his book, 
Kreisplatten auf elastischer Unterlage (Berlin, 1926) . A table of these functions is also given 
at the end of the present work. 

The Z functions can likewise be expressed as the real and imaginary parts of Bessel func- 
tions of the first kind, and third kind (Hankel function), in the 

following manner: 

Zi{x) — Be Jo(a:*\/?); Zi(z) = Re hI^\x\^) ; 

Zi{x) «= Im Jo(iC'\/0; Za{x) = Imjffo^\xV7). 

The functions in these forms, together with their first derivatives are tabulated in E. 
Jahnke and F. Emde, Tables of Functions (3d ed.; Leipzig, 1938), pp. 246-257. 
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where 



•pin) - 1+1 + 1 + 1 + 


aad log, 7 = 0.577216. Between the Z functions and their derivatives there 
exist the following relations: 

dx* ^ ^ X dx ’ 

d%ix) ^ 1 dZ,{x) 

2i(x) 

(80) 

= Z.(x) - 1 

dx* X dx ’ 

d%(x) ^ , 1 dZ 4 (x) 

Z,(x)---^. j 


In what follows we shall use, for derivatives of the Z{x) functions with re- 
spect to the variable x, the simplified notations: Z'i{x) = dZi{x)/dx, Zi(x) = 
d^Zi{x)/dx^, and so on. 

In limiting cases when a; 0 or a: ^ ^ the Z functions and their derivatives 

will approach the following asymptotic values: 
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where 


■\/2‘kx 

X 



y irx 

TT 

”8’ 

X . T 


The Z functions have been tabulated up to the value 6 of the argument x. For 
a; > 6 the asymptotic formulas for x «> can be used in the computation and 
will give an accuracy of five or more decimal places in the value of the functions. 

This general solution for a circu- 
lar plate on an elastic foundation 
will be applied now to a few prac- 
tical problems. Let us first consider 
the case when a plate of infinite ex- 
tension is subjected to a single con- 
centrated force * Po acting at the origin 0 (Fig. 90). The four constants of 
integration in the general solution in (78) can be found from the boundary con- 
ditions of the problem. The consideration that at an infinite distance fromj^e 
application of the load both w and dw/dr must vanish leads to Ci - 0 and Cj - 0 . 
The condition that at the origin dw/dr = 0 can be satisfied only if C 4 - 0. The 
last of the constants Cs can be obtained from the requirement that 



Fig. 90 


lim (2rTQr) - 1 - Po = 0. 

f ->0 


* The solution for this case is due to H. Hertz, who was the first to analyze platw on 
elastic foundation in his paper “tJber das Gleichge^dcht schwimmender el^tischer Plat- 
teT” Wiedemanns Annalen der Physik und Ckemie, v. 22 (1884), US Further references 
and discussion of a variety of problems connected with plates on elastic fomdation can be 
found in S. Timoshenko’s book. Theory of Plates and Shells (New York, 1940). 
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Substituting here from equation (f) (p. 101) the expression for Q,- and taking 
into account that lim [j'r^ 4 (j'r)] = 2/ir, we have 


Cl 


Po 

ii^D’ 


and thus the elastic cuitc for an infinite plate under a single concentrated force 
Po can be expressed as 


w — 


Po 


Zz(vr)y 


(82) 


where, as stated above, v = and I) = Elr^ jVliX — ju“). The deflection 

under the load will be 


U’o = 


Po 

8^2 


Substituting this solution for w in equations (e) and (f) (p. 101), we can cal- 
culate the values of Mr , and Q,. , and hence the stress distribution over the 
entire plate. 



the equation of the deflection curve 


Another problem of interest arises 
when a circular plate of radius a is sub- 
jected to uniformly distributed loading 
Po per unit run along the circumfer- 
ence (Fig. 91). Here the conditions 
that at r = 0 , dw/dr = 0 , and Qr = 0 
necessitate that C 3 = C 4 = 0 in the 
general solution stated in (78). Thus 
of the plate becomes 


w = CiZiiyr) -f C^Mvr), 


(83) 


The two lemaining integration constants can be determined from the conditions 
that at r = a, il/, = 0, and Q,. = —Po by using the corresponding expressions 
from equations (e) and (f) (p. 101). Thus we get 


Cl = 


or 


Zi{va) + 


1 - M 

va 


Ziiva) 


Z\{vo)Z^{va) — Zi{va)Z 2 {va) + [Zi{va) d- Z 2 ^(va)] 


C 2 = 


PqV 

ko 


Ziiya) + 


1 " M 
va 


Z[{va) 


Zi{ya)Zt{va) — Zi{va)Z%{va) + [Zi^{va) + Z 2 (va)] 


va 
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If the same circular plate of radius 
a is loaded by uniformly distributed 
moments Mq per unit length along 
the circumference (Fig. 92), since 
the conditions at r = 0 will be the 
same as in the previous case the ex- 
pression for w will also take the same 
form: 



2(; = DiZiivr) + D^Z^ivr), (84) 

but now the two integration constants will be determined so as to satisfy the 
requirements M = and Q = 0 for r = a. This will give, then, 

A/o v“ Zi(va) 

ih = — , 

" Zi{va)Z[{va) - Z[{ya)Zi(va) + [Z[\ya) + Z'}{yo)\ 

va 

r, Mov- Zi(ya) 

•'-'2 = -- j . — ■ 

“ Ziiya)Zi(m) - Z[iva)Zi{va) + ^ \Z[\va) + Z^va)] 

va 

From the three loadings discussed above (Figs. 90-92) one can, by means 
of superposition, derive solutions for any plate of finite diameter loaded with a 
concentrated force at the middle and subjected to given boundary conditions 
along the circumference. The principle to be applied here is the same as that 
used in deriving finite beams from a beam of infinite length, and in the cal- 
culation the edge loadings Po and il/o are to be regarded as end-conditioning 
forces. 

After this treatment of the circular plate, let us now return to the discussion 
of the bending of the wedge-shaped beam shown in Figure 88. Putting Ix — I^x 
and hx = A-qM into the differential equation of flexure, equation (d) on page 99, 
gives 

= 0 

d3* ^ X ^ Bir 

The third derivative of y in this equation can be eliminated by the following 
change in the dependent variable: 

2 = 2 / 

which, if the ensuing lower derivatives of y are neglected, leads to the approxi- 
mate differential equation of the deflection line below: 
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the solution of which (expressed as the original variable y) may be written as 


y = 


cos \x + Cg sin \x) + e cos Xx + C4 




where 



The same expression for the deflection line can be derived if in the general 
solution of the plate problem (see [78]) the asymptotic expressions of the Z func- 
tions for large values of the argument are substituted from (81). This proves 
that the approximate solution above will be very accurate for large (Xa; > 6) 
values; incidentally, such cases are most frequent among the applications of this 
theory to foundation plates and similar structures. 

In calculating circular foundation plates for tanks or containers the dis- 
placements along the edge of the plate are of primary importance. If we take 
bo = 1 and lo = hVl2(l — ju^), the asymptotic formulas furnish the following 
simple expressions for these so-called influence factors due to uniformly distributed 
edge loadings Pq and Mq per unit length of the circumference of the plate of 
radius a: 


Deflection of the edge due to Po lbs. /in.: 

J^oX 2Xci 1 
^ 'h Xa - 1 ’ 


Rotation of the edge due to Po Ibs./in.: 

2PoX* Xa 

A;o Xo - 1 ’ 


Deflection of the edge due to Mo in. Ibs./in.: 


WMq = 


2ikfoX“ Xa 
h Xa - 1 ’ 


Rotation of the edge due to Mo in. Ibs./in.: 

. 4McX® Xa 

= ~kr xT^i ■ 


31. Linearly Varying Modulus of Foundation 

Consider a beam of constant cross section suppoi-ted on an elastic foundation, 
the modulus of which varies according to a linear law fc* = — cx, where 

kA Ibs./in.^ and c lbs./in.‘‘ are constants and x denotes the distance along the 
beam from the fixed point A. 

Using the expression above for A:, in the differential equation of bending, we 
have 
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El (j^y kA — cx 


By introducing a new variable, 


I = 


kA — cx 


we have 


^ ^ ^ Y 

\dx/ d^* \kA/ ’ 

and thus (a) takes the form 

<^y 




+ a^y = 0, 


where 


c*Er 


(a) 

(b) 


( 86 ) 


In seeking the solution of this differential equation let us first substitute in it 
y — I™. This leads to the expression 

m{m - l)(m - 2)(m - 3)^-* + = 0, 

from w’hich we can conclude that there will be four series of the type 

2/ = oor + + ••• + , (c) 

in which m = 0, 1, 2, and 3, respectively, that will satisfy (86); consequently, 
the general solution of that differential equation will consist of the sum of these 
four series, each one multiplied by a different integration constant. 

By putting the general form of these series, equation (c), into (86) we get 
the relation between any two consecutive coefficients ak and as 




ah * 


(m + 5/c + 5)(m + 5/c + 4)(m + 5k + 3)(m + 5fc + 2) 

By means of this recursion formula the four series yi , ?/ 2 , Vz , and 2/4 which 
comprise the general solution 

y = Ciyi + C 22/2 + + CaVa (87 a) 

can be written as 

n oi yh \ 60:^ ,.10 6*11 ,.16 6* 11 • 16*0:^ ,.20 

^‘==^"5!^ +i0!^ +~^UTr— f " 


20 ! 


= i 


2a ^ , 2-7-a\ii 2-7-12-«%i6 , 2-7-12-17-«' _ 

^ 1AI s'!" 2][| ^ ^ 


6! ” ' 11! ' 16! 


f 3a .7 . 3-8-ay , 2 3-8-13-ay,7_L3-8-13-18-aV2_ ... 

“ 2! 7! ^ 12! ' 17! ^ 22! ^ ’ 

I* 4a ^8 1 4 - 9 -a*^i 3 4-9-14-a* ,8 , 4-9-14-19-a^ ^ _ 

— 23! — ^ • 
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From the expression above for the deflection line one can obtain by successive 
differentiation the angular deflection d, bending moment and sliearing force 
Q at any point of the beam as follows; 


9 = ^^ 


dx 



c dy 

df dx 

k, d^ ’ 

dty 

-EI^^( 

dx? 

de \ 

d'y 

-EI^^( 

dy^ 

de \ 


(fy 

de' 


(87 b-d) 


Hence it is seen that the integration constants in the general solution represent 
the end conditions yo , , Mo , and Qo of the beam at the point where ? = 0, 

that is. 


[,(/]{_o = Ci = y,t , 



As a numerical example of the solution developed above let us consider the 
problem shown in Figure 93, where the constants of the beam are assumed to 
be: J = 144 in.'; E = 2.5 X 10“ Ibs./in.^ k.^ = 700 Ibs./in.^ c = 5 lbs./in.“; 
I = 120 in.; a = k\/c*EI = 746.98. The four integration constants will be 
defined by the end conditions 


[il/]j_o = 0, 

[MU = 0 , 

[QU = -P, 

IQU = P. 


These end conditions can be written by means of (88 a-d) as follows; 
-45.88 Cl - 41.52 C% - 14.08 Cz - 2.66 C 4 = 0, 

-124.49 Cl - 8.89 Cj + 342.62 Cz + 48.98 C 4 = 0 , 


H-234.02 Cl - 66.18 Cz - 57.95 Cz - 18.60 C 4 = f^Y, 

El \ c / 

-7.623 Cl - 0.723 Cz - 0.039 Cz + 0.998 C« = +~ ( . 
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The solution of these four simultane- 
ous equations for the C’s gives 

C. - +0.0,45 
ft - -0.0009 
ft.-0.1019i(*^)‘, 
ft. +1.21, 3^(1)’. 

Hence for the deflection line of the 
beam we have the expression 

1/ = ;^ (jJ (0.0345 - 0.0609 ? - 

0.0810 r + 0.2019 - 0.2148 

+ 0.1264 t + 0.0720 - 0,0898^ 

+ 0.0319 - 0.0119 t 

- 0.0045 t + 0.0039 - 0.0007 t 

- 0 . 002 ^'' + ...). 

The deflection line calculated by this 
formula is shown in Figure 93, together 
with the corresponding pressure distribution in the foundation, p = k^y. 

It has been shown in § 29, by way of comparing (76') and (76"), that when- 
ever a general solution of a problem involving constant I and variable kx is known, 
it will also give the solution of a corresponding case of constant k and variable 
Ix , which Ix , however, will be inversely proportional to the Kx of the first case. 
Hence we know that the solution discussed above for constant I and linearl}" 
varying kx can be used where k is constant and Ix = (lA'r)7o varies inversely 
(hyperbolically) with .r. 

The differential equation for the bending moment M will now have the same 
form, according to (76"), as had the differential equation of the deflection line 
in the previous problem; it wdll be 



Fig. 93 



d'M 

dx* 




= 0 , 


(.d) 


and its solution can be written readily in the form found for y in (87a). 

In foundation works beams are frequently haunched at points of concen- 
trated loadings, in which event the distribution of the flexural rigidity along the 
beam can be closel}^ approximated by the assumption of a hyperbolic variation 
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in /. In considering such a finite 
beam with a concentrated force at 
the middle (Fig. 94) the calculation 
will be made more convenient if we 
introduce a new variable, 

^ I ’ 


Fig. 94 


taking at the same time Ix = 
(l/J)/o , where h denotes the moment of inertia of the beam at the place ^ = 1 , 
that is, at the ends. In terms of this new variable, equation (d) will become 

^ + am = 0. (89) 


where 


kt 

msh ' 


The solution of this differential equation can be written at once, using the same 
scheme as in (87a), Expressions for Q, y, and 6 can be obtained by successive 
differentiation of the general solution for M. The series will rapidly converge 
in every case, since the new variable is always less than, or equal to, unity. 


32. Beam of Linearly Varying Depth 

If the depth of the beam is a linear function of x, its flexural rigidity will 
vary proportionally to the third power of x, h — and thus the differential 
equation of the deflection line, according to epuation (d) on page 99, will 
be, if the modulus of foundation is constant. 


+ * ,- 0 . 






dx^ ' Eh 


(90) 


A substitution of y = x” in this equation gives 


m*(m* - l)x’"-‘ + ± x”* = 0, 

which suggests that the differential equation can be satisfied with power series 
of the form 

y = fflox’" Tf- *1” • • • "I" "t" ■ ■ ■ ) (ft) 

where m is any of the four roots of the equation m*(m* — 1) = 0. 

The discussion below applies not to the general solution, but to the solution 
of the particular problem illustrated in Figure 95, where the beam can be re- 
garded as an idealized form of a column footing. The major problem in such a 
structure is to find its effective length, that is, the limiting case when at the ends 
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of the beam the deflection and, conse- 
quently, the pressure in the foundation 
vanish. This end condition of z/ = 0 at 
a: = 0, in addition to the [M]x^ and 
requirements of a free end, is sat- 
isfied only by that series, equation (a), 
of the general solution which belongs to 
the root m — +1. 

Hence the solution of the problem, 
after a convenient change in the independent variable x = fZ, will be given 
by the series 

2 / = + (hf + * * * + + • * * , 

which, when substituted in the differential equation leads to the recursion 
formula 

“ ~{k + l)(k + 2)* (A: + 3) 

where 

kl 

“ EIo' 



By means of this formula the solution can be written as 

( a a 

^ ~ (1.2«.'3) ^ (1.2*.3)(2.3».4) ^ 

3 

^ + 

(1.2*.3)(2-3*-4)(3-4*.6) ' 



(c) 


This solution will have to satisfy, by a proper choice of a and Oo , two more end 
conditions involved in the problem, namely, the conditions that at the center 
of the beam the angular deflection = 0 and the shearing force Q = —P/2. 


The condition that at| = 17 ^ = t"= 7 j;. 

ax la^ 


0 requires that 


0 = 


2 

a a 
6 


12.72.60 


+ 


which gives the value of a = kl/EIo = 7 or /o = kl/7E. Since, according to 
our assumption, Jo = bh^/12f, where h is the height of the beam at the center 
(Fig. 95) and b is its constant width, the effective length of the beam will be 
reached only if the height h is chosen in such a manner as to satisfy the following 
relation : * 


h = 



(d) 


* This condition was established by Adolf Francke, “Einiges ttber Fundamente,’* 
Sekweizerische Bauzeitung, 35 (1900), 145. 
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Putting a = 7 into (c), we can determine the last constant Oo from the coiuiitioa 


which gives 




L6P 
kl * 


(e) 


By substituting these oq and a values in (c) we have the final form of the deflec- 
tion line 


4 . ^ 7 " 4 

^ kl y 12^"^ 12-72' 12-72-240' 


+ 


12-72-240-600 

in which case the maximum pressure at the center C will be 




(90) 


, 0.76 P 

Pmax — kyc — z 


(f) 



These formulas can be applied also 
when the central part of the beam is 
rigid and not deformable (Fig. 96). De- 
noting by Qi that part of the P loading 
which is transmitted in the form of a 
shearing force to one of the side portions 
Aa or bB, we can write from (f) that 

0.75^2Qi 

. 


Since equilibrium requires that 2Qi + pmax-c == P, we have 

2Qi . 

1 + 0.75 ? 


Knowing Qi , we can calculate the deflection line by using the solution obtained 
above in (90). 


33. Cylindrical Tank with Linearly Varying Wall Thickness 

Let us assume a cylindrical container with linearly increasing wall thickness 
toward the base and subjected to an internal hydraulic pressure;* Choosing 

* This problem was first investigated by H. Reissner, "‘Uber die Spannungsverteilung 
in zylindrischen Behalterwanden,” Beton und Bisen , 7 (1908), 150, 

See also W. Fltigge, StatiJc und Dynamik der Schalen (Berlin, 1934), and S. Timoshenko, 
op.cit, (seep. 105). 
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the oi’igin of the x cooi-dinates as shown in Figure 
97, we can express the linear law of variation of the 
wall thickness SiS t = ax, a being a numerical fac- 
tor. Accordingly, the effective moment of inertia of 
a longitudinal element of unit width will be 7 = 
ay/[12(l — M^)]- The modulus of foundation for 
such a longitudinal element is, from (25), k == Eax/R^, 
and the hydraulic loading per unit length of this 
element is g = — 7(0; — xo), where 7 is the specific 
weight of the liquid in the container. 

Putting these expressions into the differential 
ociuation for bending, 


dxP‘ 





we have, by suitable arrangements of the terms. 



dx^ 



+ 


12(1 - 


xy = - 


12(1 ~ 

Eo^ 


7 (x — Xo). 


(a) 


It is seen that a particular integral of this differential equation will be 


yi = -* 


R\ X — Xo 
Ea X 



This particular integral represents the deformation which takes place when tl^' 
O'lindrical wall is not restrained at the base and is free to -expand because of the 
action of the internal hydraulic loading. The deformation will result. at the end 
A , where x = xo + K a radial displacement 

RS h , . 

Ea (xo + h) 


and in an angular deflection 

= 


R\ Xo 
Ea (xo + hy ’ 


(d) 


As a result of this defonnation the end conditions at the base = 0 and 
Ba = 0, for instance, if the base is rigidly fixed) are not fulfilled. In order to 
satisfy the end conditions we must apply around the base circle distributed 
forces and moments. This part of the solution, implying bending deformations, 
can be obtained from the homogeneous form of (a), that is, from 


1 ( zd%\ , 12(1 -M^) 

X dx? \ dx?) ' a^R^ 


= 0 . 


(e) 


It can be shown by differentiation that 


1 ^/ 

xdx^\ dx?) 
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which makes it possible to resolve (e) into two conjugate equations of the second 
order: 


where 


1 ^ / 

xdx\ dxj 


d= iX y = 0 , 


^ _ // 12(1 - mO 

^ “ y 


(91) 


Takii^ the first equation in (91), the one with the plus sign, and carrying out 
the assigned differentiation, we have 


da? 


+ 2 ^ + iX* j/ = 0 . 
ax 


Now putting y = ij/Vi and $ = 2X\/x and using the notation |-v/ i = tu, we 
find that the equation above becomes 


A) 



{</ — 1 ) 1 ? = 0 , 


which is a Bessel equation with a parameter value of unity; its solution is known 
to be 

n = AJi(u) + BNi(o)), 

where Ji and Ni are Bessel functions of the first and second kind respectively, 
both of the first order. 

The second equation in (91), the one with the minus sign, can be transformed 
in the same manner, yielding the solution 

17 = CJi(i«) + DNi{iu). 

Consequently, the general solution of (91), as the sum of these two solutions' 
can be written as 

{AJiW+i) + + DN^ ($\/=l)). 


By the use of the known relations 

J,(«) = and iVi(«) = 

OCO do3 


this solution can be expressed by means of Bessel functions of the zero order, 
reducing thus to a form similar to that encountered in the circular plate problem 
in § 30. By the same method employed there, that is, by introducing Schlei- 
cher's Z functions (equation [g], p. 103) of the real argument J = 2X\/x, the 
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general solution of (91) can be written in the final form 

2/x = + C.z'.i^)}, (92a) 


where the prime denotes differentiation with respect to the argument 

By successive differentiations one can derive from the equation above the 
expressions for the angular deflection dx , bending moment Mx , and shearing- 
force Qx : 

^ = 2^ - 2Z[m - + 2Z'm 

+ Cz[^Z,{^) - 2ZU^)] - C,[^Zs(^) + 2Z[m, (92b) 

ilf. = El || = VS mtUi) - 4^2, (I) + 8z;(?)] 

- CAfZ[iO - 4?Zi(^) - 8Zim, 

+ CdfZ'.ii) - ^Z^iO + 8^3(1)], 

- c,[ezu& - 4iz,(i) ~ 8z:m, ( 92 c) 

Q. = El = -24^^ VS {CiUZiC^) + 2ZU^)] 

+ C2\^Z2i^) — 2Zi(^)] + Cz[^Zz{^) + 2Z4(J)] 

+ C4[^Z4(?) -2Z;(?)J}. (92d) 


The hoop forces N are also known from the radial deflection y, since, according 
to equation (a) on page 31, 


T.J Eax 

N--^y. 


(92e) 


wliile the bending moment in the circumferential direction is obtained from 
equation (c) on page 31 as 

il/„ = . (92f) 

Equations (92 a-f) represent the complete solution for the problem of the 
axially symmetrical bending of a cylindrical tube with linearly varying wall 
thickness. The four integration constants occumng in these equations can be 
detei-mined from the four end conditions, which, two at each end, are known in 
advance in every problem. 

Applying (92 a-f) to the problem in Figure 97 we find that here the condi- 
tions for a fixed base at A and a free end at B require that, for 


B B,tx = xo , Mx = 0 and Qx = 0. 


A at a: = a;o -1- h, yx = -J/a and 6x= -9 a ^ 


and for 
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where Va and Ba denote the expressions given by equations (c) and (d) on page 
115. 

Since the functions Zi, Zi, and theii- derivatives increase with increasing 
I'alues of the argument, while Z^,Zi, and their derivatives decrease at the same 
time, the constants Ci and C 2 will be determined mainly by the conditions exist- 
ing at the lower end of the cylinder, while Ct and Ct will be determined largely 
by those at the upper end. The tables at the end of the present work give the 
values of the Z functions and their firet derivatives up to the value of the argu- 
ment ? = 6 . If f > 6 , then the asymptotic formulas of the Z functions (see 
pp. 104-105) can be used in the calculation. 

Consider, for example, a cylindrical tank with these dimensions: R = 360 in.; 
h = 312 in.; h = 14 in. (wall thickness at the base) ; <» = 85 in. (wall thickness 
at the top). The material is reinforced concrete E = 4.25 X 10® Ibs./in.®. 
n = 0.25, and the tank is filled with water, specific gravity 7 = 0.0361 Ibs./in.® 

It is seen that the dimensions of the tank are the same as those in the example 
on page 89, except that, whereas there the wall thickness was constant, t = 
14 in., here the wall tapers off from that value at the base to 85 in. at the upper 
end. 

The dimensions assumed above give 


Xo 


fits 

fx — ta 


104 in., « 


= 0.0336, 

Xo 


and 


X = 



12(1 - fi‘) 
o?R^ 


0.526. 


Since even for the upper end = 2\-\/ a^o = 10.72 > 6 , it is permissible to take 
Zi = Zi = 0 and use for the rest of the calculation the asymptotic expressions 
for Zx and Zi . Thus the conditions to be satisfied at the base of the tank can 
be written as 


vSTk{^ ““ (v2 ““ (v2 + i)] 




y h 

Eol -j- a ^ 


1 

2V (xo + hy t 


>( 



i) 




i) 


— 2 sin 


Va/^ 8//J/{_2XV'io+A (Xo + A)* ’ 


Solving these equations for Ci and Ci , we have 


Cl = -0.862C and Ca = -0.958C, 
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where 

^ " 1 ^ V'2fl-|J{-2xVi7+l- 

Subxstituting these values of the integration constants in (92 c-d) and putting- 
numerical values in for the dimensions, we get the bending moment Ma and the 
shearing force Qa acting per unit length of the circumference at the base of the 
tank : 


Ma = 13,860 in. Ibs./in. and Qa == 527 Ibs./in. 

If we compare these results with those obtained for the same container but with 
constants. = 14 in. wall thickness (Ma = 14,000 in. Ibs./in. and Q a = 5641bs,/in., 
p. 90), it is seen that the tapering of the wall had no appreciable effect on the 
magnitude of the maximum stresses around the base of the tank; thus the use 
of this structural feature proves to be tnily economical. 

34. Conical Shell 

Problems involving axially symmetrical deformation of conical shells can 
also be reduced, in a way analogous to that used for cylindrical shells, to our 
fundamental problem of bending of a beam on an elastic foundation. The wall 
of the conical shell will be regarded as consisting of a large number of longi- 
tudinal tapered beams supported on transverse elastic rings whose diameter 
increases in proportion to the distance from the apex of the cone. This picture, 
though representing closely the actual conditions in the shell, omits one of the 
stress components, namely, that due to the circumferential bending of the 
hoop rings. On account of the lateral contraction of the longitudinal elements, 
bending moments will be set up in the transverse rings, and such moments, 
because of the tapering, will have components in the principal plane of the 
longitudinal beams. These components, however, which are taken into ac- 
count in the rigorous theoiy for thin shells,* have significance only in extremely 
flat shells, which could be w-ell calculated as circular plates. With such ex- 
ceptions the rest of the shells can be conveniently analyzed by the present 
approximate method. The degree of accuracy and the range of applicability 
of this method will be discussed later on in this section. 

Let us consider a conical shell with constant wall thickness 8 small in pro- 
portion to the other dimensions of the shell (Fig. 98). The modulus of the 
foundation furnished by the hoop rings, per unit length of circumference of the 
rings, is, according to (25), h = Et/R^y where R = xsin a and where t = 5/cos a 
is the thickness of the rings in the direction normal to the axis of the cone. Hence 


* The most comprehensive study of the exact solution for conical shells has been pub- 
lished by F. Dubois, Vber die Festigkeit der Kegelschale (Dissertation, Zurich, 1917). See 
also Fliigge, op. cit. (see p. 114), and Timoshenko, op. cii. (see p. 105). 
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the modulus per unit length of the longitudinal beams will be fc = bko , where 
h — box is the width of the beams increasing linearly with the distance from 

the apex. Thus we have 

7 7. 7 bo Ed 

k = bo xko = — r-; . 

X sim a cos a 

At the same time, the flexural rigid- 
ity of one beam will be 

boxEd^ 



El = 


12 cos® oi ’ 


dx^ 


\vc (‘an write the result in the form 

X 


cos 


form 

5' . 2 / / 

- — sm a T-o ( 
a 12 dx^ \ 


the effect of Poisson’s ratio of the 
material being omitted on account 
of the nature of the approximation 
mentioned above. 

Putting these values of k and 
El into the differential equation 
of bending 

+ hy ^ 0, 


X d y 
cos a dx^ 


)- 




Putting 


we have 


where 


X d^y 


cos a dx^ 




(a) 


(b) 


X ^ 

cos Oi ^ dx^ 


5 “ . 2 

P a. 

Assuming now that F = coi/, we find that these equations become 

X d^y 


cos Oi dx^ 


= o)y 


X dry 

POJ 3-5 

cos a ax- 




and 
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giving*: 


Hence wo have F 


2 ^ 
poo y = —y or co = 

±(Wp) 2/, which, when substituted in (b) yields 


' dx^ 


zfc: y = 0, 


(C) 


where 


X = 




12 


5“-^ tan^ a 


Thus, as a result of the transformations above, the original differential equation 
of the fourth order (a) is resolved into two simultaneous conjugate equations 
of the second order. By putting f = iVij where f = 2\y/x, as suggested by 
E. Meissner,* we can again change these resulting equations to a form 


dry 

dr-’ 




(d) 


the solution of which is known to be expressible in terms of Bessel functions.f 
Equation (d) with the last term positive has the solution 

y = r[4/i(r) + 5A^(r)], 


where .7i(r) and A^i(r) denote Bessel functions of the first and second kind 
respecti\Tly, both being of the first order. Equation (d) with the last term 
negative yields the solution 

y = nCJM) + DN^m, 


Consequently, the general solution of the original differential equation can ho 
obtained as the sum of these two equations. Since 


/i(f) = and iVi(f) = 

the solution can also be expressed in terms of Bessel functions of the zero order. 
This makes it possible to introduce the Z functions of Schleicher (see equation 
[g] on p. 103), which will then give the result in terms of the real variable $ == 
2\y/x as 

y. = Vx[C^Z[(^) + GZo(f) + C,ZU^) + CX{^)1 (93a) 


* “Beanspruchung und Formanderung zylindrischer Gefasse mit linear vei'anderlicher 
Wandstarke,” Vierteljahrsschrift der naturforschende Gesellschaft in Zurich, 62 (1917), 153. 
See also F. Kann, “Kegelformige Behalterboden,** Forscherarbeiten anf dem Gebiete des 
Eisenhetons, Heft 29 (Berlin, 1921). 

t E. Jahnke and F. Emde, Tables of Functions (3d ed.; Leipzig, 1938), p. 146. 
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Here yx is the displacement normal to the generator of the cone; x is the distance 
from the apex; and the derivatives of the functions Z are to be understood as 
being with respect to the argument Successive derivatives of the elastic 
line yx with respect to x give general formulas for the angular deflection dx , 
bending moment Mx , and shearing force Qx , the last two being referred to a 
unit length of the respective hoop circles. Differentiation of the Z functions 
can be carried out according to the correlations stated in (80). Thus we have 


Ox - \[CA{^) - + CM) - CiZ.m, 

= I®’ ^ [ca',(k) - c,z[(& + c,z',i^) - cXm, 

12 Vx 

Q, = - \c, + 1 zu&] + c, [z,(?) - ? (f)] ^ 

The hoop force Nx will be proportional to the deflection yx , and, according to 
equation (a), page 31, its value per unit length of the generator will be 

Ed 


Nx - — — Vx 
X tan a 


(93e) 


In addition to this there will be another nonnal force, T* , acting in the direction 
of the generator, wliich can be obtained as a component of the shearing force Qx : 

Tx = Qx tan a. (93f) 

Equations (93 a-f) give the complete solution for the stress system produced 
in a thin-w'alled conical shell by equilibrating forces or moments uniformly 
distributed around any hoop circle of the shell. On account of the approxima- 
tions involved in the derivation these formulas yield accurate results only if the 
argument f = 2xV5 > 6- Thus the Z functions in the equations can be re- 
placed by their as 3 Tnptotic expressions from pages 104-105. The four constants 
of integration in the general solution are to be determined from the conditions 
existing at the edges of the cone, two conditions at each edge always being defined 
in any particular problem. When the cone is closed at the vertex we have 
C 3 = Ci = 0, and the two remaining constants can be found from the conditions 
prescribed along the base circle. 

If the conical shell is subjected to symmetrically distributed surface loading, 
the complete solution can be resolved into a membrane and a bending analysis 
in the manner exemplified by cylindrical shells. First we assume that the shell 
acts as a membrane, without any bending resistance, in which case the stresses 
due to distributed surface forces can be calculated purely from considerations 
of static equilibrium. As a result of this membrane analysis we shall have 
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displacements and rotations along the edges of the shell, which, in general, will 
not comply with the boundary requirements imposed by the nature of the prob- 
lem. Ill order to satisfy the boundars' conditions, uniformly distributed 
moments and forces will have to be applied at the boundaries, thus producing 
an axially symmetrical bending deformation of the shell. This second part of 
the solution, that is, the bending analysis, is the one discussed above. In order 
to have the complete picture, expres- 
sions will now be derived for the mem- 
brane forces caused by distributed 
surface loadings on the shell. 

Let us denote by the circum- 
ferential membrane forces and by 
the radial membrane forces acting per 
unit length of the respective elements 
of the shell, and assume that the sur- 
face of the shell is loaded with normal 
forces Z and tangential forces X per 
unit area, distributed uniformly with 
respect to the axis of the cone (Fig. 

99). Fig. 99 

Under such conditions the static 

equilibrium will require that along any hoop circle at a distance x from tht> 
apex we have 

d 

— {TmX cos a) = —x{X cos a + Z sin a), 

which gives 

Tm = — — - — f (X cos a + Z sin a)x dx, (94) 

X cos a J 

The hoop force Nm can be derived from the equilibrium condition in a direction 
perpendicular to the surface, which gives directly 

Nm = —Za* tan a. (95) 

With N„i and knowm over the entire shell, the membrane stress condition 
is completely defined. 

As an example, let us consider a 
conical shell of uniform w^all thickness 
6 = 2 in., base-circle radius Ro = 30 
in., and full angle of opening 2 q: = 120° 
subjected to a normal pressure p = 1 
lb./in.‘ uniformly distributed over its 

surface (Fig. 100). The shell is as- Fig. 100 
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Slimed to have supports which prevent horizontal displacements along the base 
circle, but which introduce no restraint in rotation around the edge. The 
material of the shell is reinforced concrete, for which we assume a Poisson ^s ratio 
lvalue of /z = 

The shell will be considered first as a membrane, when the forces Tm and IV 
due to normal loading Z ^ p lbs./in.“ can be obtained from (94) and (95) : 

= —hpx tan a] Ntn — —px tan a. 

The maximum values of these membrane forces occur at x = .To = 34.64 in., 
where, because p = 1 lb./in.“, we have 

T„, = —30.00 Ibs./in. and Nm == —60.00 Ibs./in. 

This force system will be accompanied by the following horizontal displacement 
?//, along the base of the shell: 

Rq rn \ 810 . 

Vh = ^ (A^m - mT,„) = in. 

Since the supports of the shell do not permit horizontal displacements along the 
base circle, the bending forces will have to produce a horizontal displacement 
[ijjc cos = 810/£^, 2/x denoting the normal deflection of the shell due to 

bending, from (93a). In addition to this we shall have another condition, 
namely, that [il/xlx-a-o = 0, which expresses the fact that the rotation of the 
edge of the shell is not restrained. 

B\' means of (93 a and c) these two boundary conditions can be written as 

cos aVF.lCiZ'iUo) + C,zi{^)] = ~ 
and 

CiZ2(^o) - C2ZU^o) = 0, 

where 

§, = 2Xv^ and X = 

Substituting here the asymptotic expressions of Z[ and Zo for large values of 
the argument from page 105, we have 

™ (^2 (^2 + 0 ■ "■ 

The solution of these simultaneous equations gives 

Cl = -0.764(7 and C 2 = -0.645(7, 
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rj COS CKVa^o 

Substituting these values together with G = C 4 = 0 in (93 a-f), we have the final 
results of the bending analysis. This gives, for instance, for the bending mo- 
ment Mx and hoop force Nx , the following expressions: 


8105V 
12 a:o cos a 


^ [0.764 Sin + 


+ 0.645 cos 




M _ 8103 , 

a;o sin a y 


aYs-'- 


-'-^[0.704 SOS (i 4- i) 

— 0.645 sin ^ 


_L . 
V2 ^ 8> 


Substituting numerical values in these formulas, ive obtain the following values, 
which are also plotted in Figure 101 for and Nxi 


a; in.: 34.64 30.00 25.00 20.00 15.00 10.00 5.00; 

M*in. Ibs./in.: 0 10.72 10.79 5.79 0.97 -1.09 -0.71; 

iV;,lbs./in.: 54.00 27.73 6.00 - 4.59 - 5.64 - 2.14 0.63. 


inMi/in- 



lbs./m.. 


Fio. 101 
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The final value of the hoop force N will be obtained as the algebraic sum of the 
quantity Nx given above and the previously derived membrane force Nm . 
It is seen that along the base circle the hoop force almost vanishes, except for a 
small value due to the lateral contraction of the material. 

For the sake of compaiison, the example above has also been analyzed by 
means of the existing exact theory for thin conical shells.* The result of this 
calculation gave for Mx and Nx the follovdng values: 

Tin.: 34.64 30.00 25.00 20.00 15.00 10.00 5.00; 

M;,in. Ibs./in.: 0 10.86 10.84 6.79 1.01 -0.98 -0.63; 

.V:.lbs./in.: 54.00 27.95 6.52 -3.94 -5.15 -2.04 0.40. 

The difference between the exact and the approximate values is so small that 
it cannot be shown in the scale of the diagrams in Figure 101. At the apex of 
the cone (x = 0) both methods give infinite values for Mg and Nx on account 
of the asymptotic formulas used in the calculation. 

* See the references given on page 119. 



CHAPTER VI 

STRAIGHT BARS UNDER SIMULTANEOUS 
AXIAL AND TRANSVERSE LOADING 


35. Bars under Axial Tension 


A bar on an elastic foundation will now be assumed to be subjected not onh" 
to the vertical loading, but also to a pair of equilibrating horizontal tensile forces 
N acting in the center of gravity of 
the end cross sections of the bar. 

If we cut out of this bar an in- 
finitely small unloaded element 
bounded by two verticals a distance 
dx apart (Fig. 102a), the equilibrium 
of moments leads to the equation 

{M + dM) - M + N dy 


or 


Qvdx ^ 0 





0 . 


(a) 


Here by we denote the vertical sheaiing force, as shown in the figure. The 
normal shear Q„ acting in the plane of the section normal to the deflection line 
can be obtained (see Fig. 102b) as 

Qn = Qv cos e — N sin B, 


and from this, making the usual assumption that since 6 is generally small, 
cos ^ = 1 and sin 6 = tan 6 = dy/dx, we get 




(b) 


In the following derivations we shall use mostly Qv , but, if need be, we can return 
from this to Qn by using (b), where we can also take dy/dx = 6. 

Putting ikf = —EI{d^y/dx^) into (a), then differentiating with respect to 
X, and making the substitution dQv/dx = ky, we obtain the differential equation 
of the elastic line for our problem as 
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Substituting y = e’"'', we have the characteristic equation 

Elm^ — = 0 , 


the four roots of which can be written in the following condensed form; 


^Wi.2.3,4 



Thus the general solution of (96) is obtained as 

ij = + A,e^^\ 


(c) 


(d) 


In order to take further steps in the solution we must know whether the ex- 
pression under the smaller square root in (c) is positive, zero, or negative. Ac- 
cording to this we shall distinguish three cases, which will be discussed separately 
below. 

CASE I, N < 2y/Wl 


In most of the practical problems the force N has a value in the region covered 
by this case. 

The expression under the smaller square root in (c) will now be positive, 
and the four m roots will form two pairs of conjugate complex numbers, which 
can 1)0 put as Wi, 2 . 3.4 = ±(o! d= ?i6), where 



With this notation the general solution, equation (d), will take the form 

\j = + C 2 Q cos CiB sin px, (e) 


Applying the equation above first to infinitely long bars, we can again con- 
clude, from the trivial assumption that if x x, then ?/ •-> 0, and M 0, 

that Cl and C3 must equal zero. 
The two remaining constants can 
be determined in any particular 
case of loading from the conditions 
of equilibrium and from the 
Fig. 103 symmetry of the elastic line. In 

this way we obtain for an infinitely 
long bar loaded at 0 with a concentrated force P (Fig. 103) the following ex- 
pressions for the right side of the beam (x > 0): 
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2/ = ^ ^ e “'■(,8 cos + a sin ^x), 

*■ 

PI- 

AT = - — e “■^(8 cos fix — a sin fix), 

Qn = — j ^ e~“"’[2aj3 cos fix + (a — fi^) sin fix). 


(98 a-d) 


Under the action of a clockwise moment il/o at 0 (Fig. 104) the deflection line 
and its derivatives for x > 0 will be 


il-fo 1 —cix • 

^ ^ ^ ^a: - a sin fix), 

Af = ^ e~“'"[2a/3 cos fix — (a“ — ,8®) sin fix\, 

4 otp 

Qv = ^ (l3 cos fix + a sin fix). 


(99 a-d) 


From these expressions formulas can be derived by integration for any distrib- 
uted loading on an infinitely long beam. 

It is seen from (98 a-d) and (99 a-d) that, although an axial force N if 
present, the deflection line and its derivatives remain proportional to the trans 
vei'se loading P and M^, . The 
principle of supeiposition will 
thus be applicable with regard 
to transverse loading; conse- 
quently, by superposing end- Fig. 104 

conditioning forces on the in- 
finitely long beam, solutions for finite lengths can be derived in the same 
manner as was done when no axial force w'as present (see Chapters II-III). 
The only difference now will be that in the present case tw’O types of shear- 
ing forces are distinguished, Qn and Q* , and this distinction will have to be 
carried through when we are making statements concerning end conditions 
involving shear. 

The conditions for free ends, for instance, will now be 



Af = 0 and 


ax ax 
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Thus a free end will be produced at any point of an infinite beam by applying 
such end-conditioning forces as will cancel at that point the bending moment M 
and the vertical shear Qd . It is to be noted that, though Qv will vanish, a 

normal shear of the value Qn = 
1^ ^ ^ -Nidy/dx) - -N-9 will re- 

^ main at the fi'es ends. 

0'^ Applying in this manner the 

Fig. 106 piinciple of superposition, we 

obtain for a semi-infinite bar 

subjected to a concentrated end force P (Fig. 105) the following expressions: 


n 


2X" 


ffk Bor — I 


, e “[2aiS cos fix -t- {o? - fi^) sin fix], 


^ ^ fix + asm fix), 


M = 


2X" 


fi 3a^ — 


; e “* sin fix, 




fi Ba^ - fir- 

Q, = Q, - N-d. 


J, [(3o!^ - fi^)fi cos fix - (3^ - a^)a sin /Si] 


(100 a-e) 



In a similar waj', when a con- 
centrated clockwise moment ikfo 
is acting at the end of the beam 
0 (Fig. 106) we shall have 


y - — ^ r-T -^ — (fi cos fix — a sin fix), 
^ EIBofi-fififi 

, 1 1 -, 

EIBc^-fiTfi 

M = Mo 


- e “[2aj3 cos fix — (cx j — fi^) sin^Sa:], 


^ \e "[(3a — ^)fi cos fix — (a^ - B^)a sin fix]. 


Be?- fififi 


Qn = Mo 


'Be? - fir fi 
Qv = Q» + N-6 


^ \e “[— 4(a^ — fifi)afi cos fix 


+ (a* - 6a V -f fi*) sin fix], 


I (101 a-e) 
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By the method of superposition explicit formulas can be derived also for 
beams of finite lengths. This has been carried out for a few elementaiy loadings, 
and the results are given below. 

a. Free-end Beam with Equal Concentrated End Loads (Fig. 107) 



Fig. 107 


P 1 

y == rT [2aiS(Cosh ax COS &x' + cos Cosh aX^) 

+ (a — (Sinh ax sin fix' + sin fix Sinh ax')], (102) 

where Di = fii^a — Sinh al + a(3/8^ — a^) sin fil. 

b. Free-End Beam with Equal Concentrated End Moments (Fig. 108) 



— ;g(Smh ax cos fix' + Sinh ax' cos fix)], (103) 

where Di is as above. 

c. Free-End Beam with Concentrated Load at One End (Fig. 109) 
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F = {^{Za - Sinh al[2a^ cos Cosh ax' + (a^ - sin fix Sinh ax'\ 
— a(Z^ — a) sin /3Z[2a/3 Cosh ax cos ^x' + {a — Sinh ax sin ^x '] } , 

Di is as before and D 2 = i8(3a" — (S') Sinh al — a(Zp' — a) sin ^l. 

d. Free-End Beam with Concentrated Moment at One End {Fig. 110) 



y =z — -J— [;8(3a’‘ — (S') Sinh al (a Cosh ax' sin (3a; — (3 Sinh ax' cos fix) 

El D 1 D 2 

+ a{Zfi^ — a*) sin fil{fi Sinh aa: cos fix' — a Cosh ax sin fix')], (105) 
where Di and Dt are as above. 

e. Hinged-End Beam with Equal Concentrated End Moments {Fig. Ill) 



_ Mo 1 Sinh ax' sin fix + Sinh aa: sin fix' 
^ ~ El 2afi Cosh al + cos fil 


(lOG) 


/. Hinged-End Beam with Concentrated Moment at One End {Fig. 112) 



_ Mo 1 fCosh al Sinh ax' sin fix — cos fil Sinh ax sin fi.v' 
^ El 2afi, Cosh* al — cos* fil 


(107) 
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g. Hinged-End Beam under Uniformly Distributed Loading (Fig, 113) 



Fig. 113 

^ = I { ^ “2a/3(CoshL + cos^Z) f2«/3(Cosh cos + cos Cosh «a:0 

+ {a — iS^)(Siiili ax sin jSa;' + sin fix Sinh (108) 

h, Fixed-End Beam under Uniformly Distributed Loading {Fig, 11 4 ) 



+ oi mi fix Cosh ax' + fi cos fix Sinh 0 : 2 ;') J . (109) 

The notations in all the formulas above are the same as those introduced 
previously, namely, 

where k = bko, h being the modulus of the foundation and b the width oi the 
beam; El is the flexural rigidity of the beam, and N is the axial tensile force. 
In each of the loading cases above expressions for slope, bending moment, or 
shearing force can be obtained by differentiating the equation of the deflection 
line with respect to the variable x. 

CASE II. N = 2VFEI 

Thus far the discussion has been limited to Case I, where it was assumed 
that N < 2-\/kEI. The solutions obtained there can also be applied, after 
some transformations which will be discus sed b elow, in the two other cases, that 
is, when N is equal to or larger than 2-\/kEI. 
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Case II can be represented as a limit of Case I by putting N — 2y/kEI into 
the expressions for a and /S in (97), by which we get 


a— >■ 



= a 


and j8 0, 


By substitution of these values for a. and jS in any of the formulas previously 
derived they can be directly transformed for use in the present case. By such 
a substitution the equation of the deflection line of an infinitely long bar loaded 
by a concentrated force P, for instance, can be obtained from (98a) as 

y ^ ae-“(l + ax), (110) 


and, similarly, if the same bar is subjected to a concentrated clockwise moment 
Mo , the equation of the elastic line for x > 0 can be obtained from (99a) as 


y = 


Mpg^ 

4Jc 


e X. 


(Ill) 


It is seen that because of the stretching effect of the axial tensile force N these 
elastic lines exhibit no more negative ordinates. 


CASE III. N > 2y/kEI 

From equation (c), on page 128, it follows that in this case we shall have four 
real m roots of the characteristic equation. It can be shown that any formula 
derived in Case I can be directly transformed into Case III by putting instead of 
the term ijS, in w^hich 

]/m~ ^/wi ° 1 / 41 ? “ 

'fills substitution will lead to the transformations 


cos ipx = Cosh px, Cosh i&x = cos ^x 

and 

sin i^x = i Sinh ^x, Sinh ijSx = i sin ^x. 

The term a will remain as given by (97). In this manner we get from (98a) 
for an infinitely long bar loaded at point 0 with a concentrated force P the de- 
flection line (a: > 0): 

P X® 

2 / = ^ ^ e~“(i8 Cosh /8a: -b a Sinh ^x), (113) 

and for the case when a concentrated clockwise moment Mo is acting at 0 wo 
get, from (99a), for a: > 0 the expression 

__ Mo 1 , a 


(114) 
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36. Bars under Axial Compression 

The differential equation of bending for the problem when the axial force 
is compression can be obtained simply by changing the sign of the axial force N 
in (96), by which we thus get 

The general solution of this equation can be written in the same form as in 
equation (d) on page 128, but we must distinguish again three cases according 
to the three different types of roots of the characteristic equation. These 
cases will be discussed separately below. 


CASE I. N < 2s/W} 

With the same expressions for a and ^ as those introduced in (97) and used 
in all the formulas in § 36, that is. 



the general solution of the differential equation (115) for the present case can 
be written as 

y = (Cie^* + C 2 e"^'") cos ax + (Cs/"" + sin ax. (a) 


It is seen that this solution for axial compressive force differs from the one for 
axial tension, equation (e) on page 128, only in that the factors a and ^ have 
changed places. By this rule we can obtain formulas for axial compression from 
those derived in the previous section for axial tension. 

Thus we have for an infinitely long bar loaded with a concentrated force P 
at 0 and subjected to an axial compressive force N the expression for the de- 
flection line: 

P 

1 / = cosax + 0 sin ax ) ; (116) 

2/c ap 


and when a positive moment Mo is applied at 0, the deflection line will take 
the form 


y 


—fix 


Mo e 

4E2~^ 


sin ax. 


(117) 


In the same manner, aU the formulas given by equations (100a)-(109) can 
be applied to cases of axial compression by simply interchanging in those equa- 
tions the symbols a and j8. 
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CASE 11. N = 2^ykEI 

If we take an infinitely long bar subjected to a transverse force P and an 
axial compressive force N belonging to Case II because of its magnitude, the 
equation of the deflection line can be obtained by interchanging first a and 0 
in (98a), which will give (116), and then putting 



This transformation gives 

2 / = C cos ax, 

where C is found to be an undetermined coefficient of infinite magnitude. From 
this result and from the fact that the deflection line is represented now by a 
periodic curve, we can conclude that the limit 

N = 2 y/Wl 

represents that critical value of N under which elastic buckling of the infinitely 
long bar may occur. Hence at this point we arrived at problems involving 
elastic stability, which subject is reserved for the next chapter, where it will be 
discussed in detail. 


CASE III. N > 2y/kEI 

Deflection line formulas for values of the axial compressive force N belonging 
to this case can be obtained from (102)-(109) first by interchanging there a and 
jS, getting thus Case I for compression, and then transforming Case I into Case 
III by putting instead of d the term i$, in which, as in (112), 

Having obtained in this manner deflection line formulas for bars of finite length 
we find that for each bar there is a limiting value of the axial compressive force, 
upon the application of which a deflection of the bar can occur without the 
action of any transverse loading. Such critical values of N for bars of finite 
length will be determined in Chapter VII, which deals with problems of elastic 
stability. 

37. Expressions in Terms of Trigonometric Series 

It has been shown in Chapter IV (§§ 24-‘26) that the deflection line of beams 
under transverse loading can be readily obtained in the form of trigonometric 
series in a large variety of loadings and end conditions. The same method can 
also be applied in the present case when, in addition to transverse loading, the 
bar is subjected to an axial force N, The effect of this axial force can be taken 
into account by calculating the work done by this force under the deformation 
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of the bar and adding this work to the potential energ}^ of the whole system 
(ecpiations [c] and [d] on p. 70). When the loaded bar assumes its deflected 
position the distance between the ends A and B will change by the amount 

AZ = ^ ^ y''d.v, (a) 

and consequently the forces N applied at the ends will gain a potential energy 
of the value 

r. = X 1 1 >/-dx. (b) 

Once the loaded beam has found its state of equilibrium, a small change, da„ , 
from this state will leave unaltered the total energy” of the system, which con- 
sists of the sum of the potential energy of the loads and the strain energy of 
deformation. This property has been used in the derivations in § 24, but now, 
in addition to the previous terms (equation fe] on p. 70), we must consider also 
the change {dVz/dan) dan in the potential energy of the axial loading N, 

On the basis of an axial tensile force N this additional term has been com- 
puted for the main types of loadings discussed in the preceding paragraphs; 
the final formulas are given below. 


A. BAR WITH FREE ENDS SUBJECTED TO A PAIR OF SYMMETRICALLY 
PLACED P FORCES 


The general ecpiation for any a term is not represented now by (58), but 
takes the form 

. nirc 2\ / 4 rEI , « Tr'iV , lk\ -ilk 1 ^ 1 

\ I mrj \ 2P 21 2 / tt - n i 

(118) 


By this formula any number of a terms can be computed; substituting them 
(59), we obtain an expression for the deflection line. 


B. BAR WTTH HINGED ENDS 

a. Concentrated P Load at Distance c from Left Support 


y = 2Pf 2: 


. nwc . ?Z7r.r 
sm -p 


n*Tt*EI + reVZW + AP ‘ 
h. Ihuformly Distributed q Loading over the Whole Span 

UTTX 


y = y 


sm 


I 


n^n^l'N -}■ nirkl^ 


(119) 


( 120 ) 
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C. BAR WITH FIXED ENDS 

a. Two Sywtnetrically Placed Concentrated P Loads at Distances c from Left and 

Right Supports Respectively 

2n7rc\ 2nrx\ 

f f - cos— CO, , j 

^ ~ + 4n«W + Zkl* ' 

&. Uniformly Distributed g Loading over the Whole Span 

( , 2n7rx\ 

. (122) 

^ nnQrr*EI+ in^^m + SkP 

In formulas (118)-(122), N has been assumed to be a tensile force; if it is 
compressive we must reverse its sign in these expressions. 


38. Examples 

1. When computing stresses in a pressure vessel the first step is to separate 
the head and the cylindrical part and consider each pait a membrane which 
expands on account of the internal pressure, but has no resistance against 
bending deformation. The membrane expansion will have a different value 
for each of these parts, and consequently a discontinuity in displacements will 
result. In order to reassemble the head and the cylinder we must apply at the 
adjoining edges forces X and moments F, which will cancel the difference in 
displacements (and slopes), but will produce at the same time, by bending, the 

so-called discontinuity stresses (dis- 
cussed in § 27, page 88). Since a 
meridional strip of the cylinder (see 
§ 11, p. 30), as well as of the head 
(see §49, p. 163), can be regarded as 
a bar on an elastic foundation, the 
problem can be analyzed on this basis. 
Inspecting the situation (Fig. 115) 
more closely, however, we find that for 
both parts a constant axial force N, 
the axial resultant of the pressure on 
the surface of the head, is present. 
On the basis of the previously derived formulas the effect of this axial force can 
be taken into account. 

For a longitudinal element of unit width of the cylinder the value of the 
axial force will be 




X 

1 

X 




Fig. 115 


N = 
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where q denotes the internal pressure Ibs./in.^ and R is the radi us of the cy linder. 
Substituting this value of N in (97) and putting there = \/3(l — p^)il/Rt), 
according to (26), we get for the analysis of the cylindrical part 


^ ^ i / VW^) , 3igg p ^ . / Vsg^) BRq 

y Rt '^ 2 Ee’ y Rt 2 Ef 


With these a and values we can proceed to compute the deformation of the 
cylindrical part due to end forces X and moments Y, using the formulas previ- 
ously derived in this section. When substituting numerical values for q, R, and 
t of such magnitude as is at present applied in engineering practice, we find that 
the second term on the right side of the expressions for a and is very small in 
comparison with the first one, vrhich makes the effect of the axial force N on 
bending stresses negligible. With increasing R and q and decreasing how- 
ever, the second term gains importance. Thus it seems likely that in the future 
these dimensions may obtain such values that the analysis here outlined vdll be 
necessary, especially since the tendency of this axial tensile force N is to stiffen 
the adjoining parts against deformation and thus increase the discontinuity 
stresses. 

2. Consider a bar supported by an elastic foundation against \Tertical dis- 
placements and, in addition, having its cross sections elastically restrained against 
rotation. Taking these restraining distributed moments at every point propor- 
tional to the slope of the deflection line at that point, Me = C{dy/dx), from the 
equilibrium of an infinitesimal element of the bar, we have 

- Q, = 0, 

dx ax 

which gives for the differential equation of the elastic line 

EIp-^ - = 0 . 

Comparing this equation with (96) we find that the problem above results in the 
samp deflection curve as when the bar is subjected to an axial tensile force 
N = C, which has the dimension of 4he distributed moment M. (in. Ibs./in. = 
lbs.). 

Problems of this type are found in building or ship construction when a 
longitudinal girder supported on closely spaced ti-ansverse beams may be 
computed as a bar on elastic foundation. Since there is usually a connection 
between the longitudinal girder and the transverse beams, the torsional re- 
sistance of the transverse beams will oppose the rotation of the corresponding 
cross section in the longitudinal girder exactly in the manner assumed in the 
present discussion.* 

* The frictional resistance of the foundation can be considered in a similar manner. 
Such an attempt has been made by A. Francke, “Beitrag zur Berechnung des Eisenbahn- 
Oberbaues,” Zeitachrift des Architekten- und Ingmieiir-Verein zu Hannover (1894), p. 467. 
See also Hayashi, op. cit. (see p. 5), p. 31. 
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3. The differential equation of vibration of a rail regarded as a bar on an 
elastic foundation can be obtained by adding to the statical equation the inertia 
forces, which will be of the magnitude {q/g){(fy/di), the term q denoting the 
weight of the rail per unit length and g representing the acceleration of 
gravity,* Thus we have 




(a) 


We can also write 


^ _ dV / dxV , dy di^x 
dt^ dx^\dt/ dx dP' 


If we consider a concentrated load P moving with a constant velocity v along 
the rail, we have 


= V const. 
dt 


and 



(c) 


Putting these values in (b) and then substituting the result in (a), we obtain 




(d) 


which is the differential equation of the deflection line of a rail under the assumed 
P force, moving with a constant velocity v. Comparing (d) with (115), we find 
that tne djmamical effect of the moving P force is equivalent to an axial com- 
pressive force 


o 



g 


(e) 


Investigations show, however, that with the v values used at present this dynam- 
ical effect on the deflection of the rail is very smalLf 


* The mass of the vibrating foundation is here neglected. 

t This problem has been investigated by S. Timoshenko, “Method of Analysis of Stat- 
ical and Dynamical Stresses in Rail,’^ Proceedings of the Second International Congress for 
Applied Mechanics (Zurich, 1926), pp. 407-418. 

The case when the rail is under the action of a P force having constant velocity, but a 
harmonically varying magnitude (due to the counterweight on the driving wheel), has 
been discussed by B. Kelsey Hovey, Beitrag zur Dynamik des geraden Msenhahngleises 
(Dissertation, Gottingen, 1933). See also J. Dorr, “Der unendliche, fedemd gebettete 
Balken unter deni Einfluss einer gleichformig bewegten Last,” Ingenieur-Archiv. H 
(1943), 167-192. 



CHAPTER VII 

ELASTIC STABILITY OF STRAIGHT BARS 


39. General Considerations 

If a straight bar is subjected to purely axial compressive forces of increasing 
magnitude, at a certain critical value of the compression a sudden lateral de- 
flection (buckling) of the bar will take place. The purpose of the present 
chapter is to discuss the conditions of buckling for straight bars supported on an 
elastic foundation and subjected to various types of restraints at the ends. It 
will be assumed that the elastic foundation surrounds the bar completely, so 
that whenever the bar deflects laterally a corresponding deformation in the foun- 
dation will necessarily be produced. 

The critical value of the axial compressive force can be obtained directly 
from the deflection formulas presented in the previous chapter, where the bar 
was assumed to be acted upon by simultaneous axial and transverse forces. 
The numerator of those deflection formulas was always found to be proportional 
to the transverse loading on the bar (P, ilfoor g), whereas the denominator con- 
sisted of terms which were functions of the axial force N only. It is evident that 
the deflection of the bar may also have a finite value if, while the numerator 
approaches zero (that is, approaches the condition when no transverse load is 
acting), the denominator approaches zero too. By setting the denominator 
thus equal to zero it 3 ields an equation "which defines that critical value of the 
compressive force Ncr , under whose sole action, without any transverse loading, 
lateral deflection or buckling of the bar ma}^ occur. This method will be used in 
the following sections to determine the buckling load of bars "vrith various end 
conditions and axial load alone. Its application "will be shown first for beams of 
infinite length. 

The equation of the deflection line of an infinitely long bar subjected to an 
axial compressive force N and a transverse force P was obtained in (116) as 



According to the method described above, the buckling load Ncr ^iU be defined 
here b 3 ^ the condition that = 0 , which, after the values above for a and 8 
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have been substituted, gives 


J k _ 

/N„\ 

V iEl 

\4EIJ 


,;-o. 


Hence a bar of unlimited length loaded axially will have the buckling load 

Ncr = (123) 

The deflection line of a semi-infinite bar subjected to an axial tensile force N 
and a concentrated force P at its end was obtained in (100a). This equation 
can be transformed into one in which the axial force is compression simply by 
interchanging the terms a and jS, getting 


y = ^ C cos ca + - a) sin ax]. 

ah op" — 

The ciitical value of the axial tlinist will thus be defined by the condition 

3/3^ ~ a' 0. 

Substituting here the expressions for a and we obtain the buckling load for 
the semi-infinite bar as 

Ncr = Vi^I, (124) 

which is exactly half of the value of Ncr obtained above for the infinite bar. 


40. Bars with Free Ends 

As was pointed out previously, any deflection-line formula derived in the 
preceding chapter under the assumption of an axial tensile force can be applied 
to a corresponding case where the axial force is compression simply by inter- 
changing the terms a and 0 throughout. Carrying out this transformation on 
the free-end-bar formulas, equations (102)^(105), we obtain in the denominator 
the two types of functions Di and D 2 , that is, 

jDi ,2 == - a) Sinh 01 ± 0{3a — j3") sin od, (a) 

where the plus sign on the right side gives Di and the minus sign gives D 2 . 

The function Di alone occui'S in 
those deflection formulas, equations 
(102)-(103), where the elastic line is 
symmetrical with respect to the cen- 
ter of the bar, indicating that D 2 will 
correspond to an antisymmetiical de- 
flection curve. According to these 
two types of deformation, Di will 
furnish the condition for the symmet- 
rical buckling deformation, that is, 
Fig. 116 when the two ends of the bar move 
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out in the same direction (Fig. 116a), whereas will give the criterion for 
antisymmetrical buckling (Fig. 116b). The two criteria jDi = 0 and A — 0 
will yield two values for Ncr in every case, that is, for each given ratio of the 
modulus of the foundation and the flexural rigidity and length of the bar. It 
is evident that of these two values the smaller one will actually be the critical 
load, and this will determine, also, the nature of the corresponding buckling 
deformation (symmetrical or antisymmetrical), as well as the number of waves 
in the buckling formation. 

Putting Z>i .2 == 0 in (a), we have 

sin al _ — a) 

id (3^2 ->)• 


Substituting here the expressions for a and p and introducing the new variables 


N„f _ N„ 
Ne 


and 



(c) 


in which Ne denotes the Euler load for a hinged-end bar of length I and flexural 
rigidity El, \ve can write the buckling conditions of (b) in the form 


sin iy/2y + — ir^x)\/2y + iv^x 

Sinh ^\/2y — {y + t x)^/2y — 


(125) 


where the minus sign stands for symmetrical and the plus sign for antisymmetri- 
cal buckling. Equation (125) can be used for calculating critical loads. For 
any value of y the corresponding value of x^ which is to satisfy the equation, can 



be determined by a trial-and-error procedure. A graph of the relation between 
X and y has been calculated from (125) and is shown in Figure 117.* Of the 

* Figure 117 and also Figures 118 and 119 were taken from J. Ratzersdorfer, Die Knick* 
feeiigkeit von Stdhen und Stdbwerken (Wien, 1936) . 
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two curves in the figure one corresponds to the symmetrical, the other to the 
antisymmetrical, buckling form, according to the minus and plus signs, respec- 
tively, in (125). The curves were drawn alternately with full and dashed lines, 
the full lines showing in each section the (smaller) critical values of N„ for the 
corresponding values of y. It is seen that for large values of x and y the ratio 
y/x approaches V", or, in other words, the critical load approaches the value 
Ncr = VicEI, which is the buckling load for a semi-infinite beam with a free 
end. The points where the tw'o curves intersect the line y = ir'x can be de- 
termined from (125). Substitut ing y = rx, we find that the equality can be 
satisfied only if sin ^y/2y -f- irx = 0, or ^\/2j/ + v-x = nir (n = 1, 2, 3, • • ■)> 
which gives for the successive points on the y ~ tx line the following coordinates: 

X = and y = faV, where n = 1, 2, 3, • • • . 

Thus we find that for values of y < AfxjZ (n == 1) antisj'mmetrical buckling 
with one nodal point will give the smallest value for JV„ . For values 4 fV3 < 
y < 16irV3 the buckling will be of the first symmetrical mode (n = 2), and for 
stUl higher values of y, up to y = 12 t^, the antisymmetrical form of buckling 
will again be critical, but in this case with three nodal points, as shown in Figure 
117. 

41. Bars with Hinged Ends 

The conditions for buckling of a bar of finite length with hinged ends can be 
obtained from the deflection formula in (107). Interchanging a and /3, w'e can 
transform that fomula from tension, Case I, into compression. Case I, getting 
thu.s 

_ il/o 1 Cosh Sinh fix' sin ax — cos al Sinh 0x sin oa:' 

^ ~ El 2a^ (Cosh /3Z -h cos al){Cosh. — cOs al) 

Here the plus and the minus signs in the denominator correspond to symmetrical 
and antisjmmetiical deformations respectively. 

When no end moment is applied, the bar may have finite deflection only if the 
denominator of the expression above vanishes. This can occur if =« 0, 
which gives N = 2-\/ kEl, obtained previously as the critical load for an 
infinite beam. Since this condition does not take into account the finite length 
of the bar it is not the complete solution; therefore other possibilities of buckling 
must be considered. From the same denominator another condition is obtained : 

Cosh j9Z ± cos al = 0. (a) 

Since Cosh > I and cos aZ < 1 this equation cannot be satisfied by real 
values of a and /5. Hence it is seen that buckling of a hinged-end beam cannot 
occur in Case I ivhen -V < 2\^kEI, and the true value of the critical load is 
to be sought in the range defined by Case III, that is, w'hen N > 2\/ kEI. As 
wa.s pointed out previously, any formula can be transfor med from Case I into 
Case III by putting, instead of 0, the term 0, where = V (W/I^Z) — y/k/iEI. 
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Doing this, we get Cosh i^l = cos fil, and the conditions for buckling in (a) will 
accordingly take the form 

cos zh cos al = 0, (b) 

which is satisfied by 

(a — j§)Z = TIT (c) 

if n = 1, 3, 5, • • • is taken for the plus sign and n = 2, 4, 6, * • • is taken for the 
minus sign in (b), according to symmetrical and antisymmetrical deformations 
respectively. 

Substituting in (c) the expressions for a and we obtain the following 
formula for the critical load: 


Nar^n^ 



1 ^' 


(126) 


In every case (for given values of k, I, and El) n should be determined in such 
a way as to make this expression for Ner a minimum. The condition dNerfdn = 0 
gives 



Taking for n an integer number which is the nearest to the value determined 
from the equation above and substituting that number in (126), we get the 
value of the critical load. In each instance n determines the number of waves in 
the deflected form of the bar after buckling. 

Substituting x = ^ and y = in (126), we have 

n* — n*® + = 0- (127) 

TT 

For successive values of n this equation gives a family of curves, shown in Figure 
118, representing the relation between y and x, that is, between the dimensions 
of the bar and the modulus of the foundation on the one hand and the buckling 
load values on the other hand. The curves intersect the x axis at points where 
X = rk and have a common tangent y = {■nl2)x, the coordinates of the points 
of tangency being x = and y = tV. The coordinates of the points of 
intersection between two consecutive curves (n and n + 1) are obtained from 
(127) as X = 2n{n + 1) + 1 and y = x*n(n + 1). Thus we find that for values 
of y < buckling will occur in a single wave (ra = 1) ; for 27r^ < y < Or the 
smallest critical load will correspond to an antisymmetrical deflection form 
(n = 2), and its value will be from five to thirteen times larger than the Euler 
load for the same bar. For Qv < y < \2 t the corresponding values of x will 
be 13 < X < 25, and buckling will again take place in a symmetrical form, 
with three waves, as shown in Figure 118. It is seen that in any situation the 
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critical load will differ only slightly from the value Ncr — 2\/kEl, which is the 
buckling load for an mfinitely long bar. 



The criterion of buckling for bars with hinged ends can also be readily ob- 
tained from the trigonometric deflection formulas, equations (119)~(120), for 
beams subject to simultaneous axial tension and transverse loading. Chang- 
ing the sign of in these formulas and putting the denominator equal to zero, 
we have 

nVEI - nVfNcr + = 0, 

which gives the same expression for Ncr as that obtained above in (126). 


42. Bars with Fixei Ends 

The condition for S 5 anmetrical buckling of a fixed-end bar of finite length 
can be obtained from (109) after transforming that formula for axial tensile 
force to one of compression by interchanging the terms a and Equating to 
zero the denominator of the expression so obtained, we have 

a Sinh + jS sin aZ ~ 0. (a) 


By way of comparison with previous cases it is found that the condition for 
antis 3 nnmetrical buckling can be obtained by changing the plus sign in the 
equation above into a minus sign. The resulting equations 


sin oi _ 

Sinh p 


(b) 


cannot, however, be satisfied by real values of ^ and a, which means that buckling 
of fixed-end bars will not take place in the region covered by Case I, when N < 
2\^kEL This criterion of buckling can be transformed from Case I into Case 
III (N > 2\/kEI) by putting p ~ iff, which gives Sinh 0 = i sin fil; accord- 
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ing;ly, (b) will take the form 


sin al 
sin 



(c) 


where 

OL = a/ ]L. + a/ JL and 

T 45/ ^ T 45/ 

In terms of the new variables 


Nerf _ Ncr 
ir^EI Ne 


and 



where Ne is the Euler load for a hinged-end bar of length Z and flexural rigidity 
57, the conditions of buckling in (c) can be written as 


sin + 2y _ ^ \/ ir^x + 2y 

sin — 2y — 2y 


( 128 ) 


where the minus sign on the right side corresponds to symmetrical and the 
plus sign to antisymmetrical buckling deformations. Assuming various values 
for y in (128) the corresponding values of x can be calculated by a trial-and- 
error procedure. In this way we have the pair of curves shown in Figure 119. 

These two curves have the same points of intersection with the line y — 
(r/2)( x — 4). The coordinates of these points can be calculated by putting 
sin ^\/ 7 !^x + 2^/ = 0, w’-hich, after the value above for y has been substituted, 
gives 

X = 2(n^ + 1) and y = — 1). 


'riius w’e find that for values ofy < the critical load will be from four to ten 
l imes larger than the Euler load for the same bar with hinged ends, and buckling 
will occur in a single wave, as shown in Figure 119. For values < y < 8t* 



Fig, 119 
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we get 10 < a; < 20, corresponding to an antisymmetrical buckling form with 
a nodal point in the middle of the bar; for <y < IStt^ we have 20 < x < 34, 
with a three-wave symmetrical deflection form, and so on. It is seen in Figure 
119 that the curves always stay close to the straight line y = (t^/2)(x ~ 4); 
thus the buckling load for any fixed-end bar with finite length can be taken with 
good approximation as 

Ncr = 4:"^ + 2VWl. 

43 * Partially Supported Bars 


A. CANTILEVER BARS 

Consider a semi-infinite bar on an elastic foundation with a free unsupported 
cantilever end, which is loaded at the end point 0 by an axial force N and a 



2 /* - -4 sin ca; 


transverse lorce r, as shown m fig- 
ure 120. Since the bending moment 
at a distance x < I from point 0 is 
Mx — Px + Ny, the differential equa- 
tion for the elastic line of the canti- 
lever will be 

d^y , N P 


B cos cx — X, 
N 


where 



From the condition that 1 / = 0 at i = 0 we have B — 0) thus the expression for 
2 /» above will take the form 

4 sin cx — a:. (a) 


The consecutive derivatives of this equation give 


and 


^» = Ac cos cx — •;= 
N 


(b) 


Ms = AN sin cx. (c) 

The integration constant A can be determined from the condition that the 
elastic line must be continuous at point A, or, in other words, that the slope 
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of the elastically supported part (from A to the left) and that of the free canti- 
lever must have the same value at point A. 

We have for point A a shearing force Q = P and, from (c), a bending moment 
M = AN sin cl. Putting these values into (100b) and (101b), we get, after 
interchanging the terms a and /3, the slope at the end A of the semi-infinite bar as 


which must have the same value as the slope at .4, obtained from (b) as 


dji = Ac cos cZ — 

N 


(e) 


Equating expressions (d) and (e), we can determine the value of the integration 
constant, having thus 


P ^ (3/3* - a*) + 1 
— oi^)c cos cl — N2fi sin cl ‘ 


(f) 


Substituting this expression for A in equation (a), we find that the cantilever 
bar ma}^ have finite deflection without any transverse loading if, while P — » 0, 
the denominator of A approaches zero also. Thus the condition for buckling is 
obtained as 

— a)c cos cl — iV’2/3 sin cl = 0, 
which can also be written as 


- a' 

2p 


c tan cZ, 


where a and /3 denote the same quantities as in the previous sections, 
stituting 


X — N Cl 


4Z' 

ir^EI 


N, 


and 



(g) 

Sub- 


in {g)j denoting this time by Ne the Euler buckling load for a cantilever bar of 
length Z and flexural rigidity El, we have 


y 


^ X 

4 . . T /- 

1 — sm - ^/x 

JU 


(129) 


from w’hich for any assumed value of x the corresponding value of y can be 
readily computed.* 


* This formula can be used for calculating buckling loads for piles. Investigations of 
this nature, analytical and experimental, have been made by Hjalmar Grandholm, On the 
Elastic Stability of Piles Surrounded by a Supporting Medium, Ingeniors Vetenskaps Aka- 
demien, Handlingar No. 89 (Stockholm, 1929). 
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B. BARS WITH FREE MIDDLE SPAN 

Consider an infinitely long bar with a free unsupported span A-B loaded 
in the middle with a concentrated force P, while the bar is subjected also to an 
axial compressive force N (Fig. 121). The elastic line of this bar can be de- 
termined by assuming frictionless hinges at points A and B and thereby resolving 
the original system into three parts, a simple hinged-end beam in the middle 
joining two elastically supported semi-infinite beams, whose deformations can be 
calculated independent!}^ from formulas (100 a-b) and (101 a-b). The resulting 


JV 1 


F 

1 N 



\ 



1 



P 


Fig. 

121 




deflection line vdll show discontinuities in slope at A and B, and it can be dem- 
onstrated by the usual method of computing indeterminate structures that the 
continuity of the elastic line can be reestablished by appl}dng at -.4 and B bending 
moments of the following value: 







1 

- a?' 

Z^ - 


ar- 


— cos u 


cos u 




(k) 


where a and /S denote the quantities given previously and 


u 



Lateral buckling of the bar will occur under the sole action of the axial com- 
pressive force N if the latter takes such a value that the denominator* in (h) 
vanishes, that is, when 


2/3 . I 

3 ?^ + 25 *“" 


0 . 


Putting 


X = 


Ncrf 

I^EI 


Ne 


and 


y = 


EV 


w’e can WTite the condition for buckling in equation (i) as 


y = 


1 + cos ^ \/z 


(i) 


(130) 


For any given value of y the corresponding value of x, which is to determine the 
buckling load, can be obtained from (130) by successive approximation. 


Expressions for M and y have the same denominator. 
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44. Bars of Unlimited Length 

Assume a prismatic bar supported on an elastic foundation and subjected 
to a concentrated torque To at section 0. The problem is to establish expressions 
for the variation of the twisting moment T and angle of twist ip along the length 
of the bar. It will be assumed that the foundation can resist tensile and com- 
pressive forces equally well and that at any point where the cross section of the 
bar is twisted through an 
angle (p a con-esponding de- 
formation is produced in 
the foundation. 

Ascribing the positive 
sign to the torque whose 
vector points in the + x 
direction (Fig. 122) and as- 
suming that the direction of 
the positive angle of twist 
coincides with that of the 
positive torque, we can Fig. 122 

write the fundamental 
formula of torsion as 

T.-ejg, (.) 

wrhere GJ is the torsional rigidity of the bar, G being the modulus of rigidit^' 
for its material and J a function of its cross-sectional dimensions.* Since the 

* When the cross section is rectangular (width c and depth h) we have from Grashof’s 
approximate formula 

3.6(c2 -h m * 

For any shape of cross section Saint Venant’s formula can be used with good approximation. 
This gives 

407p’ 

where A is the cross-sectional area of the bar and Ip the polar moment of inertia of the cross 
section. 
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change in twisting moment will be due to the elastic resistance of the foundation 
we have 


dT hc^ 

dx 12 


(b) 


where fco is the modulus of the foundation in Ibs./in.* and c is the width of the bar. 
Eliminating T from (a) and (b), we have 


GJ 


dx? 


hc^ 

12 


<p - 0, 


(131) 


the general solution of which is 

,p = Ae“ + Be““ 


(132) 


where 



For an infini tely long bar, from the condition that if a: — » « then <p—>0, we have 
A = 0, whereas B can be determined from the equilibrium condition 



(c) 


which gives for the integration constant B the value 

Thus, for an infinitely long bar subjected to a torque To at a; == 0 the angle of 
twist ^ for a: > 0 values is obtained as 


<p = 



(133) 


Substituting this expression for ^ in (a), we get the formula for the twisting 
moment T at any point where x > 0 a,s 

T = iToc'^. (134) 

It is seen from the equations above that in an infinitely long bar loaded with a 
concentrated torque at a; = 0 the values of <p and T decrease asymptotically 
as a; 00 and do not change signs anywhere in the region 0 < a; < oo . 


45. Bars of Finite Length 

Solutions for bars of finite length can be derived from (133) and (134) by 
means of superposition. It is easily seen that the condition of a free end {T — 0) 
can be produced in any section of the infinitely long bar by the application 
of an end-conditioning torque which will cancel the twisting moment produced 
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in that section by the given loading. If, instead of a free end, a built-in end is 
required, the end-conditioning torque has to be determined in such a way as 
to cancel the angle of twist <p produced by the loading in that section of the 
infinitely long bar. In this maimer, by the application of one end-conditioning 
torque, a semi-infinite bar can be obtained; in order to produce a bar of finite 
length, however, two end-conditioning torques are necessary, and in that case 
the counteraction of these torques on 
each other also has to be taken into 
consideration. 

As an example of this latter case let 
us derive by the method of superposi- 
tion the solution for a finite bar of 
length I with tw^o free ends subjected 
to a concentrated torque To . With 
the end points A and B at distances a 
and h respectively from the point of 
loading (Fig. 123), the end-conditioning torques Toa and Tot which are to pro- 
duce free ends at A and B have to satisfy the following simultaneous equations: 

roe"““ - Toa + Tobe-^^ = 0, 

- roae""' + Tcb = 0. 



Fig. 123 


The solution of these equations gives 


Toa = Ti 


Cosh ab 
Sinh al 


and 


Tob — 


rp Coshaa 
“ Sinh al ■ 


Applying these end-conditioning torques to the right and left of points A 
and B respectively on the infinitely long bar loaded by To , we obtain the case 
of a bar of finite length with free ends at A and B. The twisting moment at a 
positive distance x from the point of loading (Fig. 123) will then be 

Substituting here the values obtained above for Toa and Tob , we have 

T. - T. , ( 135 -) 


By interchanging a and b in this formula, we obtain an expression for the twisting 
moment in the 0-B region of the bar, at a distance x' from the point of applica- 
tion of the loading torque, as 




Cosh gq Sinh a(b — x') 
Sinh al 


(135") 


The equations above are now differentiated with respect to the variables x and 
x\ according to equation (b) on page 152, and the following expressions are 
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obtained for the angles of twist and .px- in the respective portions, 0-A and 
0-B, of the bar: 


12a Cosh ab Cosh a(o — a:) 
Sinhaf 


(136') 


12a Cosh gq Cosh a(b — x') 
^ AoC® Sinh al 


(136") 


46. Torsion of Rails 

The toreion problem of a rail with free ends, subjected only to two equal 
and opposite twisting moments, offers no particular difficulty and can be solved 
by the general torsional theory. If the ends of the rail are fixed, however, while 
a concentrated loading torque 2ro is applied at the middle of the rail, the problem 
is somewhat more complicated and involves, in addition to the tv'tsting of the 
cross section, a bending of the head and the base sections of the rail.* Thus the 
torque Ta transmitted to one half of the rail will be taken up partly by simple 
torsion Ti and partly by bending action Tj . The first of these torque com- 
ponents, Ti , will simply be proportional to the rate of change of the angle of 
twist (p: 


where C = GJ represents the toisional rigidity of the rail and J can be cal- 
culated by the approximate formula of Saint Venant, given in the note on page 


151. 



The second torque component, Ti , wdll be equivalent 
to a moment Qh, Avhere Q is the shearing force due to bending 
of the head and base of the rail and h is the distance between 
the centroids of the head and base sections (Fig. 124). Neg- 
lecting bending of the web, we can determine the position 
of the center of twist C, around rvhich the cross section will 
rotate, by the distances 


h 


hh 

h+h 


and 


hi “ 


hh 

h'\' h’ 


(b) 


where h and h denote the moments of inertia of the head and the base sections 
respectively with regard to the axis of s^unmetrj’- of the cross section. 

An expression for the shearing force Q can be determined from the eciuation 
of bending for the head section of the rail as follow's: 

Q . m.ii . . ( 0 ) 


* -The solution of this problem is due to S. Timoshenko, op. cit. (see p, 140). See also 
the paper by Timoshenko and Langer, op, cit. (see p. 28). 



TORSION OF BARS 


155 


Substituting here the value obtained above for In , we have for the torque Ti 
resulting from bending 

According to the requirement that the components Ti and keep equilibrium 
with the loading torque To , we have the resulting differential equation of the 
problem: 

T„ = T, + r, = -C g ^ , (137) 

wheie 


Eh 

h + h 


The solution of this differential equation for a rail of unlimited length is 


where 



(138) 


This solution shows that with an increase of the distance x from the point of 
application of the loading torque, the second term in the parenthesis will lose 
its significance and the equation will then approach the form obtained for simple 
torsion (equation [a] on p, 151). The bending of the head and of the base has 
thus only a localized effect on the torsion of the rail. 

Let us assume now that the rail, while subjected to twisting under the con- 
ditions described above, is also supported along its entire length by a continuous 
elastic foundation. The elastic resistance of this foundation, causing the 
change in torque along the rail, will be proportional at ever>" cross section to 
the angle of twist of the rail at that section. Thus, denoting this proportionality 
factor by h , we can write 


dx 


— kup 



1^2 CC^<P 




(e) 


the right side of which was obtained by differentiating (137). Hence we have 
the differential equation of torsion of a rail supported on an elastic foundation : 

+ = 0- (139) 


This equation is of the same type as that derived in (96) for beams subjected 
to simultaneous lateral bending and axial tensile forces, the soluti6n of which was 
discussed in detail in § 35. 



CHAPTER IX 
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47. Ge?ieral Sohition of the Elastic Line 

Let us assume that a prismatic beam whose neutral axis in the undeflected 
state forms an arc of a circle of radius r is subjected to bending forces acting 
in the plane of curvature of the beam (Fig. 125a). We shall assume that the 
reaction forces in the foundation will be normal to the axis of the beam and 
proportional at every point to the radial deflection y of the beam at that point, 
that is, 

p = hohy = hy, 

where p denotes the reaction of the foundation per unit length of the beam, h 
the width of the beam, and A:o the modulus of the foundation in Ibs./in.® 




An infinitesimal element of this beam will be acted upon by shearing force 
Q, normal force N, bending moment M, and reaction of the foundation pdx, 
whose positive directions are shoT^m in Figure 125a. From the conditions of 
equilibrium of the forces on this element we shall have in the radial direction, 

p dx — N dtp = dQ; 

ill the tangential direction, 

Qdif = dN; 

while the moment equilibrium condition will require that 

dM = Qr dip. 


Putting p = ky and r dip ^ dx into the equations above, we have 


N ^dQ ^ d:M 
r dx dx- 


(a) 


156 



CIRCULAR ARCHES 


157 


and 

9 = ^ 

r dx ’ 

which give, after elimination of N and Q, 

j^dy 1 dM _ (fM 

dx T- dx dx? 


(b) 


(c) 


At this point we make use of the known differential equation of bending of a 
circular arch of radius of curvature r and flexural rigidity El, which, by neglecting 
the axial deformation due to the normal force Ni,we can write in the form 


El 



+ 1 ) - -V- 


(d) 


Differentiating this equation three times with respect to the variable x and 
equating the results to the left-hand side of (c), we have 


^ , 2 ^ A , ^ « 

dx? r^dx?^ \EI r^J dx ’ 


(e) 


which is the fundamental differential equation of bending of circular arches 
supported on an elastic foundation. 

In terms of the variable (p = x/r this equation can also be written in the 
form 


where 


d'y 



dip 



(140) 


Equation (140) can be solved by the substitution of for y, which gives the 
characteristic equation 

"f- 2771^ “b == Oy 


the five distinct roots of which are 


mi = 0 and ?W2, 3.4,5 = =b(a db fii), 

where 

« = and (141) 

With these notations the general solution of (140) is thus obtained as 
y — Co + (Cl Cosh a<p -|- Cg Sinh ce<p) cos p<p 

-f (Ci Cosh a(fi -h C 4 Sinh a<p) sin ^<p. (142a) 
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Substituting in (a)--(d) the respective derivatives of the foregoing equation of 
the elastic line, we have the following expressions for the bending moment and 
the shearing and normal forces in the beam: 


M = — — ^ {Co — 2o!iS[(Ci Sinh oi<p -f* C 2 Cosh oi<p) sin 

— (Ct Sinh aip + Ct Cosh a(p) cos ^ip ] } , 


Q = [(aCi + ^Ci) Cosh a<p sin 0<p 

'T 

+ {fiCi — olC^ Sinh cos + (aC 2 + fiCz) Sinh sin jSfp 

-j- G^Ca — ofCs) Cosh a(p cos |5v?], 

N = rfcCo + 2aj3 ^ [(Ci Sinh a<p + C 2 Cosh a<p) sin 
n 

— (C 3 Sinh aip + C 4 Cosh a(p) cos 


(142 h-d) 


The Angular deflection 6 due to bending can be obtained as the integral of the 
elementary rotations M/EI along the arch, starting from a suitably chosen ori- 
gin (x = 0 or ^ = 0), where the value of ^ is known: 

By the aid of the expression for B so obtained the horizontal and vertical displace- 
ment components, m and v respectively, can also be deteraiined at any point, 
of the arch. If the angle ip is measured from a vertical where ^ = 0, the dis- 
placements u and V can be obtained as 

u ^ — I 6r sin ip dip (g) 

Jo 

and 

V == t’o — f Br cos if dip, (h) 

Jo 

where i/o and denote the valuCvS of these displacements at the origin ip ^ Q. 
It can easily be shown that the components and v are connected with the 
radial deflection y in the following manner: 

u sin ip + V cos tp ^ y, (i) 

The integration constants w'hich occur in the general expressions above can be 
detennined in each separate problem from the prescribed end conditions of the 
arch. Some of these integration constants are often defined in advance by the 
knowm character of the deflection line. Taking, for instance, the most frequent 
case — a symmetrical arch subjected to a symmetrically distributed loading: — 
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if the axis of symmetry is assumed to be vertical and the variable angle (p is 
measured from this axis, we shall have for the center section (<p = 0 ) of the arch 

W =0 and [QU = 0. 

These conditions, when substituted in (142 a-c), give 

otC^ " 1 “ ^Cz ~ 0 and — ctCz == 0 , 

equations which are satisfied simultaneously only if C2 = C3 = 0. The con- 
clusion is, therefore, that for any symmetrical type of deformation the integra- 
tion constants C2 and Cz .will vanish. 

Further simplifications can be obtained in symmetrical cases from knowing 
that at ^ = 0 we shall then have ^0 = 0 and = 0. Thus, carrying out the 
integrations assigned in equations (f) and (g), we obtain for the angular deflec- 
tion d and the horizontal displacement component u the following general ex- 
pressions; 

e = -- Co + - [(aCi - 18 C 4 ) Cosh a<p sin /3^ 

— (jSCi + aC^ Sinh ap cos (143) 
M = Co(sm ^ ^ cos ^) - [(aCi - ^C,)h - (^Ci + aC^)U, (144) 

where 

= f Cosh ap sin sin (fdp 
Jq 

= ^ jsinh ap cos {p - l)(p - 

+ Cosh a(p[sm {p — 1 )^ — sin {P + 1 )^] 

I 2 — f Sinh a(p cos Pep sin p dp 

Jo 

= ^ jcosh ap 

— Sinh a^lcos (|8 + 1)^ — cos (|8 — 1)^?] 


48. Circular Ring 

As an application of the general formulas derived above let us now investigate 
the case when the curved beam foms a complete ring and is subjected to a 
concentrated force P at its vertex (Fig. 126). This problem is the same as that 
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of a pipe line surrounded by an elastic foundation and loaded at the top with a 
line loading of constant intensity along the length of the pipe.* 

As in previous problems, the foundation 
will be assumed to resist tensile and compressive 
forces equally well. The radial deflection y will 
be considered positive when producing com- 
pression in the foundation, and the positive 
directions for the forces Q, N, and bending 
moment M will be those shown in Figure 126. 
The radius of the center line of the ring will be 
denoted by r, the thickness by t (the width will 
be assumed equal to unity), and the bending 
rigidity by El = the variable ^ in 

radians will be measured from the ba.se of the 
symmetry line having for the vertex <p = t. 

From a consideration of the symmetry of 
the problem we find that the deformation and 
the stress distribution in the ring will have to satisfy the following condi- 
tions : 



■j>-ky 


1 . ^ = 0 at ^ = 0; 

dtp 


2. ^ = 0 at ¥> = t; 
dp 


4. Q = at p = t; 


3. <3 = 0 at p = 0; 

5. + 


The last of these equations expresses the condition that there can be no relative 
rotation between the base and top sections of the ring. 

It is seen that the five conditions above will completely define the values of 
the five integration constants C when substituted in the general solution in 
(142 a-d). Making this substitution, we shall obtain the first four of these 
conditions in the following form: 

1. aC2 "h fiCz — Of 


2, Ci(a Sinh ax cos — jS Cosh air sin /?x) 

H- C^ia Cosh air sin jSx + jS Sinh ax cos jSx) = 0; 


* This problem has been investigated by A. Voellmy, ^‘Erddruek auf elastisch einge- 
bettete Rohre,” International Aseociation for Bridge and Structural Engineering f Puhlica- 
lions f 4 (Zurich, 193C), 591-611. 

If the circular ring is regarded as a cross section of a pipe line, its bending rigidity El 
should be increased in a ratio 1 : (1 — m), Poisson’s ratio for the material of the pipe being 
denoted by 
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3. fiCz - aCz = 0; 

4. Cl (a Cosh air sin j07r + /3 Sinh ax cos /5 t) 
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Ciia Sinh air cos P Cosh air sin = — 




From conditions 1 and 3 we have 

C2 = Cs = 0, (a) 

whereas the simultaneous solution of conditions 2 and 4 gives the following 
expressions for the constants Ci and C4 : 

r — _ -P Cosh air sin + jS Sinh q!t cos /It 
^ 4J?7 of/S iy(Sinh^ air + sin^ fiir) ’ 

^ P a Sinh air cos fiir — Cosh aw sin 


AEIafi 


i7(Sinh^ aT + sin^ ^ir) 


The last of the constants Co can be determined from condition 5, which, by 
means of (142b), can be written in the form 




Cl Sinh a(p sin ^<p + Ci Cosh a(p cos ^(p 


= 0 . 


Substituting here the expressions obtained above for Ci and C4 and carrying 
out the assigned integration, we get 

All the five integration constants having been thus determined, they can be 
substituted in the general solution expressed by (142 a-d), and will give, then, 
the final formulas for the deflection and force components along the circum- 
ference of the elastically supported ring in Figure 126. 

Introducing the notations 

. _ a Cosh aT sin jSir + /3 Sinh ar cos pT 
77(Sinh^ aT + sin^ jSt) ' 

„ _ a: Sinh aT cos ^t — 0 Cosh aT sin ^t 
^ ^Sinh2 + sin2 /5x) ^ 

where 




17 + 1 
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we can ■write the final expressions as 


= _ 
■iafiEI 


A Cosh dtp cos fiip + B Sinb aip sin ^ip 


)■ 


Pt / 1 N 

jl/ = — _ ( — - -|- A Sinh aip sm -h B Cosh oi<p cos p(p ) , 

2 \Trrj^ / 


Q = — ^ [{olA — ^B) Cosh sin ^<p 

It 


+ {pA + aB) Sinh a<p cos P(p], 


_P(n-l _ 
2 \ ^ 


A Sinh oup sin Pip — B Cosh aip cos pp 


)■ J 


(145 a-d) 


For the point of application of the load (p = r) the formulas above give the 
following maximum values for deflection and bending moment: 


[y]<P~r 


- /2tt|8 _ p Sinh air Cosh air + a sin pir cos Pr 

AaPEI ^/(Sinh* ax + sin^ j8x) 

Pr / I a Sinh ax Cosh ax — jS sin j5x cos Pt 


)' 




^^(Sinh^ air + sin^ fir) 


)■ 


(146 a-b) 


It is easily seen that by putting P = 1 the equations in (145 a-d) also give 
the equations of the influence lines of y, M, Q, and JV for any cross section of the 
ring. The force P = 1 acting at ^ = V’o will produce, for instance, the same 
amount of bending moment in the section at = x as the force P = 1 acting 
at ¥> = X produces in the section p = po- On the basis of this relationship 
we can determine the force and displacement components at any point on the 
elastically supported ring due to any combination of radial loading. 

In addition to its use in the problem of pipe lines, the elastically supported 
ling has structural applications also. The assumptions made in our analysis 
regarding the nature of the elastic foundation are truly realized, for instance, in 
a ring which is reinforced by a large number of closely spaced radial spokes (Fig. 
127a). If initial tension is put into the spokes they are able to resist compressive 
as well as tensile forces, and the force produced in the spokes by the external 
loading on the ring -will be proportional to the radial deflection of the ring at 
ever}’ point. This sort of structure is used for bulkheads in rigid airships;* 
a more everyday example occurs in certain types of vehicle wheels f (Fig. 127b). 


* See L. H. Doimell, H. B. Gibbons, and E. L. Shaw, “Analysis of Spoked Rings,” 
Journal of Applied Mechanics, Transactions of the American Society of Mechanical Engineers, 
Vol. 63 (1941), Paper A-68. 

t See A. J. S. Pippard and W. B. Francis, “On a Theoretical and Experimental Investi- 
gation of the Stresses in a Radially Spoked VTire ’Wheel under Loads Applied to the Rim,” 
Philosophical Magazine, Seventh Series, 11 (1931), 233-285. 
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In these wheels the external loading is 
balanced by the resultant of the spoke 
forces, which is transmitted through 
the axle. The stress analysis of this 
problem is but a direct application of 
the formulas obtained above in (145 
a-d). 


49. Spherical Shell 



It has been demonstrated in previous chapters that axially symmetrical 
deformation of cylindrical and conical shells can be analyzed b}'' the theory of 
bending of straight beams on an elastic foundation. In a similar manner it 
will be showm now that the bending analysis of spherical shells can be reduced to 
the problem of flexure of elasticall}- supported curved beams. The curved beam 



in this case will be a meridional element of the shell, of variable width since it 
tapers down to zero at the vertex; the modulus of the elastic foundation, repre- 
sented by the resilience of the hoop elements in the shell, will also vBiry on 
account of the decreasing radii of the hoop circles toward the vertex. 

The shell will be assumed to be under the action of an edge loading consisting 
of horizontal forces Po and moments Mq uniformly distributed along the base 
circle of the shell (Fig. 128). The deformation produced by such a loading will 
be symmetiical with respect to the axis of the shell and can be defined in terms of 
only one independent coordinate, for which purpose the angle <p will be chosen, 
measured in radians from the axis of the shell. 

In order to describe the bending deformation of the shell, let us assume on 
the undeformed meridional circle tw’o points, A and B, w^hich in terms of the 
variable (p are spaced an angle d(p = 1 apart (Fig. 129). These twro points, 
after the deformation of the shell, will be in the positions A' and respectively, 
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but the distance between them, ds = rd<p, will remain unchanged if only the 
bending deformation is taken into account and the change of the arc length due 
to normal forces is disregarded. 

If we denote the horizontal displacement of point A by u, taking it as positive 
when accompanied by an increase of the radius of the hoop circle, the horizontal 
displacement for point B will be a + du/d<p. By means of these horizontal 
displacement components it is possible to express the change of slope of the 
meridional circle 6 due to bending. Assuming that d is small, so that we may 
put tan 0 = sin e = ^ and cos 5 = 1, we see from Figure 129 that 


\J ; j- , 

r mi<p d(p 

its sign being positive if, like the displacement u, it is accompanied by an ex- 
tension of the corresponding hoop circle. 

By means of 6 we can obtain the meridional bending moment Mi as 

Mi^-EI-f-, (b) 

r dip 

denoting by El the flexural rigidity of the meridional beams. Since the sym- 
metry of deformation prevents any lateral (cross-sectional) deformation of these 
beams, in place of El we can put in this formula Ef/[12{1 — p^)], where t is the 
thickness of the shell and m is Poisson’s ratio for its material. As a result of this 
lateral restraint. Mi will always be accompanied by a bending moment acting 
normally to the meridional beam, that is, in the direction of the hoop circle, 
and the value of this hoop bending moment will be 


M 2 = uMi . (c) 

The bending moments Mj and M 2 in the equations above will be assumed to 
act on unit lengths of the respective hoop and meridional circles. Accordingly 
their dimension will be in. Ibs./in. and will be considered positive when producing 
compression in the outer fibers of the shell. 

So far we have expressed both B and M in terms of the horizontal displace- 
ment component u. The next step will be to find a relationship between u 
and some of the force components in the shell. Since horizontal displacement 
can take place only if accompanied by a stretching of the corresponding hoop 
circle we find, in a hoop circle of radius r sin ip, the displacement w as a function 
of the hoop normal force N : 


u — 


r sin ¥? 

~W 


(N - ixT). 


(d) 
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The dimension of N in the formula above is Ibs./in. and will be assumed to act 
per unit length of the meridional circle. This force represents the reaction of 
the elastic foundation against horizontal displacement; it will, therefore, ac- 
count for the change in shearing force Q of the meridional beam: 


N = - 



(e) 


The shearing force Q can also be expressed in terms of the meridional bending 
moment Mi by a consideration of equilibrium of the moments in the plane of 
the meridional beam (Fig. 128). Taking into account that the width of the 
beam is proportional to sin <p at every point, we have 


d 

{Ml sin <p) = ~Qr sin tp. 

dtp 


(f) 


The last of the unknowns in the shell 
analysis, the meridional normal force 
T Ibs./in. (Fig. 130), can be obtained 
simply as a component of the shearing 
force Q: 

T = -Q cot V. (g) 

In the seven equations (a-g) we have 
all the data necessary to derive ex- 
pressions for the seven unknown quan- Fig. 130 

tities (forces Q, N, T, moments Mi , 

M 2 , and displacement components 9, u) which define the axially symmetrical 
deformation of a spherical shell. By successive elimination of the unknown 
quantities from these seven equations the problem can be reduced to the solution 
of one differential equation containing one unknown quantity. In order to 
accomplish this let us first substitute in (b) the expression forffin (a). Carry- 
ing out the assigned differentiation, we can write the result as 





12(1 - ' 


( dtu , cos ip du\ T,, . 
~T1 + ^ j- ) = Ml sm ¥>. 

d<fr sm <p d<pj 


(b) 


Differentiating the left side of this equation with respect to (p, we find that the 
result, according to (f), will be equal to — Qr sin <p. Substituting then for u 
its expression in (d), where, according to (e), iV = —dQ/cLp, we find that all 
derivatives of u can be expressed in terms of those of Q. As a final result of this 
operation we obtain one differential equation containing only the shearing 
force Q: 


2 cos <p <fQ _ 1 4- sin^ y d^Q ^ cos <p dQ — //) - Q = 0 

dtp^ sin <p d<(^ sin* <p d<p^ sin ipd<p ^ 


(147) 
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A general solution of this equation would give us the variation of Q along the 
meridional circle. In deriving an approximate solution, however, it is not 
necessar>' to take into account all derivatives of Q in the differential equation 
above. It has been observ'ed in experiments with thin shells that the bending 
action of edge forces is concentrated mainly in the region around the edge of the 
shell. Because of this character of the deformation the amplitude of all force 
and displacement components will decrease rapidly toward the vertex of the 
shell and their higher derivatives will be of numerically much greater magnitude 
than the lower ones, which can even be disregarded without much affecting the 
accuracy of the results. Such an approximation will be made use of in the 
present case. It can be shorra that by putting in (147) 


Q = 


1 

Vsin ip 


Q, 


the terms containing the third derivative of Q will cancel out, and then only the 
lower derivatives will have to be neglected in order to bring (147) into the sim- 
plified form 

0 + 4X^0 = 0, (148) 


where 


X' * 3(1 



It is seen that the expression thus obtained is the same as the differential equation 
of bending of straight beams on an elastic foundation, and its solution, therefore, 
can be written directly as 

Q = cos + C?, sin X^) + e cos \<p + C 4 sin X^). 

Assuming now that are dealing with a spherical shell which is closed at the 
top,* as showm in Figure 128, we see that Q and its second derivative will have 
to approach zero in the region of the vertex of the shell, which will require that 
we put in the equation above 

Cl = -C 3 and C 2 - C 4 . 

In determining the two remaining integration constants from the conditions at 
the base of the shell, it is convenient to introduce in place of v? a new variable oj 
such that (p === (po — 00 , where is the half angle of opening of the shell (Fig. 128). 
Having done this, we can, after some trigonometrical transformation, write 


* If the shell has a circular opening at the top the four integration coiastants will all 
have, as a rule, different values, and will have to be determined in such a way as to satisfy 
simultaneously the conditions prescribed by the nature of the problem for the upper and the 
lower edges of the shell. 
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the solution of (148) for the original unknown, the shearing force Q, in the 
following forna: 

® ^ V skL i;: -^) 

where C and ^|/ are the constants of integration. This approximate formula for 
Q is the same as the one obtained in the theory of thin shells by an asymptotic 
integration of the differential equation of bending,* 

* The exact form of the differential equation for Q, derived first by H. Reissner (“Span- 
nungen in Kugelschalen/* Mull/sr-Breslau Festschrift [Leipzig, 1912], p. 181) from the flexural 
theory of thin shells, is 

d^Q 2 cos <p d^Q 3 — sin^ <p d^Q ^ cos ^(3 -b 2 sin^ (p) dQ 
d<p^ sin ^ sin^ <P d<f^ sin^ <p dtp 

It has been shown by E. Meissner ('^Das Elastizitatsprobiem ftir diinne Schalen,’ 
Physik, 14 [1913], '343', also ^^tJber Elastizit&t und Festigkeit diinner Schalen,’’ Vierteljahrs" 
schrift der naiurforschende Gesellschaft in Zurich^ 60 [1916], 23) that a rigorous solution of 
this equation can be obtained in the form of hypergeometric series. In this solution, how- 
ever, the thickness of the shell appears under negative exponents, thus rendering the series 
slowly convergent for small values of t, which are of particular interest in engineering prac- 
tice. In order to obtain a more generally applicable solution 0. Blumenthal (“tJber die 
asymptotische Integration, . . Zeitschrift fUr Maihematik und Physik, 62 [1914], 
343-358) was the first to use the method of asymptotic integration. His first approxima- 
tion, by canceling out the third derivative of Q and then neglecting the lower derivatives, 
leads to the same formula for Q as the one obtained in (149a) . This identity of results is 
naturally due to the fact that the coefficient of the fourth and third derivatives in the exact 
differential equation for Q is the same as those derived here from the flexural theory of 
elastically supported curved beams, equation (147). Using this solution for Q in deriving 
expressions for the other unknown quantities, however, we shall find that the shell theory 
will give somewhat different, and more accurate, results than those obtained in (149 b~g) 
by the beam theory, since the latter disregards the effect of some of the stress components 
present in a thin shell. A complete solution of this problem, by means of asymptotic for- 
mulas derived from the shell theory, has been given by the wTiter in an earlier publication 
(“Spherical Shells Subjected to Axial Symmetrical Bending,*’ International Association for 
Bridge and Structural Engineering j Publications, 5 [Zurich, 1938], 173-185). 

There is still another approximate solution for the problem, introduced by J. W.’Geck- 
eler (“Uber die Festigkeit achsen-symmetrischer Schalen,” Forschungsarheiten auf dem 
Gebiete des Ing&nieurwesens [Heft 276], who has shown that for extremely thin shells with 
large angle of opening it is permissible to neglect all but the highest derivatives in the 
differential equation of bending. This approximation is equivalent to replacing the spher- 
ical shell with a cylindrical one of the same radius and wall thickness. Geckeler’s formulas 
are somewhat less accurate than those derived above from the curved-beam theory and can 
be obtained from (149 a-g) by simply putting sin (^o - «) = 1. The expressions for the 
displacement and rotation of the edge, equations (150 a-c), are, however, the same in both 
cases. 
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Substituting this expression for Q in (a-^), we have the formulas for all the 
other unknown quantities in the shell problem: 




Ml — C / -. , ~ ■ -T [cos (Xw + ^) + sin(Xo) + ’A)]> 
2X vsm {<po — wj 

Mi — ixMi , 


N = C 


V sin (^0 ~ “) 

T = — Q cot (^>0 — «), 

= sin (yo - &>) ^ 
Et 


[cos (Xw + if') — sin (Xw + ^)] , 




6”' 


■Xci) 


iJi V sin (jpo — w) 


cos (Xw + ^). 


(149 b-g) 


From the equations given the following formulas can be derived for the hori- 
zontal displacement and the angular deflection do of the edge of the shell (to 
= 0) due to unit values of edge loadings Po and Mo , respectively: 


P 2Xrsin“vo 
~ Et ’ 


p jif 2X sin <po 

9Q — Uq — 


Et 


-Wf 


(150 a-c) 


Thus far we have discussed the problem of bending produced by forces and 
moments uniformly distributed along the base circle of the shell. This bending 
analysis forms, however, only part of the complete solution of the general 
problem of axially symmetrical deformation, when the shell may be loaded with 
distributed surface forces and subjected at the same time to certain boundary 
conditions required by the character of support at the edge of the shell. In 
such a general case the stress calculation will have to be resolved into two parts, 
the first of which is the membrane analysis and the second the bending analysis, 
in the ma.nuer described in previous chapters for cylindrical and conical shells. 

In the first part of the analysis the shell is assumed to be a thin membrane, 
without any flexural resistance, exerting only normal forces, which are in equilib- 
rium with the external loading distributed over the surface of the shell. Be- 
cause of this membrane stress system, however, displacements and rotation 
take place at the edge of the shell whiqh, in general, may not be compatible 
iwth the edge conditions required by the nature of the supports. In order to 
satisfy the boundary requirements forces and moments will have to be applied, 
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as shown in the second part of the analysis, to the edge of the shell, thus produc- 
ing bending which can then be calculated by the formulas developed above. So 
we .see that for a complete analysis we still need to have the solution for the 
membrane problem, which will be developed briefly in the following paragraphs. 

Let us assume that the surface of the shell is loaded with normal and meridional 
forces, Z and X, per unit area of the surface, which, being distributed sym- 
metrically with respect to the axis of the shell, will be functions of the angle (p 
only. The membrane forces produced by this loading in the directions of the 
hoop and meridional circles will be denoted by iVm and respectively and 
will be assumed to act per unit arc length of the corresponding circles. The 
positive directions for these compo- 
nents are shown in Figure 131. 

Considering the equilibrium of the 
shell in the vertical direction, parallel 
to the axis, we find that along a hoop 
circle of the circumference sin ^ the 
vertical components of the meridional 
forces sin p will have to balance the 
sum of the vertical components of all 
surface forces between the hcop circle 
and the vertex of the shell. This re- 
quires that 



2x7- sin ipT^ sin ^ 



sin ^ + Z cos ^)2xr sin p 


which gives 

r r 

Tm = — .— 5 — / sin ^ + Z cos sin ^ (}<p, (151a) 

sm^ (p Jo 

Once an expression is obtained for Tm , the other membrane force can be derived 
from the condition of equilibrium in a direction perpendicular to the surface 
of the shell, which can be stated as 

- + r„) = -z. (151b) 

r 


The displacements and rotations produced by this system of membrane forces 
can be calculated by the standard methods of the elastic theor}^ 

Let us consider, for example, a spherical shell of radius r = 90 in., wall 
thickness t = 3 in., and angle of opening 2^o = 70° subjected to a uniformly 
distributed radial pressure p = 1 Ib./in.^ while the edge of the shell is rigidly 
fixed against any displacement or rotation (Fig. 132), For the material of the 
shell we shall assume reinforced concrete with a Poisson's ratio m 

If the shell is first regarded as a thin membrane free of any edge restraints, 
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its edge will, because of the constant mem- 
brane forces Nm = Tm = 'prl2 = —45 
Ibs./in., move inward horizontally, without 
rotation, by the amount 


r sm vJo fT,r 


rr X 645.0 . 

^ m. 


Since the rigid support of the shell does not 
permit any displacement of the edge, we 
shall have to superpose on the membrane stress system such edge loadings as will 
produce an outwardly directed horizontal displacement of the value , without 

causing, however, rotation at the edge of the shell. 

The condition that [0]a_o = 0 defines the value of one of the integration 
constants, namely, the value of ^ in (I49g), where we shall have ^ = t/2. The 
other integration constant, C, can be determined from the condition that in 
(149f) 


r , r sin X 645.0 

[wU = 

V Sin (po ^ 

which gives, after putting X = ^^3(1 — = 7.16, 


m.Oi 

C = — — ~P===== = —3.97 Ibs./in. 
^Avsin <pq 


By substituting these values for C and ^ in (149 a-g) the forces, moments and 
displacements set up by the bending of the shell can readily be calculated. For 
the meridional bending moment Mi and the hoop normal force AT we thus have 
the following values; 



0 

5 

10 

! 

1 

15 

20 

25 

30 

35 

Ml in. ibs./in. 

1 

-32.92 

-4.28 

1 6.96 

8.20 

5.64 

2.68 

0.50 

00 

N Ibs./in. 

37.49 

30.00 

15.84 

4.89 

-0.92 

i 

-2.94 

-3.15 

00 


The final stress system in the shell will be obtained by a superposition of the 
bending and the membrane analysis. As is shown in the table above, the equa- 
tions in (149 a-g) give infinite values for the unknown quantities at the vertex 
of the shell. This singularity is due to the asymptotic character of the ap- 
proximation used, has influence only in the immediate neighborhood of the vertex, 
and can be disregarded in practical stress analysis. 

For the sake of comparison the values of Mi and N were calculated also by 
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Meissner’s exact solution* for this problem, by means of hypergeometric seines. 
The results of this calculation are as follows: 



0 

5 

10 

15 

20 

25 

30 

35 

Ml in. Ibs./in. 

-37.68 

-5.76 

6.69 

8.14 

5.45 

2.36 

0.38 

0.29 

N Ibs./in. 

38.92 

31.90 

17.26 

5.95 

1 -0.02 

-2.17 

-2.50 

-2.46 


The distribution of the Mi and N valuesalong the meridional circle, as obtained 
from the exact and the approximate solu tions, is shown in Figure 133. 

The amount of numerical calculation 
needed for the exact solution was about 
twenty times more than that for the 
approximate solution. It is to be noted 
that the spherical shell in our example, 
with a ratio of r/t = 30, exemplifies one 
of the thickest types used in modem rein- 
forced concrete structures. For thinner 
shells or for shells with a largei- angle of 
opening the accuracy of the approximate 
solution is increased. 

50. Approximate Sohdion for Flat 
Arches 

Frequently we find problems with 
the arch and the foundation of such 
proportions that in the expression 



the first term on the right side is large compared to unity. In such eases it i.-^ 
permissible to put in (141) 



where X denotes the same quantity used previously in solutions for bending of 
straight beams. 

Dealing with flat arches, where the angle of opening 27 < 60®, we find that a 
further approximation is possible, namely, that we may also omit the term 



* Op. cit. (seep. 167); see also Timoshenko, op. (seep. 106). 
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y/r“ in comparison with cty/dx^ in the expression for M (equation [dj on p. 157). 
Thus we shall have 


M = - 

- 




,, . ^EI d^y 


(b) 


On the basis of these simplifying assumptions we obtain from (142 a-d) and (143) 
the following general solutions for symmetrically loaded (C 2 = C 3 = 0 ) flat 
arches: 


y = Co + Cl Cosh cos py + Ci Sinh /xp sin /xp, 

M = 2X^EI (Cl Sinh p^ sin p^s — Ci Cosh fxp cos p<p), 

Q = 2X*B7[Ci(Cosh p^p sin p<fl + Sinh /xp cos fxp) 

— C 4 (Sinh p<p cos pip — Cosh p<p sin p^)], > 


(152 a-e) 


N ~ rkCo , 

e = CiX(Sinh pip cos pip — Cosh pip sin pip) 

+ C 4 X(Cosh p^ sin pv> + Sinh pip cos pp). ^ 


Por the horizontal displacement u we shall now have, in place of (144), the follow- 
ing formula: 

U = -p[(Ci - C4)7 i - (Cl -h C4)72], (152f) 

where 




Sinh pp 


^ cos (p — 1)^ — f cos (p -f 1)¥> 


Lp -1 


P+ 1 


) 


4- Cosh pp j^sin {p — l)p — sin (p + > 

Ip [ 7 ^ sin (p -b i)p - — ^ sin (p - l)¥’j 

— Sinh pp j^cos (p + I)?’ — cos (p — ■ 


A few applications of this approximate method will be shown below, by 
deriving formulas for flat arches subjected to symmetrical end loadings. 
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a. Equal Vertical Forces at the Two Ends {Fig. 134) 
The end conditions for (f = y are 

Q cos 7 + sin 7 = P, 

Q sin 7 — AT cos 7 = 0, 


and 


M = 0 . 


Substituting here the general expression for M, Q, and N from (152 b-d), we 
have for the integration constants 


^ p sin 7 


Cl = P 
C4 = P 


4 p cos 7 Cosh P7 cos P7 


rk Sinh 2p7 + sin 2p7 ’ 
4p cos 7 Sinh py sin py 


rk Sinh 2p7 + sin 2 py ‘ 

Hence the equation for the radial deflection 
of the arch will be 

2p cos 7 



y = jsin 7 + 2p7 + sin 2pT 


,A 


+ Cosh p{y — (p) cos p{y + <p)]j, (153) 


the radial deflection at the ends will be 

and the deflection at the middle, 


yc 


rk \ 


, cy Cosh 2p7 + cos 2p7 
sin 7 + 2p cos 7 

Sinh 2p7 + sin 2 py 
Cosh py cos py \ 


)■ 


sin 7 + 4p cos 7 gr 


Sinh 2p7 + sin 2 pyj 
The deflection at the middle will vanish if 

Cosh p7 cos py 


tan 7 = -4p gr 


Sinh 2 py + sin 2p7 * 


That value of py which satisfies the equation above will determine the so-called 
effective length of the bar. It is seen that we must have a value of 2p7 > x, 
which mAa.Tis that the effective length for curved beams will be larger than that 
for straight beams under the same loading conditions (see pp. 50, 54). If the 
radius r and the arc length s = 2r7 of the arch and the modulus of the founda- 
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tion ku (Ji = bki, , fi'om cciuation [a] on p. 2) are given, the condition 2py = ir 
can be fulfilled by choosing the height of the arch h in such a way that 

m) 

This value for h is proposed in the design of foundation arches.* With it, the 
deflection at the middle of the arch will be 


yc — I 

while the deflection at the ends will be 


sin 7 
rfc ’ 


-S. -|(.i 


sin 7 + “ cos 7 Tanh ^ ) . 

7 2/ 


At the same time the l)ending moment at the middle of the arch will have the 
following value: 

Ps cos 7 Pa cos 7 


Me = - • 


TT Cosh ~ 


r.88 


In the general case, for any value of h the bending moment at the middle of the 
arch can be obtained as 

, 2 r cos 7 Sinh py sin py 


Me « -P - 


(155) 


p Sinh 2py + sin 2py 

h. Equal Horizontal Forces at the Two Ends {Fig. 135) 

The end con<iitions for ^ = 7 are 
N sin 7 + Q cos 7 = 0 , 

N cos 7 — Q sin 7 = P, 

and 

■r/^rrn-i 

Fig. 135 

"J'he conditions are satisfied bv the following values of tiie integration constants: 



Co = P 


cos 7 


Cl = -P 
C4 = -P 


rk ’ 

4p sin 7 


rk 

ip sin 7 
rk 


Cosli py cos py 
Sinh 2py + sin 2 p 7 * 

Sinh py sin py 
Sinh 2p7 + sin 2p7 ‘ 


* See Adolf Francke^ *‘Einiges Uber Grundbogen/^ Schweizerische Bauzeitung^ 36 (1900), 
71, 
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Thus we have for the radial deflection of the arch the equation 




2p sin 7 


[Cosh p(7 + ^) cos p{y — (p) 


Sinh 2p7 d" sin 2p7 

+ Cosh p(7 — (p) cos p(7 + ^)] 

Hence the radial deflection at the ends will be 

P / o • Cosh 2p7 + cos 2p7\ 

= 2/a = “7 ( cos 7 ~ 2p sin 7 ) , 

rk \ Siiih 2p7 + sin 2p7 / 

and the deflection at the middle, 

P / . . Cosh p7 cos P7 \ 

= ( cos 7 - 4 p sin 7 0 - 10 — -J — ] • 

rk \ Sinh 2py + sin 2py/ 


Vc 


Sinh 2py + sin 2py) 

At the same time the bending moment at the middle of the arch will he 

, 2r sin 7 ‘^inh py sin p7 


Me 


p Sinh 2p7 + sm 2py * 


(156) 


(157) 



c. Equal Concentrated Moments at the Two 
Ends (Fig. 136) 

The end conditions at v? = 7, namely? 

N = 0, Q = 0, and M — Mq, give in this 
case the following values for the integration 
constants: 

Co = 0, 

p 4p^ Sinh py cos py ~ Cosh py sin p7 

' “ ' r^k Sinh 2p7 + sin 2p7 

^ M 4p^ Sinh p7 cos py + Cosh p7 sin p7 
^ ^ r-k Sinh 2p7 + sin 2py 

Hence the equation for the deflection of the arch in the radial direction will be 

^ __ 

^ ° r^k Sinh 2p7 + sin 2p7 

• [(Sinh py cos py *— Cosh py sin py) Cosh p<p cos p<p 


+ (Sinh py cos py + Cosh py sin py) Sinh p<p sin p^]. 
The radial deflection at the ends Avill be 

2ilfop^ Sinh 2p7 — sin 2py 


(158) 


Va ^ Vb 


r^k Sinh 2p7 + sin 2p7 ’ 
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and the deflection at the middle, 

_ AM a p Sinh py cos py — Cosh py sin py 

~ r-k Sinh 2py + sin 2py 


The bending moment at the middle of the arch is obtained as 


Me = 2Mo 


Sinh py cos py + Cosh py sin py 
Sinh 2py + sin 2py 


(159) 


51. Corrugated Tubes 

It has been shown in § 11 that a longitudinal element of a cylindrical tube 
under axially symmetrical loading can always be regarded as a straight beam 
on an elastic foundation by taking the modulus of foundation k - Et/R^, t 
being the thickness, R the radius of the tube, and E the modulus of elasticity of 
its material. On the basis of this analogy one may anticipate that circum- 
ferentially corrugated tubes, in which a longitudinal element is composed of a 
series of arches, can be analyzed by the flexural theory for curved beams on an 
elastic foundation. In the curved-beam theory developed in this chapter 
the foundation was assumed, however, to resist radial displacements of the 
circular arches, while in corrugated tubes the resistance of the foundation will 
be proportional to the displacement normal to the axis of the tube. The dif- 
ference between these two types of foundation will be small only in flat arches, 
that is, for shallow corrugations of the tube, and therefore the investigation will 
be limited to such cases in the following discussion. In order to obtain suffi- 
ciently accurate results by this approximation it will be required that the angle 
of opening for each corrugation be such that 2y < 60“, and, furthermore, that 
the thickness of the tube t be small with respect to the radius of the corrugation 
r and that this quantity again be small compared to the radius of the tube R. 

One of the main reasons for the technical application of corrugated tubes is 
that their flexibility and compressibility in the axial direction are many times 
larger than those of plain tubes. It will be shown below how this increased 
flexibility of corrugated tubes can be calculated by means of the general solution 
for elastically supported flat arches in (152 a-f). 

Let us assume that the corrugation of the tube consists of a series of alternat- 
ing concave and convex circular arches, as shown in Figure 137. Subjecting 
this tube to an axial compression P Ibs./in. per unit length of the circumference 
of the tube, we find that because of the symmetry of the corrugation the end 
points of the arches, A and B, will not deflect normally to the axis of the tube; 
furthermore, that the bending moment will vanish at these end points and that 
the axial component of the normal force in the arches will balance the external 
loading P. The problem is thus reduced to the analysis of a circular arch (Fig. 
138) supported on an elastic foundation, the modulus of which is fc = Et/I^, 
while at the ends of the arch the following conditions prevail; 
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[v]^^ = 0 or [y - u sia <p]^ = 0 , 

[M]^ = 0 and [N cos<p — Q sin (p]^ = P, 

Substituting here the general expressions from (152 a~f), we can write the end 
conditions in the following form: 

Co +• Cl Cosh p7 cos P7 + C4 Sinh yy sin p7 

+ p sin t[(Ci - C4)7i - (Cl + C4)/2] = 0, 

Cl Sinh p7 sin p7 — C4 Cosh p7 cos py = 0, ^ 

k 

rkCo cos 7 — — sin 7[Ci(Cosh p7 sin p7 + Sinh p7 cos py) 


— C 4 (Sinh p7 cos P7 — Cosh pry sin p7)] = P. J 

A simultaneous solution of these three equations will determine the integration 
constants Co , Ci , and C 4 . Substituting, then, these C values in the general 




Fig. 137 


Fig. 138 


solution, equations (152 a-f), we have the final formulas, from which all force 
and displacement components can be readily calculated. 

The application of the method will be illustrated now by a numerical example 
requiring calculation of the flexibility of a corrugated tube of the following 
dimensions: t = 0.065 in., R = 5.330 in., I == 0.670 in., and h = 0.235 in. A 
tube with these dimensions was tested for flexibility by L. H. Donnell * and is 
used here in order to provide a direct comparison between experimental and 
theoretical results. 


* “The Flexibility of Corrugated Pipes under Longitudinal Forces and Bending,” 
Transactions of the American Society of Mechanical Engineers Vol. 54 (1932), “Applied 
Mechanics Section,” pp. 69-75. In this paper Donnell developed formulas for calculating 
the flexibility of triangular and semicircular corrugations by means of the minimum strain 
energy method, expressing the deflection line of the corrugations in the form of trigono- 
metric series. 
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In the calculation we need the following constants, which are detei-mined by 
th e dimensions g iven for the tube: r = 1.072 in.; p = -^r^k/Wl = 
-^3(1 - = 2.34; \ = p/r = 2.18 in."'; y = 38‘’40' = 0.675 radians, 

py = 1.580. With these data we have from (152f) Ii = 0.3810 and h = 0.0865, 
and hence can write up the end conditions in (160) in a numerical form, as 
follows: 

Co + O. 4 O 8 C 1 + I. 64 IC 4 = 0, 

2 . 324 C 1 + 0 . 023 C 4 = 0, 

Co - O. 428 C 1 - O. 436 C 4 = 522.0 

E 

The solution of these equations gives 

Co = 413.0 Cl = 2.5 and C 4 = -252.2 

Substitutii^ these values in (152f), we have for the axial displacement com- 
ponent [u]^y = — 277 .5 P/ E, which means that the total span of one corrugation, 
21, will shorten, because of the axial compression on the tube, by the amount 
5S5.0 P/E. Since in a similar tube without corrugation the shortening of a 21 
distance would be {2l/t)(P/E), or 20.6 P/E, we find that the corrugations pro^ 
duced a 555.0/20.6, or 26.95-fold, increase in the flexibility of the tube. This 
increased flexibility can also be interpreted as if the modulus of elasticity of the 
steel tube were reduced from a value of JS? = 30 X 10® Ibs./in.^ for a smooth 
tube to a value of E' = S/26.95 = 1.12 X 10® lbs,/in.^ for the corrugated one. 
For this ''reduced modulus of elasticity” of the tube Donnell* obtained experi- 
mentally E' = 1.51 X 10® Ibs./in.^ in axial compression, and in bending of the 
tube he found about the same value, getting E' = 1.45 X 10® Ibs./in." These 
values of E^ are seen to be in fair agreement with the one obtained above from 
the theoretical solution. 

The same method can be used for 
calculating the flexibility of other types 
of corrugations composed of flat cir- 
cular arches; only the end conditions 
of the arches will then be of different 
character. Taking for instance the 
corrugation shown in Figure 139, we 
find that at the end of each arch the 
angular deflection and the component 
of the normal forces perpendicular to 
the axis of the tube will vanish, while 
the component of the normal force 
parallel to the axis of the tube will equal the external loading P. 



* As cited on p. 177. 
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52. Partial Continuity: Foundation Layers 

In treating the various problems related to beams on elastic foundation we 
have thus far always assumed that the pressure in the foundation is proportional 
at every point to the deflection of the beam at that point and independent of the 
pressure or deflection occurring in other parts of the foundation. This assump- 
tion, which was first introduced by E. Winkler,* is mathematically by far the 
simplest that one can make regarding the nature of a supporting elastic medium. 
It assumes a complete lack of continuity in the mateiial of the foundation, as if it 
consisted of a series of independent springs which deflect when directly loaded, 
but vdth no movement of the adjacent material (Fig. 140a). We have seen that 
there are cases, like that of the cylindrical tube subjected to axially symmetrical 
loading, when this simple assumption provides at the same time the mathe- 
matically rigorous formulation of the problem; in many other technical prob- 
lems the solution developed on this basis, though not exact, is still the only 
theoretical approach for a stress analysis. This theory has proved adequate 
for calculating stresses and deflections in railroad tracks, but no particular 
claim has been made that the deformation or pressure distribution in actual 
earth foundations could be predicted by this method. The mechanical behavior 
of subsoils appears to be much more complex than that of any elastic material, 
and as yet it has been found impossible to establish any mathematical law 
which would conform with the observations made on these materials.f In 
some instances, as in the experiments of A. F6ppl,t we may find subsoils of such 
character that the deformation in the foundation is localized mainly in the 
loaded region. In such cases, naturally, we may expect good agreement with a 
calculation based on Winkler^s assumption. For the other limiting case, where 
the material of the foundation is completely continuous, we also have certain 
methods of solution available, which will be discussed in the latter part of this 
chapter. 

But there is still a need to bridge the gap between these two extreme cases 
and to find a means of calculating foundations where the deformation is partly 
localized and partly continuous In the present section a method ^ill be 
presented for treating problems of this nature. The partial continuity of the 

* Die Lehre von der Elastizitdt und Feetigkeit (Prag, 1867), p. 182. 

t See O. K. FrShlich, Druchverteilung im Baugrunde (Vienna, 1934) . 

t Vovlesungen uher technische Mechanik (9th ed.; Leipzig, 1922), III, 258, 

379 
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foundation will be realized by assuming a continuous beam imbedded in the 
material of the foundation, w'hich is itself without any continuity. When such 
a foundation is loaded by a distributed load g over a short section dx we find 

that the deflection under the load will con- 
sist of a discontinuous part 2/1 and also of a 
continuous deflection curve yi , as shown 
in Figure 140 b. It is seen that by proper 
selection of the foundation moduli h , h 
and the bending rigidity of the beam with- 
in the foundation Eh any ratio between 
yi and 2/2 can be reproduced by such a 
mechanical model, while the total compres- 
sibility of the foundation l/ki + 1 /h naay 
still be kept constant. The bending anal- 
ysis of beams supported on such a com- 
posite foundation will be discussed below. 

Let us assmne that the upper and the 
low'er layers of the foundation have the re- 
spective moduli ki and h , that the beam 
imbedded between these two .layers has a 
bending rigidity Eh , and that this entire 
foundation is resting on a ri^id base 
and supports a beam of bending ri- 
gidity Eh subjected to a number of 
concentrated loads (Fig. 141 ). De- 
noting the deflection ordinates of 
the upper and lower beams by 2/1 
and 2/2 respectively, w’e find that 
the distributed pressure in the 
foundation under the upper beam is* = hiyi — 2/2) and, under the lower 
beam, jh = hVi , while the resultant pressure acting on the lower beam is 
Pj - Pi = {ki + kt)y2 - hyi . Since, according to our assumption, these 
pressures form the only distributed loading on the two beams, we have from the 
flexural theory 



V/-#/ 


Fig. 140 



Ell ~ ““Pi “"^1(2/1 2/2) > (®) 

aoar 

Eh ^ = -(P2 - Pi) = -{h + h)y2 + hyi. (b) 


* The dimensions of h and h are in lbs. per in.* and those of pi and p2 in lbs. per in. 
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The pressures in these cases are considered positive when accompanied by 
positive (downward) deflections. From (a) we have 


Vi 


7- • 


ki dx* 


yi 


(c) 


_ Eh d\ , d*yi 
hi ds? dx^ ' 


If we substitute these expressions in (b), 2/2 will cancel out, and we shall have the 
differential equation of the elastic line of the upper beam: 


where 


Ai 4. . 

dx^ dx^ 


+ Byi = 0 , 


A - 


kiih + I2) + fe/i 
Ehh 


^ Eh Eh' 


( 161 ) 


The general solution of the equation above can be obtained by putting yi = 

. The result of this substitution is a characteristic equation of the eighth 
order, the roots of which are 

wti,2,8.4 = (±1 ± i) j and wi 6 ,e, 7,8 = (±1 ± i) 

where 

. = 4 , 

Thus, by introducing the notation 

= and = 

the general solution of ( 161 ) can be written in the following form: 

Vi = c^‘*(C'i cos Xix + Ci sin Xi*) + e~^^’‘(.Cz cos hx + C4 sin Xi®) 

+ e^®''(Cs cos X2X + Ct sin X2®) + cos X2® + C» sin X-ix). ( 162 ) 

Substituting this expression in (c), we have the general solution for the deflection 
line of the beam within the foundation: 

2/2 = 1^1 - (a + 18) [e^‘*(C'i cos Xi ® + C2 sin Xi x) 

+ cos Xi ® + ^4 sin Xi ®)] 

+ ^1 — (a — jS) J [6^’*(C6 cos X2X + Ct sin X2®) 

+ e~^**(C7 cos X2® + Ct sin X2®)]. ( 163 ) 
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The general solution obtained 
above will now be applied to a par- 
ticular case, when both beams are 
of unlimited length and the upper 
one is subjected to a concentrated 
force P at a: = 0 (Fig. 142). Here 
the condition that at a: = <» the 
deflections and all their derivatives 
in both beams must vanish requires 

that we put in (162) and (163) 

Cl = (7s = Cs = C, = 0. 

The four remaining integration constants are determined by the conditions at 
X = 0 , where we have 



The firat two of these conditions, when expressed in terms of the derivatives of 
(162), require that 

Xi(— Cs -|- Ci) -|- X2 ( — Ct + Cg) = 0 

and 

^1 — (a + /S) Xi(— Cg Cg) -b ^1 — (a — ^) X 2 (— C 7 + Cg) = 0, 

which give 

Cg = Cg and C 7 = Cg . 

Hence the number of integration constants is reduced to two, which are then 
defined by conditions 3 and 4 above. We thus get 

“ 16F7i/3X? [^1 - - /3)] 

and 

“ “l6BIi)8xl [^1 " + ^)]- 

Substituting these C values in (162) and (163), we have the final expressions for 
the elastic line of both beams. The successive derivatives of these deflection 
lines will define also the angular deflection 9, the bending moment M, and the 
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shearing force Q along the beams. Thus in Figure 142 we have the complete 
solution for the problem in the following form: 


Upper beam : 
P 


yi = 




Di -y|- (cos Xix + sin \ix) 


— Da -yt ^2 3: + sin Xa x) 


]. 


P ( \ 

' 8BM r®' w 13- 


Ml = ^ I Di — (cos \ix - sin \ix) 

Ai 

-Xgar 


— D 2 -T — (cos X 2 a; — sin X^x) 

A2 


]. 


Qi 


~ ^ <^<^3 Xio: + Dae~^®* cos Xax^. 


(164 a-d) 


Lower beam: 

p I., 


2/2 = 


h [e^ 

UEhpEIil \\ 


(cos Xia: + sin Xix) 


■xf 


(cos Xax + sin Xax) 


]■ 


P h , 

iEIifiEIi\\l ‘ 


sin Xix 


sm Xax J, 


SEIifi 

P k, 

Mi = (cos Xix - sin Xix) 


^-^2» 


“1 

(cos Xax — sin Xax) J , 


= -^ (e cos Xix — e cosXax). 
4p Jbii 


(165 a-d) 


The distribution of pressure under the upper and lower beams, pi and pa respec- 
tively, can be calculated as pi = kiijfi — pa) and pa = fcaj/a - The notations in 
the formulas above have the following values: 
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and 


4 ki{Ii + I2) + fe/i R ^ JSL • 

mz ’ ^^EhEh^ 



The formulas in (164 a~d) and (165 a-d) give the values of the unknown quan- 
tities along the beam to the light of the point of the application of the load 
(x > 0). The sign convention adopted here is the same as that used previously 
for the simple beam (see p. 11). The curves for y and M are even functions of x, 
while e and Q are odd functions, just as they were for the simple beam in Fipre 5. 
From the solution above for a single concentrated load it is possible to derive, by 
superposition, any combination of concentrated or distributed loadings on the 
infinitely long upper beam. Similarly, solution for beams of finite length can 
be obtained by determining the integration constants in (162) and (163) in such 
a manner as is required by the nature of the problem. 

In order to show by an example the effect of the partial continuity discussed 
above, let us consider the case when the upper layer of the foundation is subjected 
to the action of an infinitely rigid punch loaded by a uniform pressure q. As- 
suming that the rigid punch has an unlimited extension in one direction, we can 

calculate the pressure distribution 
under the comer of the punch in a 
particularly simple manner. Let us 
first suppose that the beam within 
the foundation is cut through in the 
vertical plane at the corner of the 
punch (Fig. 143). The result of this 
will be that the part of the beam 
under the punch will displace verti- 
143 cally by an amount Ay = g/fej , while 

the other part of the beam will re- 
main at rest. Since the nature of the problem necessitates the continuity in 
the foundation beam, we shall have to apply at the point of separation con- 
centrated forces Pq and moments ilfo in order to reestablish the continuity in 
deflection and slope at this point of the beam. The problem is thus reduced 
to the calculation of semi-infinite beams under end loadings, which can be 
carried out by means of (19 a-d) and (20 a-d). The part of the beam under 
the punch will have a modulus of foundation , while the other part 

will have the modulus == fe . Denoting ^ (A;i + fe ) /AEI by \a , and ^ k2/4:EI 
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by Xft , we can write the conditions of continuity for displacement and slope at 
point A in the following form: 



Determining the values of Po and Mo 
from the equations above and calculating 
the change of pressure distribution in 
the foundation due to the action of Po 
and Mo , we find that the pressure un- 
der the corner of the rigid punch is con- 
siderably increased as a result of the 
continuity produced in the material of 
the foundation b}" the imbedded beam. 

Taking for a numerical example ki = 
30 lbs./in.^ k = 1 El = 100 

lbs. in.*, and q = 1 Ib./in., we have Po = 
2.670 lbs. and Mo = —3.450 in. lbs. and 
find that for such proportions in the foun- 
dation the pressure at the corner of the 
rigid punch will be 5.58 times larger 
than the average loading q (Fig. 144). 



Fig. 144 


53. Interconnected Girders 

Let us consider a construction consisting of two parallel main girders sup- 
ported on a series of cantilever cross beams, as shown in Figure 145, and assume 
that under loading the main girders will deflect only in the vertical principal 
plane of their cross section, thus resisting any twisting action which may be due 
to their rigid connection with, the cross beams. Under such conditions each 
span (di and ^ 2 ) of the crossbeams will act separately as a beam restrained 
against rotations at both ends, whereas the ends are displaced vertically with 
respect to each other by an amount corresponding to the difference in the de- 
flection between the tw^o main girders or the second girder and the built-in ends 
of the crossbeams respectively. The flexibility of each crossbeam can be char- 
acterized by the amount of load necessary to produce a unit relative deflection 
between the two ends of the beam. This load under the given conditions, for 
a beam of length d and flexural rigidity EIo , will be equivalent to \2EIo/^. 
If the crossbeams are sufficiently closely spaced, their resistance can be replaced 
by distributed reaction forces acting along the main girders. The intensity 
of this distributed reaction p will be proportional at every point to the relative 
displacement of the ends of the crossbeams Ly at that point, p = kAy, the 
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proportionality factor per unit length of the main girder being k = \2Eh/cd^, 
where c is the spacing of the crossbeams. 

Denoting by j/i the deflection of the outer main girder of flexural rigidity 
Eh and by 2/2 the deflection of the inner main girder of flexural rigidity Eh , 
we find that the distributed elastic resistance of the crossbeams on each of these 
girders will he pi = ki{yi - yi) and p 2 = hyt , respectively, where h = 12BIo/cdi 
and h = 12£7o/cd2 . On the assumption that the external loading on the 
girders consists of concentrated forces, the only distributed loading will be the 



pressures pi and p 2 derived above, and hence we can write, according to the flex- 
ural theory of beams, 

= -pi = -h{yi - Vi) 
and 

Eh^^ = ~ip^ ~ Pi) — ~(^i + ki)y2 -b fcij/i. 

It is seen that these equations are identical with equations (a) and (b) of the 
previous section (p. 180), from which it follows that (164 a-d) and (165 a-d) 
will be the solution also for the stinctural problem shown in Figure 145, in 
which the inner beam does not have any concentrated load. 

The analogy between interconnected girders and layers of beams and founda- 
tions is a quite general one and can be extended to a variety of problems, in- 
cluding the system of beams in the hulls of ships * and the structure of longitudinal 
and cross girders applied in bridge constmetions.f As an illustration of the 
application of the method we vill discuss now the solution of a problem of the 
latter type. 

Let us consider a bridge construction, consisting of four main girders and a 
large number of closelj' spaced crossbeams, loaded by a concentrated force Po 
on one of the inner girdera, as shown in Figure 146. The ends of the crossbeams 

* Application of this method to ship constructions was first made by J. G. Boobnov, 
Theory of Structure of Ships (St. Petersburg, 1913) (in Russian). See also W. Schilling, 
Statik der Bodenkonstnikiion der Schiffe (Berlin, 1926) . 

t See A. J. S. Pippard and J. P. A. De Waele, “The Loading of Interconnected Bridge- 
Girders,” Journal of the Institution of Civil Engineers (London, 1938), pp. 97-114. The 
example in § 53 is taken from this publication. 
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will be assumed to be rigidly connected with the main girders. Denoting the 
deflection of the four girders by yi and 2/4 and assuming that the two outer 

girders and the two inner ones are in pairs of the same flexural rigidity, Eli and 
EI 2 , respectively, we have, according to the theory developed above, the follow- 
ing expressions for the distributed reaction of the crossbeams along each of the 
main girders; 


= k{y,-yr), 

Eh^- = k(y,-2y, + y,), 

Pj = Eli = k{yi — 2 yi + 2/4), 

f, = Eh^^k{Ui-yd, F.o. 146 

where k = l2EIo/cd^, d being the span, c the spacing and Eh the flexural rigidity 
of the crossbeams. 




Fig. 147 


The solution of these four simultaneous equations can be considerably sim- 
plified by resolving the load Po into symmetrical and antisymmetrical com- 
ponents in the manner shown in Figures 147 a and b, respectively. 

It is seen that in the symmetrical loading we have 

2/1 = yi and 2/2 = 2 / 3 , 

while in the antisymmetrical case 

y, = —2/4 and yi = —y,, 

which means that the solution for each of the loading components will involve 
only tw’o simultaneous differential equations. The solutions for these symmetri- 
cal and antisymmetrical loading components will be discussed separately below. 
By superposing these two cases the solution for the general case of Figure 146 
may be obtained. 
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From the equations 


a. Symmetrical Case 

= *(2/2 - 2/i) 


and 

= k^y^ - y,) 


we have, after elimination of t/j , 

iV} =0 

d3?^ E\Ii ij 

By using the notation 


X = 



(166) 


we can write the general solution of (166) in the following form: 
yi = A + Bx + Cx’‘ + Dx^ + E Cosh Xa: cos Xx + F Sinh Xa: sin Xa: 

+ G Cosh Xa: sin Xa: + J? Sinh Xa: cos Xa:, (167) 
while at the same time for the inner beams we have 


yi — A A" Bx + Cx^ + Dx^ 



{E Cosh Xx cos \x + F Sinh Xx sin Xx + <7 Cosh Xx sin Xx 


4 H Sinh Xx cos Xx). (168) 

The eight integration constants occurring in these equations can be determined 
from the conditions of the system. Since the deflection and bending moment 
above the hinged end supports of the main girders must vanish we have 


A = C = E = F = 0. 


The other four constants are determined by the requirements that deflections, 
slopes, and bending moments be continuous through the loaded section (x = a) 
of the girders, while at the same time in the shearing force of the inner beams 
there be a step of Po/2 at the points of application of the loads. The integration 
constants satisfying these conditions have the following values: 
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p _ PodbQ + h) p _ Fob 

12lE(Ii + h)’ 12lE{Ix + h)’ 

Cosh \l sin Xi(Sinh \b cos Xb — Cosh Xb sin Xb) 

Po — Sinh U cos XZ(Sinh Xb cos Xb + Cosh Xb sin Xb) 
~2 4Xsp(/i + 7s) (Cosy XZ - cos® \l) 

Sinh XZ cos XZ(Sinh Xb cos Xb — Cosh Xb sin Xb) 

Po + Cosh XZ sin XZ(Sinh Xb cos Xb + Cosh Xb sin Xb) 
^ 4X8P(Ii + J2)(Cosh2 XZ - cos2 XZ) 


With these values for the integration constants the expressions for the deflection 
y, bending moment M, shearing force Q, and distributed reaction p aloi^ the 
outer and the inner girders (1 and 2 respectively) will be, for values of a; < a, 
as follows: 


j/i = + G Cosh Xi sin Xa: + P Sinh Xa: cos Xa:,] 


Ml = 


Pobx 


P,h 

21 


(iM 


+ 2\^EIi(G Sinh Xa: cos Xa: 

— H Cosh Xa: sin Xa;)^ 

+ 2X’PJi [G(Cosh Xx cos Xx — Sinh Xx sin Xx) 
— P(Cosh Xx cos Xx + Sinh Xx sin Xx)], 
Pi = —i\*EIi(G Cosh Xx sin Xx + P Sinh Xx cos Xx) ; 


(169 a-d) 


Vi 


_ Pobx/ h \ 

+ ij 


+.j)J _ Ii (g oosh )ut an Xi 

l2lE[Ii + h) h 

+ H Sinh Xx cos Xx), 
2X® EIi{G Sinh Xx cos Xx 

— H Cosh Xx sin Xx), 

Qj = — ( — — 2X®P/i [G(CoshXx cos Xx — Sinh Xx sin Xx) 
2Z \Ii + h/ 

— ffCCosh Xx cos Xx + Sinh Xx sin Xx)], 
P 2 = — Pi = 4 X‘P/i(G Cosh Xx sin Xx + H Sinh Xx cos Xx). 


(170 a-d) 


The solution above can be used also for values of x > o, if a and b are inter- 
changed and X is replaced by x' = I — x. 
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From the equations 


and 


h. Antisymmetrical Case 
= k(y, - yi) 


EI,-^ = Ky, - 3y,), 


after eliminating yz , we get for yi 


dTyi 


+ 


k /l 
E\h 


+ 


3\^ 


} + 


2¥ 


yi = 0. 


dx? E\h ' hj dx* E^hh ' 

The general solution of this equation by means of the notations 


_ h 

“ h' 


and 


/S = j/(l + 3« + V9a^ - 2a + 1) 




k 


(1 + 3a — \/9a^ — 2a + 1) 

can be written in the following form: 
t/i = L Cosh Px cos + M Sinh ^x sin fix + N Cosh fix sin fix 
+ P Sinh fix cos fix + Q Cosh yx cos yx + R Sinh yx sin yx 
+ aS Cosh yx sin yx + T Sinh yx cos yx] 
while for yi we have from abo^^e 

~ Cosh fix cos fix + M Sinh fix sin fix 

+ N Cosh fix sin fix + P Sinh fix cos fix) 


+ 




(Q Cosh yx cos yx + R Sinh yx sin yx 


(171) 


(172) 


+ S Cosh yx sin 70: + r Sinh yx cos yx). (173) 

The conditions for the determination of the integration constants will be the 
same now as in the symmetrical case, and thus we get 


L = M = Q = R = 0, 

N _ P _ fcX' h + Is 
((?)fl iH)^ - 7*) Ehh ’ 

S _ T _ k\^ 1 1 + h 

{Cf)y {H)y 2y^{p* - y*) Ehh ’ 

where the symbols (ff)^ , (H)^ , {0)y , and iH)y denote the same expressions, G 
and jH", as in the S3Tnmetrical case above, except that Xa, Xb, \l are now replaced 
by fia, 0b, / 3 Z or 7a, yb, yl, according to the subscript. 
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The final solution for the outer and inner main girders (1 and 2 respectively) 
of the antisymmetrically loaded structure in Figure 147b will thus be for values 
of x < a 

= AT Cosh sin px + P Sinh ^x cos ^x+ S Cosh yx sin yx 
+ T Sinhyx coQyx, 

Ml = 2EIi\fi^{N Sinh fix cos fix — P Cosh fix sin fix) 

+ y^{S Sinh yx cos yx — T Cosh yx sin yx)], 

Qi = 2£7i{i3^[A^(Cosh fix cos fix — Sinh fix sin fix) . iv 

*" (174 a"“d) 

— P(Cosh fix cos fix d- Sinn fix sin fix)] 

+ 7 ®[>S(Cosh yx cos yx — Sinh yx sin 70 ;) 

— rCCosh yx cos yx + Sinh. 70 ; sin yx )] } , 

= ^4EIi[fi''{N Cosh fix sin fix + P Sinh fix cos fix) 
d- 7 ^(S Cosh yx sin yx + T Sinh yx cos yx )] ; 


2/2 = Cosh / 3 a; sin + P Sinh px cos fix) 

+ ^1 — ~^^') Cosh yx sin 7X + r Sinh yx cos yx), 

M% = 2 Eh ~ fix — P Cosh fix sin fix) 

+ 7* ^1 — (<S Sinh 7a: cos 7a: — rCosh7a:sin7x)J, 

Qi = 2 Eh j^iS* [iV(Cosh fix cos fix — Sinh fix sin fix) 

— P(Cosh fix cos fix + Sinh fix sin / 3 a:)] 
+ 7® ^1 — [iS(Cosh yx cos yx — Sinh yx sin yx) 

— r(Cosh yx cos yx + Sinh yx sin 7x)l J , 

Pi = -4EI2 

+ P Sinh fix cos fix) 

+ 7^ sin 7a: + r Sinh yx cos 7a;) J . 


(175 a-d) 
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By superposition we can obtain from the symmetrical and antisymmetrical 
cases above the solution for the deflection line of the main girders 1, 2, 3, and 4 
in the general case of Figure 146 as follows: 

2/l “ (yOsyin. "h 

2/2 = (2/2)sym. H“ (2/2)antiaym. 

2/3 ^ {y^bym. (2/2)aiiti8ym. 

2/4 “ (2/l)ayin. (2/2)anti8ym. 

The superposition of bending moments, shearing forces, and crossbeam reactions 
can be carried out in the same manner. 

For the case when the load Po is on the outer girder, girder number 1, at a 
distance a from the left support, the solution will be of the same form as above, 
equations (169 a-d) and (170 a-d) for the symmetrical and (174 a-d) and 
(176 a-d) for the antisymmetrical case, only the expressions for the integration 
constants will have to be modified in those equations. The relationship between 
these new constants (marked by a prime) and the ones obtained above will be 
as follows: 

a. Symmetrical Case 

B' =5, /)' = Z), O’ ah^ H' = -H . (176) 

h. Antisymmetrical Case 

N' _ P' ^ \\h + h) ( k 

{G% (H% ~ y)7i \Eh 

S' ^ r _ + h) ( k 

(G% my 

54. Grillage Beams 

As a counterpart to the subject of the previous section, where we have dis- 
cussed rigidly interconnected girders and crossbeams, let us investigate the prob- 
lem of a grillage of beams, where the longitudinal girders are freely supported on 
crossbeams and no bending or twisting moment is transmitted at these points 
from one beam to the other. In the analysis of this type of problem it is 
convenient to express the deflection lines of the girders in the form of trigono- 
metric series, on the basis of the minimum strain-energ}" principle, applications 
of which have already been shown in previous chapters. 

The deflection line of a simply supported beam under any loading condition 
is known to be expressible in the form 
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Assuming that this deflection line is produced 
by a distributed loading p (Fig. 148), which 
can also be represented as 


p = z p- 


sm 


nwx 


(b) 



Fig. 148 


we find, since p = EI{d^y/dx^), that in the equations above 


Pn 


EIt^ 4 


•n an 


and an = —^^^pn 


Substituting these expressions in (a) and (b) respectively, we have 


f 

00 2 

22 pn sin 

navi ^ 

riTX 


1 

ir*EI 

00 

4 

riTX 

II 

2^ n an sm 

n=l 

T ■ 


(178 a-b) 


These two equations represent a general interrelation between loading and 
deflection in any hinged-end beam and can be conveniently used for the analysis 
of grillage beams, as will be shown below.* 

Let us consider first a simple grillage, consisting of two main girders freely 
supported on a larger number of crossbeams, the ends of which have hinged 
supports along the line 0-0, as shown in Figure 149. 

It will be assumed that the spacing of the crossbeams, c, is sufficiently close 
for the concentrated reactions of the crossbeams to be replaced by continuously 
distributed loadings along the main girders. The intensity of the reaction forces 
produced at the hinged ends of the crossbeams as the grillage is subjected to 
external loading will be denoted by p. This p as a function of x will be regarded 
as the statically unknown quantity in the present problem, and its determination 
will be carried out in the same manner as that generally used in sohing statically 
indeterminate stmctures. 

First w^e shall assume that the hinged supports are removed from the ends 
of the crossbeams, and thus the main girders can freely deflect without any 
restraint on the part of the crossbeams (statically determinate fundamental 
system). If the outer girder, number 1, in this system is loaded with a con- 
centrated force P, the crossbeams will remain straight, and their farther end 
will describe in the 0-0 vertical plane a deflection e/d times the inverted deflec- 
tion line of girder 1 . We thus get pf = — {e/d)yi , where the upper index 


* This approach has been used by the writer in a paper entitled “A Method of Calcu- 
lating Grillage Beams,” Stephen Timoshenko 60th Anniversary Volume (New York, 1938). 
A solution for the case when a grillage of beams is supported on all its four sides w^as de- 
veloped by Timoshenko, “tJber die Biegung von Tragerrosten,” Zeitschrifi fur angewandte 
Maihematik und Mechaniky 13 (1933), 153-159. 
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denotes the cause of deflection and the lower index sl ows the place where the 
deflection is produced. 

Using the known formula expressing in sine series the deflection of a simply 
supported beam under a load P at a distance a from the support, we have 


Vo 


e 2Pl^ 1 . Uird . UirX 

^ "T * 


(c) 


This would be the deflection line in the 0-0 plane if the ends of the crossbeams 
were free to move. But in the structure under consideration (Fig. 149) the ends 
of the crossbeams are hinged; therefore deflection at these points wall not occur, 
but distributed reaction forces p will be originated instead. These p forces 
are to cancel the yo deflection curve along the 0-0 line, and their value can be 
determined from this condition, that yo — yo , where yo denotes the deflection 
of the free ends of the crossbeams in the fundamental system under the action 
of the unknown p forces. 




The yS deflection consists of two parts, one caused by the defleetion of the 
main girders 1 and 2, the other due to the elastic deformation of the crossbeams 
loaded by p, as is shown in Figure 150: 

yo = yoi + yo2 , 

where 


and 


2/01 = 2/f I + yi 


d e 
~d~ 


2/02 = P + e). 

Putting p = 

sin n-Kx/l, we can, by means of (178a), write the total yl 
deflection in the form 
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Equating from (c) and (d) yo = yS , we have the solution for the unknown 
reaction p as 


p = 


-z 


2de 1 . mra , mrx 
^ 7 sm -j- sin — 5 ~ 
L L I 


e^j + id + ef^-i- n' 
J-l li 


4 IT C 

JWa 


(179) 


d e (d e) 


It is seen that the negative sign in the formula above denotes an upward-acting 
reaction p. As these p forces along the 0-0 line are known, the problem be- 
comes a statically determinate one. The components of p on the main girders 
1 and 2 will be pi = p{e/d) and p^ = — p(l + e/d) respectively. Shearing 
force, bending moment, slope and deflection curves due to the loading p can 
be obtained by successive integration of (179). By integration the convergence 
of the series increases, and in most cases the first few terms will give an accuracy 
sufficient in technical applications. 

The solution for the reaction forces p can also be obtained, in this same 
manner, when the concentrated load P is on girder 2 at a distance a from the 
left support. Here we have 


00 

n«l i/ 


2d(d + e) 1 . riTa . mrx 

— T— — sm-f. 


(180) 


where D stands for the same denominator as that in (179). The loading p 
will now point downward (positive direction) along the 0-0 line of supports. 
The components of p on girders 1 
and 2 are pi = p{e/d) and p 2 = -p- 
(1 + e/d). 

Thus far we have investigated 
the cases when it was required that 
the deflection of the crossbeams 
along the 0-0 line be zero. In a 
similar manner let us now consider 
the problem when the ends of the 
crossbeams are subjected to such 
restraints along the 0-0 line as 
will keep the slope at the ends hori- 
zontal (^ = 0) . Such an end condition can be satisfied by applying along the 0-0 
line at the ends of the crossbeams distributed moments m = X sin mrx/l, 
which will cancel the slopes originating at those ends in the fundamental system, 
where the crossbeams are free to displace under the action of the concentrated 
load P (Fig. 151). The condition from which the unknown moments m can be 
determined will now be 

n»» 

UQ — t7o , 

where Bq and Bt denote the angular deflection of the ends of the crossbeams in the 
statically fundamental sj^stem under the action of P and m respectively. 
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Assuming that P acts on girder 1, we have 


^0 ^ 2/1 J ^T?T ^ 


. nxa . % t:x 
7 A-nr ^ . sin -y- sin -y- . 

d t^EI\ n^in^ I I 


(e) 


The expression for 6? will contain terms representing the effect of the relative 
deflection between the girders 1 and 2 and the flexibility of the crossbeams. 

Using the notations in Figure 152, we 
shall have 



m 




+ y7) +m 


c(d + 3e) 
3EIo ' 


Putting now m = wt„ sin nirx/l and 
expressing yT and y” by means of (178a), 
we have 


+ 


dd + 3e) 
ZEh 


\ ■ 5 

m„ sin - 


nirx 

T’ 


(f) 


Equating from (e) and (f) 6l = ^ , we have for the unknown m the solution 


m 


= -E 


^ 2d 1 . mra . nwx 
Y sm sm -j- 
I I t 


(181) 


In this formula, m is considered positive if causing tension in the low’er fibers of 
the crossbeams. The distributed reactions due to these m moments on girders 
1 and 2 will be pi = (l/d)m and p 2 = — (l/d)m, respectively, the downward- 
directed force alwnys being taken as positive. 

For the case when the force P is on girder 2 at a distance a from the left end 
the restraining moments m, distributed along the 0-0 line are obtained as 


m 


^ 1 „ 2d 1 . nra . nwx 


(182) 


where D denotes the same denominator as that in (181). 

The two problems investigated above and shown in Figures 149 and 151 
can be regarded as parts of the solution for the general case, where a four-beam 

symmetrical grillage is loaded by 
an arbitraiily placed concen- 
trated force P (Fig. 153). Re- 
solving the load P into two 
components, a symmetrical and 
an antisymmetrical one with re- 
spect to the axis of symmetry 
0-0 of the grillage, we find that 
for the antisymmetrical case the 



Fig. 153 
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deflection and the bending moment in the crossbeams will be zero along 0-0, 
whereas in the symmetrical case the slope and the shearing force will vanish at 
these points. These two cases are evidently identical with the two whose solu- 
tions we obtained in (179-180) and (181-182). By superposition, therefore, 
we can now derive the distributed reaction forces of the crossbeams Pi,p 2 ,Vz> 
and Pa along each of the main girders 1, 2, 3, and 4 respectively for any arbitrarily 
placed transverse loading on the symmetrical four-girder grillage. Thus we get 
for the case when the load P is on girder 1 at a distance a from the left support 


where 



(183 a-d) 


Di ^ I + id + ef + n* ^ <^e\d + e) 


and 

£»* = y + )r +n*^^d\d+ 3e). 
h 12 f' oio 


With the same notations as above we have for the case when the load P is on 
girder 2 the following expressions: 


. mra . mrx 

sm-rsm — . 


P ^ 1 [eid + e) ^ ll 

F 1 r (d + e)* _ 1 “I 

I ifi hi Dt 

P^lTid + ef 

F 1 r e(d + e) , 1 1 . n-ira . mrx 


. nwa . utx 


nirx 

T ’ 


(184 a-d) 


55. Complete Continuity: Elastic Solid Foundation 

The nature of a supporting elastic medium of any type can best be described 
by the deflection line of its surface imder a unit concentrated load. In the 
major part, of the present work we have assumed the Winkler type of foundation. 
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in which a unit load causes a completely discontinuous deflection line (Fig, 154a). 
In the last three sections a- modification of this theory was discussed in which 
the deflection line of the foundation under a unit load consisted of a continuous 
and a discontinuous part (Fig. 154b). We have now to consider the case in 

which there is a complete continuity in the 
material of the foundation, the deflection line 
(Fig. 164c) being a continuous function K of 
the absolute difference of the coordinates 
of the point of application of the load ^ 
and the place x, where the deflection is 
produced: 

w = K(\x - f I). 

If a foundation, characterized by this func- 
tion, is subjected to any distributed pres- 
sure p(|) along the length I of a beam, the 
deflection line of the surface of the founda- 
tion is obtained as 

w = ( pm{\x - i\) dk. 

Assuming that the deflection of the beam under consideration is the same along 
the length I as that of the foundation, if the loading on the beam is denoted by 
q{x) we have from the flexural theory of beams 

^ = C\q{x) - p(x)]. 

By combining the last two equations we may have the problem stated in the 
form of an integrodifferential equation. This approach has been employed 
by K. Wieghardt,* the first to investigate the problem of a continuous elastic 
foundation, and he has shown that, in the special case when 

the method yields solution for beams of finite length under certain definite 
conditions of loading. It is to be noted, however, that the type of foundation 

* “ttber den Balken auf nachgiebiger Unterlage,” Zeitschrift fur angewandie Maiheina- 
tik und Mechanik, 2 (1922), 165-184. This method of solution has also been discussed in the 
following publications: P. Nem4nyi, “Tragwerke auf elastischer Unterlage,’’ Zeitschrift 
fUr angewandie Mathematik und Mechanik, 11 (1931), 4$0-463; E. Reissner, the Theory 
of Beams Resting on a Yielding Foundation,” Proceedings of the National Academy of Sci- 
mces, 23 (1937), 328-333. 
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corresponding to Wieghardt's assumption is not identical with a homogeneous 
and isotropic elastic solid, since in the latter we have* 

K{\x-^\) = C^log\x^^\ + C2, 

and with this expression for K the solution of the integrodifferential equation 
mentioned above has not as yet been obtained. 

Problems of the bending of beams supported on an elastic solid were first 
solved by W. Prager,t and his method of solution, based on applying functions 
of a complex variable, will be discussed in more detail below. 

Assume that an elastic beam of height h and of unlimited length is supported 
on an elastic solid foundation and loaded along its upper edge by a distributed 
periodic load 

«(«) = § + E a„ cos ^ . (185) 

A n=»l t 

The coordinate axes for the beam and the foundation will be denoted by y 
and x \ , respectively, as shown in Figure 155, and it will be assumed that the 
extension of the beam, the 
foundation, and also of the 
load, is unlimited in the z 
direction, so that the problem 
is that of plane strain. In the 
derivation we shall consider 
a unit width of the beam and 
foundation in the z direction. 

Denoting by (Xx and <xy the nor- 
mal stresses, by u and v the 
displacement components in the x and y dii*ections respectively, and by 
the shearing stress in this coordinate system, we shall assume that 

at y ~ 0, Xxy 0 and <ry 

at 2/ ” ^7 and t/i — 0, Xxy ^ “ 9> 

(Ty — , and V = Vi , 

while for 



2/1 = 00 

stresses and deformations must remain finite. 


The equilibrium equations in a two-dimensional stress system in the direc- 
tions X and y require that 


dcr* , dTxy 0 

dx dy 


and 


^^1/ j _ Q 

dy dx 


(a) 


* See S. Timoshenko, Theory of Elasticity (New York, 1934), p. 87. 
t “Zur Theorie elastisch gelagerter Konstruktionen,*' Zeitschrift fur angewandte Mathe- 
matik und Mechanik, 7 (1927), 354-360. 
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These equations are satisfied if the stress components are expressed as deriva- 
tives of a stress function F in the following manner: 

« 

_ d^F _ ^F _ d^F ... 

Denoting by « the volume change and by « the rotation, we have 


_ du ,dv 
^ dx dy' 

_ 1 /do dw\ 

“ “ 2Vda: ~ W’ 

and 


ff. + .T, - AF - m)( 1 - 2ja) 

where A = d^/dx^ -f d^/dy^ and E and y. are the modulus of elasticity and Pois- 
son’s ratio respectively. The equilibrium equations above can also be ex- 
pressed, by e and co, in terras of derivatives of the displacements u and o; we thus 
get: 


I — y de _ do) _ ^ 

1 - 2Md5 ^ ~ ’ 

1 - M £i j ^ ^ 0 
1 — 2;t dy dx 

Hence we see that e and w are conjugate harmonic functions; consequently, 
they can be regarded as real and imaginary parts, U and V, of a function of a 
complex variable z = x + iy: 

e + u^ = U +iV. (d) 


Assuming that 


J (U + iV)dz = ,p + #, 


(e) 
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we have 


and thus 


dip _ d}p 
dx dy 


u^il- m)AF, 


d<p __ d^ 
dy dx 


dF , 

U =: — + <p — $ 

dx 

dF 


(t) 


where s and t are also conjugate harmonic functions. 

Applying the differential operator A to (c), we find that the stress function 
F is biharmonic: 


AAF = 0. (g) 

Having obtained the general equations of elasticity above, let us return now to 
(185), where it was assumed that the loading q on the beam is periodical, with 
a period of 21. In such a case we find that, along the verticals, x = 0, x = ± 2Z, 
X = db 4Z, etc., the horizontal displacement u and its first derivative du/ dx must 
vanish. A stress function F which satisfies these requirements can be assumed 
in the following form: 


y) =fl fniy) cos (186) 

n=l I 

Substituting this expression for F in (g), we have an ordinary differential equation 
for /«(y): 


dy* ^ P dy^ I* 


= 0 , 


the solution of which is 




Since the function F in this form can satisfy the boundary requirements regarding 
stresses and deformations, these conditions will have to be satisfied inde- 
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pendently also by the harmonic functions s and t in (f). Thus we have for the 
stress and displacement components in the beam 

<^* = 27! cos 7n a; r An Cosh 7 n 2/ + -Bn Siiih 7 n 2 / 


n — 1 




+ Cn[y Cosh ynV H Sinh 

7n 




Dn^S'a 


+ D„( 2/Sinlir„2/ -1 Cosh 7, 

7 » 


nv)], 


CO 

<r„ = — Yn COS ynx{A,i Cosh ynV + Bn Sinh7„y 

n-1 

+ Cny Cosh 7 n 2/ + BnV Sinh 7 „y), 

'■xv = 7n sin 77 . a: 1 ^" ynV + Bn Cosh 7 .. y 

n-I L 


7 n(ySk 


+ Cn[y Sinh 7 n 2 / + — Cosh 7 n 2 / 

jn 


) 




+ Dn[y Cosh jnU H Sinh 7 

7n 




[ (188 a-e) 


u = ^ 23 7» sin ynX An Cosh y„y + B„ Sinh ynV 


E SI 


Cn(y 


■ An 


+ Cn[y Cosh ynV + Sinh 7„ j/^ 


2(1 - m) «. 


7 n 


+ Dn(y Sinh7n2/ + ^ — Cosh yny 

\ 7 n 


)]■ 

1 j- r 

t) ^23TnC0S7„a: A„Sinh7„2/ + S„Cosh7„2/ 

tj n=l L 

•+ Cn ^y Sinh 7n 2/ — Cosh y„ y^ 

)]• ] 


Dn(v 


+ D„[y Cosh ynV - — Sinh ynV 


here7n = nir/l. 

in these equations the integration constants satisfying the boundary condi- 
tions assumed in the problem will be 


An 2 j 
7 n 


Bn - - 


an fc Sinh^ 7nfe + Sinh 7nfc Cosh ynh + 7nfe 
7n^ fc(Sinh ynh Cosh ynh+ jnh) + Sinh^ ynh — y\h^* 
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On — Tn-^nj 

^ ^ h Sinh 7 n h Cosh jn h + Sinh^ yn h 

7 n fc(Sinh jnh Cosh jnh + jnh) + Sinh^ ynh — 

where k = [E'(l — iJ?)]/[E(l — the symbols E, m and / denoting the 
modulus of elasticity and Poisson’s ratio for the beam and the foundation 
respectively. 

The general solution in (188 a-e) can also be employed for calculating the 
stress distribution in the foundation by using for the integration constants the 
modified values An , Bn , On , and . We find that the pressure distribution 
on the surface of the foundation (yi = 0) will not be influenced by the last three 
of these constants, while for An we have 

, ^ fc(Sinh ynh + ynh Cosh ynh) 

~ 7n ^(Sinh ynh Cosh ynh + y„k) + Sinh' ynh- ylh^' 

By introducing the notation 


fc(Sinh y„h + y„h Cosh ynh) 

~ A:(Sinh 7 „ h Cosh ynh + ynh) + Sinh' 7 „ h — y\ /i' 


we have from (188 a-c) the following solution for the pressure distribution p{r), 
shearing force Q(x), and bending moment M{x) along the beam: 


p{x) 

Q(x) 

M{x) 


+ £ a. cos 7n , 

- / dy = I] - (1 - c„) sinynX, 
Jo n=l 7n 

f (TxV dy = (1 — c„) cos ynX. 

Jo n-»l y n 


(189 a-c) 


For the axial force in the beam we have at the same time 



0 . 


Though the solution above is only for an infinitely long beam under distributed 
periodic loading, it has been shown by Prager* that from this case one can 
also obtain, under specified loading conditions, solutions for beams of finite 
length. For this purpose use is made of the particular properties of periodic 
load components which, when in series, are capable of reproducing a laige variety 
of loading conditions. 


• Op. cil. (see p. 199). 
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The periodic load shown in Figure 156, for instance, can be developed in 
the form 

q{x) = 2aqo + — sin nira cos nir^ cos . (190) 

nir I ' ' 

On account of the periodic symmetry of this loading the shearing force in the 
beam at a: = ±Z, ±31, ±61, etc., will always be zero. By a suitable choice 
of the a and ^ ratios, however, one can also cancel the bending moments at those 
points, which will be equivalent to having beams with free ends. 



Pig. 156 


Substituting Cn = (iqn/nv) sin nira cos ntrfi from (190) into (189c), we have 
for the bending moment at a; = 1 


_ 4gcl^ ^ 

It— 1 


(- 1 )” 


(1 — c„) sin nra cos nr^. 


This equation can be used for the purpose of finding for any assumed value of a 
the corresponding value which will make Mi vanish. T aking these values of 
tx and |8, we can write the distribution of foundation pressure and bending 
moment along each free-end beam of length 21 as 

p(x) 

M(x) 

It should be noted that we got here the solution, not of the problem of a 
single beam of finite length supported on an elastic solid foundation, but of the 
problem in which the surface of the foundation is covered with an infini te 
row of individual beams, each of which has free ends and is loaded in the samp 
manner. 


f> I Cn . „ nirx 

= 2aqo -i 2^ — sm nira cos nirfi cos — r- , 

n-i n I 

4?r.l* (1 — Cn) . riTX 

= — r 2Li ; — - Sin nva cos nwB cos — r- . 

IT n^i V? I ; 


(191 a-b) 


56 . The Infinite Beam Supported on an Elastic Solid and Loaded by a 
Concentrated Force 

In the previous section we had the solution of the problem of an infinitely 
long beam supported on an elastic solid foundation and subjected along its upper 
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edge to a distributed periodic loading. By superimposing periodic loading 
components one can also obtain a load equivalent to a concentrated force and 
thus derive the solution for the case when the infinite beam is under the action 
of a single concentrated load. This approach has been used by M. A. Biot,* 
whose results will be discussed below. 

Consider a beam of width 26 supported on a foundation of the same width 
and subjected to a simple wave loading of the intensity 

g — Qo cos vx. 

The front and back faces of beam and foundation w^ill be assumed to be free 
of surface tractions, and thus the problem under consideration will be that of 
plane stress. If the height of the beam is small compared to the wave length 
of the applied load, the flexural theory of beams can be used with good approxi- 
mation, in which case we have for the deflection of the beam 


w = 


go cos vx 



(192a) 


where El is the flexural rigidity of the beam and is the elastic modulus of the 
foundation. At the same time the pressure distribution under the beam will be 


P 


= vE'bw ~ 


go cos vx 



(192b) 


Thus w^e find that in this particular loading there is a proportionality between 
pressure and deflection at every point along the beam, though the proportion- 
ality factor k = vWh is now not a constant but a function of the wave length 
of the loading. The bending moment in the beam due to the load g = go cos vx 
is obtained as 


M = 


go V cos vx 



(192c) 


By superposing an infinite number of simple harmonic load components, 
like that considered above, any arbitrary 'p{x) can be represented in the form 
of a Fourier integral: 


1 r“ 

p(rc) = - / dv \ p(f) cos v{x - J) 

TC VO oe 


* “Bending of an Infinite Beam on an Elastic Foundation,” Journal of Applied Mechan- 
ics, Transactions of the American Society of Mechanical Engineers, 59 (March, 1937), A 1-7. 
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Each element in this loading 


- dvd^pi^) cos v(x — f) 

TT 

])roduces a bending moment which, according to (163c), i« equivalent to 
IT/ ^ 1 J ppjj) COS v{x - 

dMix) - -^dvdl ^ , 

" +E7 

and consequently the total bending moment M(x) due to the loading p(x) is 
obtained as an integral of these elementary bending moments: 


*Lmao 


di/ V cos v{x — I) 


+ 


El 


If the loading is concentrated at x = 0 within a narrow region x = ±«, we have 

P = ?(?) d^, 

and the bending moment due to this concentrated load is obtained as 


IT Jo 


V COS VX J 

77^ 

’’+ET 


(193) 


Introducing the symbol 


/E'b\i 


we can also express the bending moment above as a function of rjx: 


where 



Mix) = P- ^(r7x), 

V 


a cos iocr}X) 


+ 1 


da. 


Fig. 1o7 


This latter formula has been used by Biot 
in evaluating numerically the bending- 
moment distiibution along the beam. 
He obtained the function <pirj^), shown 
by the solid line in Figure 157, where 
the value of the maximum bending mo- 
ment at the point of application of the 
load is 

= 0.385 -• (194) 

V 



CONTINUITY IN THE FOUNDATION 


207 


The bending moment in this ease is proportional to the one-third power of the 
flexural rigidity of the beam and not to the one-fourth power found in (5c) for 
the Winkler type of foundation, where no continuity of the material was assumed. 
Equation (5c) gives for the maximum bending moment in the beam the same 
value as (194) if we take for the modulus of foundation k the value 

/EV\i 

k = 0.710E' j . (195) 

The bending-moment curve calculated from (5c) with this value for k is shown 
by the dotted line in Figure 157. 

The deflection lines corresponding to the bending moment curves above 
can be obtained in each case by integrating twice the formula 


The lines obtained in this manner for the elastic solid foundation on the one 
hand and for the Winkler foundation with the modulus k from (195) on the other 
hand are shown in Figure 158 by full and 
dotted lines respectivel3^ Since in the 
elastic solid foundation the absolute value 
of the deflection is infinite eveiywhere, in 
order to compare the shape of these two 
types of deflection lines the ordinates at the 
point of application of the load were taken 
as the same. 

The method above has also been applied 
by Biot* to the problem when the infinitely 
long beam of w’idth 2b is supported on the Fig. 158 

surface of a three-dimensional elastic solid. 

In this case he found for the maximum bending moment in the beam under a 
concentrated load P the following value: 

r - 10.277 

= 0.332P6 I C(1 - A . (196) 



The value of the constant C in this equation depends on the character of distri- 
bution of pressure across the width 26 under the beam. For uniform distribu- 
tion of pressure C = 1; whereas if the displacement in the foundation is con- 
stant across the width, C = 1.13. In either event the value of from (196) 
Avill be verjf close to that obtained by the Winkler theorj' in tw'o dimensions, 
which, by the simple substitution of k = E' in (5c), gives 


M 


max 


= 0.353F 



Op. cit. (see p. 205) . 
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Thus we have the interesting conclusion that the simple assumption of a founda- 
tion without material continuity gives a closer approximation for the beam 
supported on a three-dimensional elastic solid, equation (196), than the cor- 
responding twm-dimensional case, equation (194). 

In the derivation of these results the foundation was regarded as an elastic 
continuum, while the deformation of the beam was calculated on the basis of the 
elementary flexural theory. This method of approach has the advantage that 
the resulting formulas can be used for beams of any cross section, 7-beams for 
instance, since the beams in this theory are defined merely by their flexural 
rigidity El and the width of the base of their cross section 2h. In consequence 
of these simplifying assumptions, how'Cver, the stress distribution in the beams 
has to be considered from a theoretical point of view as only approximate. 

A rigorous solution for the tw^o-dimensional problem of beams of rectangular 
cross section supported on an elastic solid foundation was obtained by Geoffrey 
Bosson,* who used stress and displacement functions for both beam and founda- 
tion and investigated also the case when the depth of the elastic foundation is 
finite. His method of solution will be discussed in detail below. 

A rectangular coordinate system will be chosen where the x axis coincides 
with the interface betw^een the beam and the foundation and the positive y 

axis points toward the beam, so that the upper 
and lower edges of the beam will be at 
and 2 / = 0 respectively, while the rigid base of the 
elastic foundation will be at y = — /, as shown 
in Figure 159. The front and back faces of the 
beam and the foundation at 2 = dhc will be 
considered free of normal and shearing stresses, 
the problem being thus one of plane stress. It 
will be assumed that the loading along 2 / = A is 
purely normal and that there is no shearing stress 
along the planes 2 / = 0 and y = — 

In addition to the stress function F, which is biharmonic, 

AAF = 0, 



and the second derivatives of which give the normal and shearing stresses 
_ d^F d^F d^F 

there will be introduced a displacement function W of such a nature that the 
displacements u and v in the x and y directions are defined as 




(b) 


* “The Flexure of an Infinite Elastic Strip on an Elastic Foundation,*’ Philosophical 
Magazine, Seventh Series, 27 (1939), 37-50. 
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E denoting the modulus of elasticity and ju representing Poisson's ratio for the 
material. 

Between F and W we have the relation 

d^W 

AF = , while AT7 = 0. 

ox ay 

The notations above will be used for the beam; when these symbols refer to 
the foundation they will be marked with a prime. 

The first step in approaching the problem will be to establish the relationship 
between pressure and deflection at the surface of the foundation. This part 
of the investigation will involve only constants of the foundation and will not 
make any assumptions regarding the dimensions of the beam. 

Assume for the foundation a stress function of the form 


F' 


n-O n\ 


where Xn is a function of x only. Since the stress function has to satisfy the 
equation AAF' = 0, we find upon substitution of the expression above for F' 
that the result can be expressed in terms of four arbitrary functions of x, in the 
following symbolic form:* 

F' = ^cos j/D + ^ j/D sin Xo + sin yD — | y cos Xi 

+ ^ -sin yD -Zj + ^ ~ ^ cos Xi , (197a) 

where 


The corresponding displacement function will be 

W' = sin yDXi - ^ cos yDXi + ^ sin yDX^ - cos yDXi . (197b) 


By substituting the expressions above in (a) and (b) and denoting the modulus 
of elasticity of the material of the foundation by E', we find that 

W,_o = Xz , 


while = -DXi = 0 on accoxmt of the assumed boundary condition. 

Since along the rigid base of the foundation we have [r*y]y— / = 0 and 


* Further information regarding stress functions of this type can be found in the paper 
by W. M. Shepherd, “On Generalized Plane Stress in a Thin Plane Plate,” Journal of the 
London Mathematical Society, 4, Pt. 3 (1929), 213-219. 
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[»],»_/ = 0, by introducing F' and W' into these conditions we obtain two 
simultaneous equations from which X 2 can be eliminated, giving 

-2D-8m^fD-Xo = sin/D-cos/Z) + Q . 

Substituting here the expressions 

^0 = ^ Wi,*o and Xs = 


which were obtained above, we have the fundamental relationship between 
pressure and deflection at the surface of the foundation: 

2 sin^ /jD • [(Tyly^o = sin fD • cos fD + D^E'[v]y^Q , (198) 

On the assumption that during deformation the beam remains in contact along 
its entire length with the foundation, the stress function for the beam will also 
have to satisfy the relationship obtained above in (198). 

In the analysis of the beam we shall distinguish between two cases, according 
to whether the loading on the beam is an even or an odd function of x. 

For the case when the loading is an even function of x the stress function 
will be assumed in the following form: 

Fo - (A Cosh my + By Sinh my + C Sinh my - Cmy Cosh my) cos mx, (c) 
with the corresponding displacement function 
2 

Wo = - (B Sinh my — Cm Cosh my) sin war. (d) 


The stress function in this form satisfies the boimdary condition of zero 
shear at y = 0. The values of the three constants in the expressions above for 
Fo and Wo can be determined from the other conditions, namely, that the shear 
be zero a,ty = h and that Fo and Wo give a pressure a-y and a vertical displace- 
ment V along the interface y = 0 which will satisfy the relationship in (198). 
Carrying out these operations and assuming that the load along the upper edge 
Qo(x) is an even function of x, we have QoCar) = , and the corresponding 

stress and displacement functions are obtained as 


2 r* jy’ r* ^ 

Po = - cos war dm / Qo(|) cos w? 

IT jQ jQ 

4 f* Nw r** 

sin war dm / Qo(|) cos w| df, 

‘jr Jo W'xJo Jo 


(199a.-b) 


where 


Nf ^ (Sinh mh + mh Cosh mh) ^ amy"^ Cosh my + a Sinh mj/J 

( E' \ . 

+ Imha — ^jmy Sinh mh Sinh mz/, 
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E is the elastic modulus of the material of the beam and E' that of the founda- 
tion, 

/ E' \ . 

Nw = \ mhoc ” ^ ) Sinh mh Sinh my — a(Sinh mh 4* mh Cosh mh) Cosh my, 
Do = -jT /8(Sinh mh Cosh mh -|- mh) + a(Sinh* mh — m^h^), 

ht 

and 

a = 2 Sinh^ m/, = Sinh 2mf + 2mf. 

For the case when the loading on the beam is an odd function of x, Qi(x), the 
stress function will be assumed in the form Fi = F{y) sin mx, F{y) denoting the 
same expression as that in parentheses on the right side of (c). In a manner 
similar to that used above, the stress function Fi and the displacement function 
Wi are obtained now as 

f f Qi(5) sin 

r Jo m^Do Jo 

« « (200 a-b) 

Wi - cos mx dm f Qi(^) sin df, 

'IT Jo m^JJo Jo 

where Nr , Nw , and Do denote the same expressions as in (199 a-b). 

If the depth of the foundation is large, the expressions (199 a-b) and (200 a-b) 
can be simplified by putting a/fi = 1. 

By the combination of these two cases of even and odd distributed loadings 
solutions can be derived for any arbitrary load Q{x) on the beam. Since 

Q{x) = Qo(a:) + Qi(x) and Q{-x) = Qo(x) - Qiix), 

the even and odd components of Q(x) are obtained as 

Qo(a:) = KQ(2:) + Q(-a;)] and Qi(x) = i[Q(a:) - Qi-x)]. 

The stress and displacement functions corresponding to these components 
can be obtained from (199 a-b) and (200 a-b) respectively, and thus we have 
for the general type of loading Q(x) 

F = Fo + Fi 

and 

W= Wo -hWi. 

Let us consider now the particular problem when the beam is under the 
action of a concentrated force Pa,tx = 0,y ~ h, while the depth of the founda^ 
tion is large (a = /3) and the, beam and the foundation are of the same material 
(E = E'). 
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Since the loading in this case is 


I 


QoU) COSJwH^ = o > 


the corresponding stress and displacement functions are obtained as 


Po - - f cos mx dm, 
T Jo m?Do 

^ 2P r Nw . . 

Wo = — / — sm mx dm, 

TT Jo wrDo 


(201 a-b) 


where Np , Nw , and Do denote the same expressions as in (199 a-b) except that 
they are now simplified by having a = ^ and E = E\ For the stress compo- 
nents in the beam we have now the following formulas: 


p r 1 

(T, = - / — { (Sinh mh + mh Cosh mK)[{l + my) Cosh my — Sinh my\ 

IT Jo Do 

+ (mh — 1) Sinh mh(2 Cosh my + my Sinh my) } cos wx dm, (202a) 
P 1 

(Ty = — / {(Sinh mh + mh Cosh mh)[(l — my) Cosh my + Sinh my] 

T Jo Do 

+ (mh — l)my Sinh mh Sinh my] cos mx dm, (202b) 

P f* 1 

= — / — [(Sinh mh + mh Cosh mh)(i — my) Sinh my 
TT Jo Do 

+ (mh — 1) Sinh mh(Smh my + my Cosh my)] sin mx dm. (202c) 


The pressure distribution and defiection along the interface between beam and 
foundation are obtained as 


WiM) = 


E[v]y^ = 


p r* (Sinh mh + mh Cosh mh) cos mx dm 
IT Jo Sinh mh Cosh mh + Sinh^ mh + mh m^h^ ’ 

2P r” (Sinh mh + mh Cosh mh) cos mx dm 
TT Jo m(Sinh mh Cosh mh + Sinh^ mh + mh — rnJ‘ h^) * ^ 


(203 a-b) 


Bosson* has evaluated the integrals above numerical^, partly by means of 
Filon's quadrature formulas f and partly by asymptotic expansion. The expres- 
sion in (203b) is a divergent integral, which can, however, be replaced by a con- 
vergent one by assuming zero deflection for the point of application of the load 
and referring the rest of the deflection ordinates to this point as origin. Denot- 
ing the vertical displacement components so interpreted by v, Bosson has ob- 


♦ Op. cit. (see p. 208). 

t L. N. G. Filon, “On a Quadrature Formula for Tragonometric Integrals,’^ Proceed- 
ings of the Royal Society of Edinburgh, 49 (1929), 3^7. 
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tained the following values of pressure and deflection along the beam in terms 
of the x/ln, ratios: 


X 

1 

0 

±0.5 

±1.0 

±2.0 

±3.0 

irh r 1 

-2.1709 

-1.4095 

-0.5548 

-0.0248 

0.0244 

o 

11 

0 

0.3376 

0.9330 

1.7947 

— 


A graphic representation of these curves is shown in Figures 160 a and b. It 
is seen that the pressure on the interface is zero at x/h = 2.25 and becomes 
negative (tension) for larger values of xjh. The area of the pressure diagram 
within the region x/h = dz2.25 is equivalent to — I.OIP, that is, only 1 per 
cent larger than necessary to balance the load. This shows that the solution 
above would be quite accurate even for the case when no tension could be 
transmitted through the interface between beam and foundation. 



Fig. 160 


From the numerical values in the accom- 
panying table one can also calculate the 
ratio between pressure and deflection at 
various points along the interface. The re- 
lationship, shown in Figure 161, turns out 
not to be linear, proving that it would be 
incorrect to assume a proportionality be- 
tween pressure and deflection at every point 
along the beam in such a case when the 
foundation of the beam is an elastic solid 
of unlimited depth. Fig. 161 

From the analysis above interesting 
conclusions can be drawm also for the problem when the depth of the founda- 
tion / is small compared to the height of the beam h . Expanding the operators 
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in (198) according to ascending powers of / and retaining only the first terms, 
we have in this case 

fD~[ay]y^ = D E']p\y^ . 

Introducing here, as in the flexural theory, the notation y for the deflection of 
the beam, we obtain the following differential equation for the deflection line: 

By taking for the modulus of the foundation k = cE'/j, where c is the width, 
/ is the depth, and E' is the modulus of elasticity of the foundation, we find that 
the solution of the equation above is, except for a linear term, the same as that 
obtained in (3), where no continuity in the material of the foundation was 
assumed. Hence it is seen that, if the foundation under the beam is of a con- 
tinuous elastic material but of small depth, a correct solution can be obtained 
on the basis of the simple assumption that the pressure in the foundation is 
proportional at every point to the deflection of the beam at that point. 



TABLES 
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FORMULAS 

Trigonometric Functions [ Hyperbolic Functions 


sm X 


gt» _ g-« 

S 

cos X = 

cos a; ± i sin a; = 
cos® X + sin® X ^ I 
cos® X — sin® X = cos 2x 
2 sin aj cos a; = sin 2a; 

1 


sin® r ■ 
2 


• (1 — cos x) 


X 1 

cos® - = - (1 + cos x) 

2 2 

sin(a; ± y) = sin x cos v ± cos x sin y 

cos(a; db y) = cos x cos y =F sin x sin y 

X y X — y 
sin X + sin y = 2 sin — - — cos — — 


sin X — sin y 


X + y 

cos X + cos y =* 2 cos — — cos 


^ x-h y . X - y 

2 cos — r — sin 

2 2 

X — y 


^ . X + y . X — y 

cos X — cos y « —2 sin sin 

2 2 


Sinh X 


Cosh X 


g® — 

2 

e* + c"® 


Cosh X ± Sinh x « 

Cosh® X — Sinh® x - 1 
Cosh® X + Sinh® x - Cosh 2x 
2 Sinh X Cosh x = Sinh 2x 

Sinh* l = l (Cosh a: - 1) 

2 2 

Cosh® ? “ (Cosh X + 1) 

2 2 

Sinh(x ± y) ** Sinh x Cosh y ± Cosh x Sinh y 
Cosh(x ± y) = Cosh x Cosh y ± Sinh x Sinh y 

Sinh X -H Sinh y = 2 Sinh ^ ^ Cosh — 

2 2 

Sinh X - Sinh y « 2 Cosh 

X - y 
2 

x-y 


Cosh X + Cosh y = 2 Cosh 


2 

a;4-y 


Cosh 


Cosh X - Cosh y = 2 Sinh ^ ^ Sinh 


1 radian = 67n7'44.806'^ 

0.01745329 rad., 1' « 0.00029089 rad., V = 0.00000485 rad. 



TABLES 


TABLE I 

sin X, cos X, Sinh x. Cosh x, e®, e-®. 
Ax = e“®(cos X + sin x), Bx = sin x, 
Cx = e-®(cos X — sin x), Dx = e“® cos x. 
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TABLE I 


X 

sin X 

■ cos .r 

Sinh .r 

Cosh .r 


0 

0 

1 

0 

1 

1 

0.001 

0.0010 

1.0000 

0.0010 

1.0000 

1.0010 

0.002 

0.0020 

1.0000 

0.0020 

1,0000 

1.0020 

0.003 

0.0030 

1.0000 

0.0030 

1.0000 

1.0030 

0.004 

0.0040 

1.0000 

0.0040 

1.0000 

1.0040 

0.005 

0.0050 

1.0000 

0.0050 

1.0000 

1.0050 

0.006 

0.0060 

1.0000 

0.0060 

1.0000 

1,0060 

0.007 

0.0070 

1.0000 

0.0070 

1.0000 

1.0070 

0.008 

0.0080 

1.0000 

0.0080 

1.0000 

1.0080 

0.009 

0.0090 

1.0000 

0.0090 

1.0000 

1.0090 

0.010 

0.0100 

1.0000 

0.0100 

1.0000 

1,0100 

0.011 

0.0110 

0.9999 

0.0110 

1.0001 

1.0111 

0.012 

0.0120 

0.9999 

0.0120 

1.0001 

1.0121 

0.013 

0.0130 

0.9999 

0.0130 

1.0001 

1.0131 

0.014 

0.0140 

0.9999 

0.0140 

1.0001 

1.0141 

0.015 

0.0150 

0.9999 

0.0150 

1.0001 

1.0151 

0.016 

0.0160 

0.9999 

0.0160 

1.0001 

1.0161 

0.017 

0.0170 

0.9999 

0.0170 

1.0001 

1.0172 

0.018 

0.0180 

0.9998 

0.0180 

1.0002 

1.0182 

0.019 

0.0190 

0.9998 

0.0190 

1.0002 

1.0192 

0.02 

0.0200 

0.9998 

0.0200 

1.0002 

1.0202 

0.03 

0.0300 

0.9996 

0.0300 

1.0004 

1.0304 

0.04 

0.0400 

0.9992 

0.0400 

1.0008 

1.0408 

0.05 

0.0500 

0.9988 

0,0500 

1.0012 

1.0513 

0.06 

0.0600 

0.9982 

0.0600 

1.0018 

1.0618 

0.07 

0.0699 

0.9976 

0.0701 

1.0024 

1.0725 

0.08 

0.0799 

0.9968 

0.0801 

1.0032 

1.0833 

0.09 

0.0899 

0.9960 

0.0901 

1.0040 

1.0942 

0.10 

0.0998 

0.9950 

0,1002 

1.0050 

1.1052 

0.11 

0.1098 

0.9940 

0.1102 

1.0061 

1.1163 

0.12 

0.1197 

0.9928 

0.1203 

1.0072 

1.1275 

0.13 

0.1296 

0.9916 

0.1304 

1.0085 

1.1388 

0.14 

0.1395 

0.9902 

0.1405 

1.0098 

1.1503 

0.15 

0.1494 

0.9888 

0.1506 

1.0113 

1.1618 

0.16 

0.1593 

0.9872 

0.1607 

1.0128 

1.1735 

0.17 

0.1692 

0.9856 

0.1708 

1.0145 

1.1853 

0.18 

0.1790 

0.9838 

0.1810 

1.0162 

1.1972 

0.19 

0.1889 

0.9820 

0.1912 

1.0181 

1.2092 

0.20 

0.1987 

0.9801 

0.2013 

1.0201 

1.2214 

0.21 

0.2085 

0.9780 

0.2116 

1.0221 

1.2337 

0.22 

0.2182 

0.9759 

0.2218 

1.0243 

1.2461 

0.23 

0.2280 

0.9737 

0.2320 

1.0266 

1.2586 

0.24 

0.2377 

0.9713 

0.2423 

1.0289 

1.2712 
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TABLE I 


1 ' 



0 

1 

1 

0.001 

0.9990 

1.0000 

0.002 

0.9980 

1.0000 

0.003 

0.9970 

1.0000 

0.004 

0.9960 

1.0000 

0.005 

0.9950 

1.0000 

0.006 

0.9940 

1.0000 

0.007 

0.9930 

0.9999 

0.008 

0.9920 

0.9999 

0.009 

0.9910 

0.9999 

0.010 

0.9900 

0.9999 

0.011 

0.9891 

0.9999 

0.012 

0.9881 

0.9999 

0.013 

0.9871 

0.9998 

0.014 

0.9861 

0.9998 

0.015 

0.9851 

0.9998 

0.016 

0.9841 

0.9997 

0.017 

0.9831 

0.9997 

0.018 

0.9822 

0.9997 

0.019 

0.9812 

0.9996 

0.02 

0.9802 

0.9996 

0.03 

0.9704 

0.9991 

0.04 

0.9608 

0.9984 

0.05 

0.9512 

0.9976 

0.06 

0.9418 

0.9966 

0.07 

0.9324 

0.9954 

0.08 

0.9231 

0.9940 

0.09 

0.9139 

0.9924 

0.10 

0.9048 

0.9906 

0.11 

0.8958 

0.9887 

0.12 

0.8869 

0.9867 

0.13 

0.8781 

0.9844 

0.14 

0.8694 

0.9821 

0.15 

0.8607 

0.9796 

0.16 

0.8521 

0.9770 

0.17 

0.8437 

0.9742 

0.18 

0.8353 

0.9713 

0.19 

0.8270 

0.9683 

0.20 

0.8187 

0.9651 

0.21 

0.8106 

0.9618 

0.22 

0.8025 

0.9583 

0.23 

0.7945 

0.9547 

0.24 

0.7866 

0.9511 


B . 

Cx 

D , 

0 

1 

1 

0.0010 

0.9980 

0.9990 

0.0020 

0.9960 

0.9980 

0.0030 

0,9940 

0.9970 

0.0040 

0.9920 

0.9960 

0.0050 

0.9900 

0.9950 

0.0060 

0.9880 

0.9940 

0.0070 

0.9861 

0.9930 

0.0080 

0.9841 

0.9920 

0.0087 

0.9821 

0.9910 

0.0099 

0.9801 

0.9900 

0.0109 

0.9781 

0.9890 

0.0119 

0.9761 

0.9880 

0.0129 

0.9742 

0.9870 

0.0138 

0.9722 

0.9860 

0.0148 

0.9702 

0.9850 

0.0158 

0.9683 

0.9840 

0.0167 

0.9663 

0.9830 

0.0177 

0.9643 

0.9820 

0.0187 

0.9624 

0.9810 

0.0196 

0.9604 

0.9800 

0.0291 

0.9409 

0.9700 

0.0384 

0.9216 

0.9600 

0.0476 

0.9025 

0,9501 

0.0565 

0.8836 

0.9401 

0.0653 

0.8649 

0.9302 

0.0738 

0.8464 

0.9202 

0.0822 

0.8281 

0,9103 

0.0903 

0.8100 

0.9003 

0.0983 

0.7921 

0.8904 

0.1062 

0.7744 

0.8806 

0.1138 

0.7568 

0.8707 

0.1213 

0.7395 

0.8608 

0.1286 

0.7224 

0.8510 

0.1358 

0.7055 

0.8413 

0.1427 

0.6888 

0.8315 

0.1495 

0.6722 

0.8218 

0.1562 

0.6550 

0.8121 

0.1627 

0.6398 

0.8024 

0.1690 

0.6238 

0.7928 

0.1752 

0.6080 

0.7832 

0.1812 

0.5924 

0.7736 

0.1870 

0.5771 

0.7641 
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TABLE I 


X 

sin X 

cos X 

Sinh X 

Cosh X 

e 

0.25 

0.2474 

0.9689 

0.2526 

1.0314 

1.2840 

0.26 

. 0.2571 

0.9664 

0.2629 

1.0340 

1.2969 

0.27 

0.2667 

0.9638 

0.2733 

1.0367 

1.3100 

0.28 

0.2764 

0.9611 

0.2837 

1.0395 

1.3231 

0.29 

0.2860 

0.9582 

0.2941 

1.0424 

1.3364 

0.30 

0.2955 

0.9553 

0.3045 

1.0453 

1.3500 

0.31 

0.3051 

0.9523 

0.3150 

1.0484 

1.3634 

0.32 

0.3146 

0.9492 

0.3255 

1.0516 

1.3771 

0.33 

0.3240 

0.9460 

0.3360 

1.0550 

1.3910 

0.34 

0.3335 

0.9428 

0.3466 

1.0584 

1.4050 

0.35 

0.3429 

0.9394 

0.3572 

1.0619 

1.4191 

0.36 

0.3523 

0.9359 

0.3678 

1.0655 

1.4333 

0.37 

0.3616 

0.9323 

0.3785 

1.0692 

1.4477 

0.38 

0.3709 

0.9287 

0.3892 

1.0731 

1.4623 

0.39 

0.3802 

0.9249 

0.4000 

1.0770 

1.4770 

0.40 

0.3894 

0.9211 

0.4108 

1.0811 

1.4918 

0.41 

0.3986 

0.9171 

0.4216 

1.0852 

1.5068 

0.42 

0.4078 

0.9131 

0.4325 

1.0895 

1.5220 

0.43 

0.4169 

0.9090 

0.4434 

1.0939 

1.5373 

0.44 

0.4259 

0.9048 

0.4543 

1.0984 

1.5527 

0.45 

0.4350 

0.9004 

0.4653 

1.1030 

1.5683 

0.46 

0.4440 

0.8960 

0.4764 

1.1077 

1.5841 

0.47 

0.4529 

0.8916 

0.4875 

1.1125 

1.6000 

0.48 

0,4618 

0.8870 

0.4986 

1.1174 

1.6161 

0.49 

0.4706 

0.8823 

0.5098 

1.1225 

1.6323 

0.50 

0.4794 

0.8776 

0.5211 

1.1276 

1.6487 

0.51 

0.4882 

0.8727 

0.5324 

1.1329 

1.6653 

0.52 

0.4969 

0.8678 

0.5438 

1.1383 

1.6820 

0.53 

0.5055 

0.8628 

0.5552 

1.1438 

1.6989 

0.54 

0.5141 

0.8577 

0.5666 

1.1494 

1.7160 

0.55 

0,5227 

0.8525 

0.5782 

1.1551 

1.7332 

0.56 

0.5312 

0.8473 

0.5897 

1.1609 

1.7507 

0.57 

0.5396 

0.8419 

0.6014 

1.1669 

1.7683 

0.58 

0.5480 

0.8365 

0.6131 

1.1730 

1.7860 

0.59 

0.5564 

0.8309 

0.6248 

1.1792 

1.8040 

0.60 

0.5646 

0.8253 

0.6366 

1.1855 

1.8221 

0.51 

0.5729 

0.8196 

0.6485 

1.1919 

1.8404 

0.62 

0.5810 

0.8139 

0.6605 

1.1984 

1.8589 

0.63 

0.5891 

0.8080 

0.6725 

1.2051 

1.8776 

0,64 

0.5972 

0.8021 

0.6846 

1.2119 

1.8965 

0.65 

0.6052 

0.7961 

0.6968 

1.2188 

1.9155 

0.66 

0.6131 

0.7900 

0.7090 

1.2258 

1.9348 

0.67 

0.6210 

0.7838 

0.7213 

1.2330 

1.9542 

0.68 

0.6288 

0.7776 

0.7336 

1.2402 

1.9739 

0.69 

0.6365 

0.7712 

0.7461 

1.2476 

1.9937 
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TABLE I 


X 


A . 

0.25 

0.7788 

0.9472 

0.26 

0.7710 

0.9433 

0.27 

0.7634 

0.9393 

0.28 

0.7558 

0.9353 

0.29 

0.7483 

0.9310 

a . 30 

0.7408 

0.9267 

0.31 

0.7334 

0.9222 

0.32 

0.7262 

0.9177 

0.33 

0.7189 

0.9130 

0.34 

0.7118 

0.9084 

0.35 

0.7047 

0.9036 

0.36 

0.6977 

0.8986 

0.37 

0.6907 

0.8938 

0.38 

0.6839 

0.8887 

0.39 

0.6771 

0.8836 

0.40 

0.6703 

0.8784 

0.41 

0.6636 

0.8782 

0.42 

0.6570 

0.8679 

0.43 

0.6505 

0.8625 

0.44 

0.6440 

0.8570 

0.45 

0.6376 

0.8515 

0.46 

0.6313 

0.8459 

0.47 

0.6250 

0.8403 

0.48 

0.6188 

0.8346 

0.49 

0.6126 

0.8289 

0.50 

0.6065 

0.8231 

0.51 

0.6005 

0.8173 

0.52 

0.5945 

0.8113 

0.53 

0.5886 

0.8054 

0.54 

0.5828 

0.7994 

0.55 

0.5770 

0.7934 

0.56 

0.5712 

0.7873 

0.57 

0.5655 

0.7813 

0.58 

0.5599 

0,7752 

0 59 

0.5543 

0.7690 

0.60 

0.5488 

0.7628 

0.61 

0.5434 

0.7566 

0.62 

0.5379 

0 Jr 503 

0.63 

0,5326 

0.7442 

0.64 

0.5273 

0.7379 

0.65 

0.5220 

0.7315 

0.66 

0.5168 

0.7252 

0.67 

0.5117 

0.7189 

0.68 

0.5066 

0.7126 

0.69 

0.5016 

0.7062 





0.1927 

0.5619 

0.7546 

0.1982 

0.5469 

0.7451 

0.2036 

0.5321 

0.7357 

0.2089 

0.5175 

0.7264 

0.2140 

0.5030 

0.7171 

0.2189 

0.4888 

0.7078 

0.2237 

0.4748 

0.6985 

0.2284 

0.4609 

0.6893 

0.2330 

0.4472 

0.6801 

0.2374 

0.4337 

0.6710 

0.2416 

0.4204 

0.6620 

0.2457 

0.4072 

0.6530 

0.2497 

0.3943 

0.6440 

0.2536 

0.3815 

0.6351 

0.2574 

0.3688 

0.6262 

0.2610 

0.3564 

0.6174 

0.2646 

0.3441 

0.6087 

0.2680 

0.3320 

0.6000 

0.2712 

0.3201 

0.5913 

0.2743 

0.3084 

0.5827 

0.2774 

0.2968 

0.5742 

0.2803 

0.2853 

0.5657 

0.2832 

0.2742 

0.5573 

0.2857 

0.2632 

0.5489 

0.2883 

0.2522 

0.5406 

0.2908 

0.2414 

0.5323 

0.2932 

0.2307 

0.5241 

0.2954 

0.2204 

0.5159 

0.2976 

0.2103 

0.5079 

0.2996 

0.2002 

0.4998 

0.3016 

0.1902 

0.4918 

0.3035 

0.1805 

0.4839 

0.3052 

0.1709 

0.4761 

0.3068 

0.1615 

0.4683 

0.3084 

0.1522 

0.4606 

0.3099 

0.1430 

0.4529 

0.3113 

0.1340 

0.4453 

0.3126 

0.1252 

0.4378 

0.3138 

0.1166 

0.4301 

0.3150 

0.1080 

0.4230 

0.3160 

0.0996 

0.4156 

0.3169 

0.0914 

0.4083 

0.3178 

0.0833 

0.4011 

0.3186 

0.0754 

0.3940 

0.3193 

0.0676 

0.3 B 69 



222 BEAMS OK ELASTIC FOUNDATION 


TABLE I 


X 

sin .r 

cos .r 

Sinh X 

Cosh :r 

o ' 

0.70 

0.6442 

0.7648 

0.7586 

1.2552 

2.0138 

0.71 

0.6518 

0.7584 

0.7712 

1,2628 

2.0340 

0.72 

0.6594 

0.7518 

0.7838 

1.2706 

2.0544 

0.73 

0.6669 

0.7452 

0.7966 

1.2785 

2.0751 

0.74 

0.6743 

0.7385 

0.8094 

1.2865 

2.0959 

0.75 

0.6816 

0.7317 

0.8223 

1.2947 

2.1170 

0.76 

0.6889 

0.7248 

0.8353 

1.3030 

2.1383 

0.77 

0.6961 

0.7179 

0.8484 

1.3114 

• 2.1598 

0.78 

0.7033 

0.7109 

0.8615 

1.3199 

2.1815 


0.7071 

0.7071 

0.8687 

1.3246 

2.1933 

0.70 

0.7104 

0.7038 

0.8748 

1.3286 

2.2034 

0.80 

0.7174 

0.6967 

0.8881 

1.3374 

2.2255 

0.81 

0.7243 

0.6895 

0.9015 

1.3464 

2.2479 

0.82 

0.7312 

0,6822 

0.9150 

1.3555 

2.2705 

0.83 

0.7379 

0.6749 

0.9286 

1.3647 

2.2933 

0.84 

0.7446 

0.6675 

0.9423 

1.3740 

2.3164 

0.85 

0.7513 

0.6600 

0.9561 

1.3835 

2.3396 

0.86 

0.7578 

0.6524 

0.9700 

1.3932 

2.3632 

0.87 

0.7643 

0.6448 

0.9840 

1.4029 

2.3869 

0.88 

0.7707 

0.6372 

0.9981 

1.4128 

2.4100 

0.80 

0.7771 

0.6294 

1.0122 

1.4229 

2.4351 

0.90 

0.7 S 33 

0.6216 

1.0265 

1.4331 

2.4596 

0.91 

0,7895 

0.6138 

1.0400 

1.4434 

2.4843 

0.92 

0.7956 

0.6058 

1.0554 

1.4530 

2.5093 

0.93 

0.8016 

0.5978 

1.0700 

1.4645 

2.5345 

0.94 

0.8076 

0.5898 

1.0847 

1.4753 

2,5600 

0.95 

0.8134 

0.5817 

1.0995 

1.4862 

2.5857 

0.96 

0.8192 

0.5735 

1.1144 

1.4973 

2.6117 

0.97 

0.8249 

0.5653 

1.1294 

1.5085 

2.6370 

0.98 

0.8305 

0.5570 

1.1446 

1.5200 

2.6645 

0.99 

0.8360 

0.5487 

1 . 1598 

1.5314 

2,6912 

1.00 

0.8415 

0.5403 

1.1752 

1.5431 

2.7183 

1.01 

0.8468 

0,5319 

1.1907 

1.5549 

2.7456 

1.02 

0.8521 

0.5234 

1.2063 

1.5669 

2.7732 

1.03 

0.8573 

0.5148 

1.2220 

1.5790 

2.8011 

1.04 

0.8624 

0.5062 

1 .2370 

1.5913 

2.8202 

1.05 

0.8674 

0,4976 

1.2539 

1.6038 

2.8570 

1.06 

0.8724 

0.4889 

1.2700 

1.6164 

2.8864 

1.07 

0.8772 

0.4801 

1.2862 

1.6292 

2.9154 

1.08 

0.8820 

0.4713 

1.3025 

1.6421 

2.9447 

1.09 

0.8866 

0.4625 

1.3190 

1 .6552 

2.0713 

1.10 

0.8912 

0.4536 

1.3356 

1.6685 

3.00-12 

1.11 

0.8957 

0.4447 

1.3524 

1.6820 

3.0344 

1.12 

0.9001 

0.4357 

1.3693 

1.6956 

3.0648 

1.13 

0.9044 

0.4267 

1.3863 

1.7093 

3-0957 

1.14 

0,9086 

0.4176 

1.4035 

1.7233 

3.1268 
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TABLE I 


X 


A , 

5 . 

c . 

D . 

0.70 

0.4966 

0.6997 

0.3199 

0.0599 

0.3798 

0.71 

0.4916 

0.6933 

0.3205 

0.0524 

0.3729 

0.72 

0.4868 

0.6869 

0.3210 

0.0449 

0.3659 

0.73 

0.4819 

0.6805 

0.3214 

0.0377 

0.3591 

0.74 

0.4771 

0.6741 

0.3217 

0.0307 

0.3524 

0.75 

0.4724 

0.6676 

0.3220 

0,0237 

0.3456 

0.76 

0.4677 

0.6611 

0.3221 

0.0168 

0.3389 

0.77 

0.4630 

0.6547 

0.3223 

0.0101 

0.3324 

0.78 

0.4584 

0.6483 

0.3224 

0.0035 

0.3259 


0.4559 

0.6448 

0.3224 

0 

0.3224 

0.79 

0.4538 

0.6418 

0.3224 

- 0.0030 

0.3195 

0.80 

0.4493 

0.6353 

0.3223 

- 0.0093 

0.3131 

0.81 

0.4449 

0.6289 

0.3222 

- 0.0155 

0.3067 

0.82 

0.4404 

0.6225 

0.3221 

- 0.0217 

0.3004 

0.83 

0.4360 

0.6160 

0.3219 

- 0.0276 

0.2943 

0.84 

0.4317 

0.6096 

0.3215 

- 0.0334 

0.2881 

0.85 

0.4274 

0.6032 

0.3212 

- 0.0391 

0.2821 

0.86 

0.4232 

0.5968 

0.3207 

- 0.0446 

0.2761 

0.87 

0.4190 

0.5904 

0.3202 

- 0.0500 

0.2702 

0.88 

0.4148 

0.5840 

0.3197 

- 0.0554 

0.2643 

0.89 

0.4107 

0.5776 

0.3191 

- 0.0606 

0.2585 

0.90 

0.4066 

0.5712 

0.3185 

- 0.0658 

0.2527 

0.91 

0.4025 

0.5648 

0.3178 

- 0.0708 

0.2470 

0.92 

0.3985 

0.5584 

0.3171 

- 0.0757 

0.2414 

0.93 

0.3946 

0.5521 

0.3169 

- 0.0805 

0.2359 

0.94 

0.3906 

0.5459 

0.3155 

- 0.0851 

0.2304 

0.95 

0.3867 

0.5396 

0.3146 

- 0.0896 

0.2250 

0.96 

0.3829 

0.5333 

0.3107 

- 0.0941 

0.2196 

0.97 

0.3791 

0.5270 

0.3127 

- 0.0984 

0.2143 

0.98 

0.3753 

0.5207 

0.3117 

- 0.1027 

0.2090 

0.99 

0.3716 

0.5145 

0.3107 

- 0.1069 

0.2038 

1.00 

0.3679 

0.5083 

0.3096 

- 0.1109 

0.1987 

1.01 

0.3642 

0.5021 

0.3085 

- 0.1147 

0.1937 

1.02 

0.3606 

0.4960 

0.3073 

- 0.1185 

0.1888 

1.03 

0.3570 

0.4899 

0.3061 

- 0.1223 

0.1839 

1.04 

0.3534 

0.4839 

0.3049 

- 0.1259 

0.1790 

1,06 

0.3499 

0.4778 

0.3036 

- 0.1294 

0.1742 

1.06 

0.3465 

0.4716 

0.3023 

- 0.1328 

0.1694 

1.07 

0.3430 

0.4656 

0.3009 

- 0.1362 

0.1647 

1.08 

0.3396 

0.4596 

0.2995 

- 0.1394 

0.1601 

1.09 

0,3362 

0.4536 

0.2981 

- 0.1426 

0.1555 

1.10 

0.3329 

0.4476 

0,2967 

- 0.1458 

0.1509 

1.11 

0.3296 

0.4416 

0.2952 

- 0.1488 

0.1464 

1.12 

0.3263 

0.4356 

0.2936 

- 0,1516 

0,1420 

1.13 

0.3230 

0.4298 

0.2921 

- 0.1543 

0.1378 

1.14 

0.3198 

0.4240 

0.2906 

- 0.1570 

0.1335 
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TABLE I 


X 

sin X 

COS X 

Sinh X 

Cosh X 


1.15 

0.9128 

0.4085 

1.4208 

1.7374 

3.1582 

1.16 

0.9168 

0.3993 

1.4382 

1.7517 

3.1899 

1.17 

0.9208 

0.3902 

1.4558 

1.7662 

3.2220 

1.18 

0.9246 

0.3809 

1.4736 

1.7808 

3.2544 

1.19 

0.9284 

0.3717 

1.4914 

1.7956 

3.2871 

1.20 

0.9320 

0.3624 

1.5095 

1.8107 

3.3201 

1.21 

0.9356 

0.3530 

1.5276 

1.8258 

3.3535 

1.22 

0.9391 

0.3436 

1.5460 

1.8412 

3.3872 

1.23 

0.9425 

0.3342 

1.5645 

1.8568 

3.4212 

1.24 

0.9458 

0.3248 

1.5831 

1.8725 

3.4556 

1.25 

0.9490 

0.3153 

1.6019 

1.8884 

3.4903 

1.26 

0.9521 

0.3058 

1.6209 

1.9045 

3.5254 

1.27 

0.9551 

0.2963 

1.6400 

1.9208 

3.5608 

1.28 

0.9580 

0.2867 

1.6593 

1.9373 

3.5966 

1.29 

0.9608 

0.2771 

1.6788 

1.9540 

3.6328 

1.30 

0.9636 

0.2675 

1.6984 

1.9709 

3.6693 

1.31 

0.9662 

0.2578 

1.7182 , 

1.9880 

3.7062 

1.32 

0.9687 

0,2482 

1.7381 

2.0053 

3.7434 

1.33 

0.9712 

0.2385 

1.7583 

2.0228 

3.7810 

1.34 

0.9735 

0.2288 

1.7786 

2.0404 

3.8190 

1.35 

0.9757 

0.2190 

1.7991 

2.0583 

3.8574 

1.36 

0.9779 

0.2092 

1.8198 

2.0764 

3.8962 

1.37 

0.9799 

0.1994 

1.8406 

2.0947 

3.9354 

1.38 

0.9818 

0.1896 

1.8617 

2.1132 

3.9749 

1.39 

0.9837 

0.1798 

1.8829 

2.1320 

4.0148 

1.40 

0.9854 

0.1700 

1.9043 

2.1509 

4.0552 

1.41 

0.9871 

0.1601 

1.9259 

2.1700 

4.0960 

1.42 

0.9886 

0.1502 

1.9477 

2.1894 

4.1371 

1.43 

0.9901 

0.1403 

1.9697 

2.2090 

4.1787 

1.44 

0.9915 

0.1304 

1.9919 

2.2288 

4.2207 

1.45 

0.9927 

0.1205 

2.0143 

2.2488 

4.2631 

1.46 

0.9939 

0.1106 

2.0369 

2.2691 

4.3060 

1.47 

0.9949 

0.1006 

2.0596 

2.2896 

4.3492 

1.48 

0.9959 

0.0907 

2.0826 

2.3103 

4.3930 

1.49 

0.9967 

0.0807 

2.1059 

2.3312 

4.4371 

1.50 

0.9975 

0.0707 

2.1293 

2.3524 

4.4817 

1.51 

0.9982 

0.0608 

2.1529 

2.3738 

4.5267 

1.52 

0.9987 

0.0508 

2.1768 

2.3955 

4.5722 

1.53 

0.9992 

0.0408 

2.2008 

2.4174 

4.6182 

1.51 

0.9995 

0 . 030 S 

2.2251 

2.4395 

4. 6646 

1,55 

0.9998 

0.0208 

2.2496 

2.4619 

4.7115 

1.56 

0.9999 

0.0108 

2.2743 

2.4845 

4.7588 

1.57 

1.0000 

0.0008 

2.2993 

2.5074 

4.8066 


1 

0 

2.3013 

2.5092 

4.8105 

1.58 

1.0000 

- 0.0092 

2.3245 

2.5305 

4.8550 

1.59 

0,9998 

- 0.0192 

2.. 3499 

2 , 55.38 

4,9038 
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TABLE I 


X 



Bz 


Dz 

1.15 

0.3166 

0.4183 

0.2890 

- 0.1597 

0.1293 

1.16 

0.3135 

0.4126 

0.2874 

- 0.1622 

0.1252 

1.17 

0.3104 

0.4069 

0.2858 

- 0.1647 

0.1241 

1.18 

0.3073 

0.4012 

0.2842 

- 0.1671 

0.1171 

1.19 

0.3042 

0.3955 

0.2825 

- 0.1694 

0.1131 

1;20 

0.3012 

0.3898 

0.2807 

- 0.1716 

0.1091 

1.21 

0.2982 

0.3842 

0.2790 

- 0.1737 

0.1053 

1.22 

0.2952 

0.3786 

0.2773 

- 0.1758 

0.1014 

1.23 

0.2923 

0.3731 

0.2755 

- 0.1778 

0.0977 

1.24 

0.2894 

0.3677 

0.2737 

- 0.1797 

0.0940 

1.25 

0.2865 

0.3623 

0.2719 

- 0.1815 

0.0904 

1.26 

0.2836 

0.3569 

0.2701 

- 0.1833 

0.0868 

1.27 

0.2808 

0.3515 

0.2683 

- 0.1849 

0.0833 

1.28 

0.2780 

0.3462 

0.2664 

- 0.1865 

0.0798 

1.29 

0.2753 

0.3408 

0.2645 

- 0.1881 

0.0763 

1,30 

0.2725 

0.3355 

0.2626 

- 0.1897 

0.0729 

1.31 

0.2698 

0.3303 

0.2607 

- 0.1911 

0.0696 

1.32 

0.2671 

0.3251 

0.2588 

- 0.1925 

0.0663 

1.33 

0.2645 

0.3199 

0.2569 

- 0.1938 

0.0631 

1.34 

0.2618 

0.3148 

0.2550 

- 0.1950 

0.0600 

1.35 

0.2592 

0.3098 

0.2530 

- D .1962 

0.0568 

1,36 

0.2567 

0.3047 

0.2510 

- 0.1973 

0.0537 

1.37 

0.2541 

0.2997 

0.2490 

- 0.1983 

0.0507 

1.38 

0.2516 

0.2948 

0.2470 

- 0.1993 

0.0478 

1.39 

0.2491 

0.2898 

0.2450 

- 0.2003 

0.0448 

1.40 

0.2466 

0.2849 

0.2430 

- 0.2011 

0.0419 

1.41 

0.2441 

0.2801 

0.2410 

- 0.2019 

0.0391 

1.42 

0.2417 

0.2753 

0.2390 

- 0.2027 

0.0363 

1.43 

0.2393 

0.2705 

0.2370 

- 0.2033 

0.0336 

1.44 

0.2369 

0.2658 

0.2349 

- 0.2039 

0.0309 

1.45 

0.2346 

0.2611 

0.2329 

- 0.2045 

0.0283 

1.46 

0.2322 

0.2565 

0.2308 

- 0.2051 

0.0257 

1.47 

0.2299 

0.2519 

0.2288 

- 0.2056 

0.0232 

1.48 

0.2276 

0.2474 

0.2267 

- 0.2060 

0.0207 

1.49 

0.2254 

0.2429 

0.2247 

- 0.2064 

0.0183 

1.50 

0.2231 

0.2384 

0.2226 

- 0.2068 

0.0158 

1.51 

0.2209 

0.2339 

0.2205 

- 0.2071 

0.0134 

1.52 

0.2187 

0.2295 

0.2184 

- 0.2073 

0.0111 

1.53 

0.2165 

0.2252 

0.2164 

- 0.2075 

0.0089 

1.54 

0.2144 

0.2209 

0.2143 

- 0.2077 

0.0066 

1.55 

0.2122 

0.2166 

0.2122 

- 0.2078 

0.0044 

1.56 

0.2101 

0.2123 

0.2101 

- 0.2079 

0.0022 

1.57 

0,2080 

0.2082 

0.2081 

- 0.2079 

0,0002 

ix 

0.2079 

0.2079 

0.2079 

- 0.2079 

0 

1.58 

0.2060 

0.2041 

0.2060 

- 0.2079 

- 0.0019 

1.59 

0.2039 

0.2000 

0.2039 

- 0.2078 

- 0.0039 
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TABLE I 


X 

sin X 

cos X 

Sinh .X 

Cosh X 


1.60 

0.9996 

- 0.0292 

2.3756 

2.5775 

4.9530 

1.61 

0.9992 

- 0.0392 

2.4015 

2.6014 

5.0028 

1.62 

0.9988 

- 0.0492 

2.4276 

2.6255 

5.0531 

1.63 

0.9982 

- 0.0692 

2.4540 

2.6499 

5.1039 

1.64 

0.9976 

- 0.0692 

2.4806 

2.6746 

5.1552 

1.66 

0.9969 

- 0.0791 

2.5075 

2.6995 

5.2070 

1.66 

0.9960 

- 0.0891 

2.5346 

2.7247 

5.2593 

1.67 

0.9951 

- 0.0990 

2.5620 

2.7502 

5.3122 

1.68 

0.9940 

- 0.1090 

2.5896 

2.7760 

5.3656 

1.69 

0.9929 

- 0.1189 

2.6175 

2.8020 

5.4195 

1.70 

0.9917 

- 0.1288 

2.6456 

2.8283 

5.4740 

1.71 

0.9903 

- 0.1388 

2.6740 

2.8549 

5.5290 

1.72 

0.9889 

- 0.1486 

2.7027 

2.8818 

5.5845 

1.73 

0.9874 

- 0.1585 

2.7317 

. 2.9090 

5.6406 

1.74 

0.9857 

- 0.1684 

2.7609 

2.9364 

5.6973 

1.75 

0.9840 

- 0.1782 

2.7904 

2.9642 

5.7546 

1.76 

0.9822 

- 0.1881 

2.8202 

2.9922 

5.8124 

1.77 

0.9802 

- 0.1979 

2.8503 

3.0206 

5.8708 

1.78 

0.9782 

- 0.2077 

2.8806 

3.0492 

5.9299 

1.79 

0.9761 

- 0.2174 

2.9112 

3.0782 

5.9894 

1.80 

0.9738 

- 0.2272 

2.9422 

3.1075 

6.0496 

1.81 

0.9715 

- 0.2369 

2.9734 

3.1370 

6.1104 

1.82 

0.9691 

- 0.2466 

3.0049 

3.1669 

6.1719 

1.83 

0.9666 

- 0.2563 

3.0367 

3.1972 

6.2339 

1.84 

0.9640 

- 0.2660 

3.0689 

3.2277 

6.2965 

1.85 

0.9613 

- 0.2756 

3.1013 

3.2585 

6.3598 

1.86 

0.9585 

- 0.2852 

3.1340 

3.2897 

6.4237 

1.87 

0.9556 

- 0.2948 

3.1671 

3.3212 

6.4883 

1.88 

0.9526 

' - 0.3043 

3.2005 

3.3530 

6.5535 

1.89 

0.9495 

- 0.3138 

3.2342 

3.3852 

6.6194 

1.90 

0.9463 

- 0.3233 

3.2682 

3.4177 

6.6859 

1.91 

0.9430 

- 0.3327 

3.3025 

3.4506 

6.7531 

1.92 

0.9396 

- 0.3422 

3.3372 

3.4838 

6.8210 

1.93 

0.9362 

- 0.3515 

3.3722 

3.5173 

6.8895 

1.94 

0.9326 

- 0.3609 

3.4075 

3.5512 

6.9588 

1.95 

0.9290 

- 0.3702 

3.4432 

3.5855 

7.0287 

1.96 

0.9252 

- 0.3794 

3.4792 

3.6201 

7.0993 

1.97 

0.9214 

- 0.3887 

3.5156 

3.6551 

7.1707 

1.98 

0.9174 

- 0.3979 

3.5523 

3.6904 

7.2427 

1.99 

0.9134 

- 0.4070 

3.5894 

3.7261 

7.3155 

2.00 

0.9093 

- 0.4162 

3.6269 

3.7622 

7.3891 

2.01 

0.9051 

- 0.4252 

3.6647 

3.7986 

7.4633 

2.02 

0.9008 

- 0,4342 

3.7028 

3.8355 

7.5383 

2.03 

0.8964 

- 0,4432 

3.7414 

3.8727 

7.6141 

2.04 

0.8919 

- 0.4522 

3.7803 

3.9103 

7.6906 
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TABLK I 


X 


A . 


Cx 

Dx 

1.60 

0.2019 

0.1960 

0.2018 

- 0.2077 

- 0.0059 

1.61 

0.1999 

0.1919 

0.1997 

- 0.2075 

- 0.0078 

1.62 

0.1979 

0.1879 

0.1976 

- 0.2073 

- 0.0097 

1.63 

0.1959 

0.1840 

0.1956 

- 0.2071 

- 0.0116 

1.64 

0.1940 

0.1801 

0.1935 

- 0.2069 

- 0.0134 

1.65 

0.1920 

0.1763 

0.1915 

- 0.2067 

- 0.0152 

1.66 

0.1901 

0.1725 

0.1894 

- 0.2064 

- 0.0170 

1.67 

0.1882 

0,1686 

0.1873 

- 0.2060 

- 0.0187 

1.68 

0.1864 

0.1648 

0.1852 

- 0.2056 

- 0.0204 

1.69 

0.1845 

0.1612 

0.1832 

- 0.2051 

- 0.0220 

1.70 

0.1827 

0.1576 

0.1812 

- 0.2046 

- 0.0236 

1.71 

0.1809 

0.1540 

0.1791 

- 0.2042 

- 0.0251 

1.72 

0.1791 

0.1505 

0.1771 

- 0.2037 

- 0.0266 

1.73 

0.1773 

0.1470 

0.1751 

- 0.2032 

- 0.0281 

1.74 

0.1755 

0.1435 

0.1730 

- 0.2026 

- 0.0296 

1.75 

0.1738 

0.1400 

0.1720 

- 0.2020 

- 0.0310 

1.76 

0.1720 

0.1365 

0.1690 

- 0.2013 

- 0.0324 

1.77 

0.1703 

0.1332 

0.1670 

- 0.2006 

- 0.0338 

1.78 

0.1686 

0.1299 

0.1650 

- 0.2000 

- 0.0351 

1.70 

0.1670 

0.1266 

0.1630 

- 0.1993 

- 0.0364 

1.80 

0.1653 

0,1234 

0.1610 

- 0.1985 

- 0.0376 

1.81 

0.1636 

0.1202 

0.1590 

- 0.1978 

- 0.0388 

1.82 

0.1620 

0.1170 

0.1570 

- 0.1970 

- 0.0400 

1.83 

0.1604 

0.1138 

0.1550 

- 0.1962 

- 0.0412 

i.ai 

0.1588 

0.1108 

0.1531 

- 0.1953 

- 0.0423 

1.85 

0.1572 

0,1078 

0.1512 

- 0.1945 

- 0.0434 

1,86 

0.1557 

0.1048 

0.1492 

- 0.1936 

- 0.0444 

1.87 

0.1541 

0.1018 

0.1473 

- 0.1927 

- 0.0454 

1.88 

0.1526 

0.0989 

0.1453 

- 0.1917 

- 0.0464 

1.89 

0.1511 

0.0960 

0.1434 

- 0.1908 

- 0.0474 

1.90 

0.1496 

0.0932 

0.1415 

- 0.1899 

- 0.0484 

1.91 

0.1481 

0.0904 

0.1396 

- 0.1889 

- 0.0493 

1.92 

0.1466 

0.0876 

0.1377 

- 0.1879 

- 0.0501 

1.93 

0.1452 

0.0849 

0.1359 

- 0.1869 

- 0.0510 

1.94 

0.1437 

0.0822 

0.1340 

- 0.1859 

- 0.0519 

1.95 

0.1423 

0.0795 

0.1322 

- 0.1849 

- 0.0527 

1.96 

0.1409 

0.0769 

0.1304 

- 0.1838 

- 0.0535 

1.97 

0.1395 

0.0743 

0.1285 

- 0.1827 

- 0.0543 

1.98 

0.1381 

0.0717 

0.1267 

- 0.1816 

- 0.0550 

1.99 

0.1367 

0.0692 

0.1249 

- 0.1804 

- 0.0556 

2.00 

0.1353 

0.0667 

0.1230 

- 0.1793 

- 0.0563 

2.01 

0.1340 

0.0643 

0.1213 

- 0.1782 

- 0.0569 

2.02 

0.1327 

0.0619 

0.1195 

- 0.1771 

- 0.0576 

2.03 

0.1313 

0.0595 

0.1128 

- 0.1759 

- 0.0582 

2.04 

0.1300 

0.0571 

0.1160 

- 0.1748 

- 0.0588 
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TABLE I 


X 

sin X 

cos X 

Sinh X 

Cosh X 


2.06 

0.8874 

- 0.4611 

3.8196 

3.9483 

7.7679 

2.06 

0.8827 

- 0.4699 

3.8593 

3.9867 

7.8460 

2.07 

0.8780 

- 0.4787 

3.8993 

4.0255 

7.9248 

2.08 

0.8731 

- 0.4875 

3.9398 

4.0647 

8.0045 

2.09 

0.8682 

- 0-4962 

3.9806 

4 . 1043 * 

8.0849 

2.10 

0.8632 

- 0.5048 

4.0219 

4.1443 

8.1662 

2.11 

0.8581 

- 0.5134 

4.0635 

4.1847 

8.2482 

2.12 

0.8529 

- 0.5220 

4.1056 

4.2256 

8.3311 

2.13 

0.8477 

- 0.5305 

4.1480 

4.2668 

8.4149 

2.14 

0.8423 

- 0.5390 

4.1909 

4.3086 

8.4994 

2.15 

0.8369 

- 0.5474 

4.2342 

4.3507 

8.5849 

2.16 

0.8314 

- 0.5557 

4.2779 

4.3932 

8.6711 

2.17 

0.8258 

- 0.5640 

4.3220 

4.4362 

8.7583 

2.18 

0.8201 

- 0.5722 

4.3666 

4.4797 

8.8463 

2.19 

0.8143 

- 0.5804 

4.4116 

4.5236 

8.9352 

2.20 

0.8085 

- 0.5885 

4.4571 

4.5679 

9.0250 

2.21 

0.8026 

- 0.5966 

4.5030 

4.6127 

9.1157 

2.22 

0.7966 

- 0.6046 

4.5494 

4.6580 

9.2073 

2.23 

0.7905 

- 0.6125 

4.5962 

4.7037 

9.2999 

2.24 

0.7843 

- 0.6204 

4.6434 

4.7499 

9.3933 

2.25 

0.7781 

- 0.6282 

4.6912 

4.7966 

9.4877 

2.26 

0.7718 

- 0.-6359 

4.7394 

4.8437 

9.5831 

2.27 

0.7654 

- 0,6436 

4.7880 

4.8914 

9.6794 

2.28 

0.7589 

- 0.6512 

4.8372 

4.9395 

9.7767 

2.29 

0.7523 

- 0.6588 

4.8868 

4.9881 

9.8749 

2.30 

0.7457 

- 0.6663 

4.9370 

5.0372 

9.9742 

2.31 

0.7390 

- 0.6737 

4.9876 

5.0868 

10.0744 

2.32 

0.7322 

- 0.6811 

5.0387 

5.1370 

10.1757 

2.33 

0.7254 

- 0.6883 

5.0903 

5.1876 

10.2779 

2.34 

0.7185 

- 0.6956 

5.1424 

5.2388 

10.3812 

2.35 

0.7115 

- 0.7027 

5.1951 

5.2905 

10.4856 

iir 

0.7071 

- 0.7071 

5.2280 

5.3228 

10.5507 

2.36 

0.7044 

- 0.7098 

5.2483 

5.3427 

10.5910 

2.37 

0.6973 

- 0.7168 

5.3020 

5.3954 

10.6974 

2.38 

0.6901 

- 0.7237 

5.3562 

5.4487 

10.8049 

2.39 

0.6828 

- 0.7306 

5.4109 

5.5026 

10.9135 

2.40 

0.6755 

- 0.7374 

5.4662 

5.5570 

11.0232 

2.41 

0.6681 

- 0.7441 

5.5221 

5.6119 

11,1340 

2.42 

0.6606 

- 0.7508 

5.5785 

5.6674 

11.2459 

2.43 

0.6530 

- 0.7573 

5.6354 

5.7235 

11.3589 

2.44 

0.6454 

- 0.7638 

5.6929 

5.7801 

11.4730 

2.45 

0.6378 

- 0.7702 

5.7510 

5.8373 

11.5884 

2.46 

0.6300 

- 0.7766 

5.8097 

5.8951 

11.7048 

2.47 

0.6222 

- 0.7828 

5.8689 

5.9535 

11.8224 

2.48 

0.6144 

- 0.7890 

5.9288 

6.0125 

11.9413 

2.49 

0.6064 

- 0.7951 

5.9892 

6.0721 

12.0613 




230 BEAMS ON ELASTIC FOUNDATION 


TABLE I 


X 

sin X 

cos X 

Sinh X 

Cosh X 


2.50 

0.5985 

- 0.8011 

6.0502 

6.1323 

12.1825 

2.61 

0.6904 

- 0.8071 

6.1118 

6.1931 

12.3049 

2.52 

0.6823 

- 0.8130 

6.1741 

6.2545 

12.4286 

2.53 

0.5742 

- 0.8187 

6.2369 

6.3166 

12.5535 

2.54 

0.5660 

- 0.8244 

6.3004 

6.3793 

12.6797 

2.55 

0.5577 

- 0.8300 

6.3645 

6.4426 

12.8071 

2.56 

0.5494 

- 0.8356 

6.4293 

6.5066 

12.9358 

2,57 

0.5410 

- 0.8410 

6.4946 

6.5712 

13.0658 

2.58 

0.5325 

- 0.8464 

6.5607 

6.6365 

13.1971 

2.59 

0.5240 

- 0.8517 

6.6274 

6.7024 

13.3298 

2.60 

0.5155 

- 0.8569 

6.6947 

6.7690 

13.4637 

2.61 

0.5069 

- 0.8620 

6.7628 

6.8363 

13.5990 

2.62 

0.4983 

- 0.8670 

6.8315 

6.9043 

13.7357 

2.63 

0.4896 

- 0.8720 

6.9008 

6.9729 

13.8738 

2.64 

0.4808 

- 0.8768 

6.9709 

7.0423 

14.0132 

2.65 

0.4720 

- 0.8816 

7.0417 

7.1123 

14.1540 

2.66 

0.4632 

- 0.8863 

7.1132 

7.1831 

14.2963 

2.67 

0.4543 

- 0.8908 

7.1854 

7.2546 

14.4400 

2.68 

0.4454 

- 0.8953 

7.2583 

7.3268 

14.5851 

2,69 

0.4364 

- 0.8998 

7.3319 

7.3998 

14.7317 

2.70 

0.4274 

- 0.9041 

7.4063 

7.4735 

14.8797 

2.71 

0.4183 

- 0,9083 

7.4814 

7.5479 

15.0293 

2.72 

0.4092 

- 0.9124 

7.5572 

7.6231 

15.1803 

2.73 

0.4001 

- 0.9165 

7.6338 

7.6990 

15.3329 

2.74 

0.3909 

- 0.9204 

7.7112 

7.7758 

15.4870 

2.75 

0.3817 

- 0.9243 

7.7894 

7.8533 

15.6426 

2.76 

0.3724 

- 0.9281 

7.8683 

7.9316 

15.7998 

2.77 

0.3631 

- 0.9318 

7.9480 

8.0106 

15.9586 

2.78 

0.3538 

- 0.9353 

8.0285 

8.0905 

16.1190 

2.79 

0.3444 

- 0.9388 

8.1098 

8.1712 

16.2810 

2.80 

0.3350 

- 0.9422 

8.1919 

8.2527 

16.4446 

2.81 

0.3256 

- 0.9455 

8.2749 

8.3351 

16.6099 

2.82 

0.3161 

- 0.9487 

8.3586 

8.4182 

16.7768 

2.83 

0.3066 

- 0.9518 

8.4432 

8.5022 

16.9455 

2.84 

0.2970 

- 0.9549 

8.5287 

8.5871 

17.1158 

2.85 

0.2875 

- 0.9578 

8.6150 

8.6728 

17.2878 

2.86 

0.2779 

- 0.9606 

8.7021 

8.7594 

17.4615 

2.87 

0.2683 

- 0.9633 

8.7902 

8.8469 

17.6370 

2.88 

0.2586 

- 0.9660 

8.8791 

8.9352 

17.8143 

2.89 

0.2490 

- 0.9685 

8.9689 

9.0244 

17.9933 

2.90 

0.2392 

- 0.9710 

9.0596 

9.1146 

18.1742 

2.91 

0.2295 

- 0.9733 

9.1512 

9.2056 

18.3568 

2.92 

0.2198 

- 0.9756 

9 . 248 ? 

9.2976 

18.5413 

2.93 

0.2100 

- 0.9777 

9.3371 

9.3905 

18.7276 

2.94 

0.2002 

- 0.9798 

9.4315 

9.4844 

18.9158 
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TABLE I 


6 -* 

A. 



0.0821 

- 0.0166 

0.0492 

- 0,1149 

0.0813 

- 0.0176 

0.0480 

- 0.1136 

0.0805 

- 0.0185 

0.0464 

- 0.1123 

0.0797 

- 0.0195 

0.0457 

- 0.1109 

0.0789 

- 0.0204 

0.0446 

- 0.1096 

0.0781 

- 0.0213 

0.0435 

- 0.1083 

0.0773 

- 0..0221 

0.0425 

- 0.1071 

0.0765 

- 0.0228 

0.0414 

- 0.1058 

0.0758 

- 0.0237 

0.0403 

- 0.1045 

0.0750 

- 0.0246 

0.0394 

- 0.1033 

0.0743 

- 0.0254 

0.0383 

- 0,1020 

0.0735 

- 0.0261 

0.0373 

- 0.1007 

0.0728 

- 0.0269 

0.0363 

- 0.0994 

0.0721 

- 0.0276 

0.0353 

- 0.0982 

0.0714 

- 0.0283 

0.0343 

— 0.0969 

0.0706 

- 0.0289 

0.0334 

- 0.0956 

0.0700 

- 0.0296 

0.0324 

- 0.0944 

0.0692 

- 0.0302 

0.0315 

- 0.0932 

0.0686 

- 0.0308 

0.0306 

- 0.0920 

0.0679 

- 0.0314 

0.0297 

- 0.0908 

0.0672 

- 0.0320 

0.0287 

- 0.0895 

0.0665 

- 0.0326 

0.0279 

- 0.0883 

0.0659 

- 0.0331 

0.0270 

- 0.0871 

0.0652 

- 0.0337 

0.0261 

- 0.0859 

0.0646 

- 0.0342 

0.0253 

- 0.0847 

0.0639 

- 0.0347 

0.0244 

- 0.0835 

0.0633 

- 0.0352 

0.0236 

- 0.0823 

0.0627 

- 0.0356 

0.0228 

- 0.0811 

0,0620 

- 0.0361 

0.0220 

- 0.0799 

0.0614 

- 0.0365 

0.0212 

- 0.0787 

0.0608 

- 0.0369 

0,0204 

— 0.0777 

0.0602 

- 0.0373 

0.0196 

- 0.0765 

0.0596 

- 0.0377 

0.0188 

- 0.0754 

0.0590 

- 0.0381 

0.0181 

- 0.0742 

0.0584 

- 0.0385 

0.0173 

- 0.0731 

0.0578 

- 0.0388 

0.0167 

- 0.0721 

0.0573 

- 0.0391 

0.0160 

- 0.0710 

0.0567 

- 0.0394 

0.0153 

- 0.0699 

0.0561 

- 0.0397 

0.0145 

- 0.0687 

0.0556 

- 0.0400 

0.0138 

- 0.0676 

0.0550 

- 0.0403 

0.0132 

- 0.0666 

0.0545 

— 0.0406 

0.0125 

- 0.0656 

0.0539 

— 0.0409 

0.0114 

- 0.0645 

0.0534 

- 0.0411 

0.0112 

- 0.0634 

0.0529 

- 0.0413 

0.0106 

— 0.0624 


- 0.0658 

- 0,0656 

- 0.0654 

- 0.0652 

- 0.0650 

- 0.0648 

- 0.0646 

- 0.0644 

- 0,0642 

- 0.0640 

- 0.0637 

- 0.0634 

- 0.0632 

- 0.0629 

- 0.0626 

- 0.0623 

- 0.0620 

- 0.0617 

- 0 . C 614 

- 0.0611 

- 0 . C 608 

- 0.0605 

- 0.0601 

- 0.0598 

- 0.0594 

- 0.0591 

- 0.0588 

- 0.0585 

- 0.0581 

- 0.0577 

- 0.0573 

- 0.0570 

- 0.0566 

- 0.0562 

- 0.0558 

- 0.0554 

— 0.0550 

- 0.0546 

- 0.0542 

- 0.0538 

- 0.0534 

- 0.0530 

- 0.0526 

— 0-0522 

- 0.0518 
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BEAMS ON ELASTIC FOUNDATION 


TABLE I 


X 

sm X. 

cos X 

2.95 

0.1904 

- 0.9817 

2.96 

0.1806 

- 0.9836 

2.97 

0.1708 

- 0.9853 

2.98 

0,1609 

- 0.9870 

2.99 

0,1510 

- 0.9885 

3.00 

0.1411 

- 0.9900 

3.01 

0.1312 

- 0.9914 

3.02 

0.1213 

- 0.9926 

3.03 

0.1114 

- 0.9938 

3.04 

0.1014 

- 0.9948 

3.05 

0.0915 

- 0.9958 

3.06 

0.0815 

- 0.9967 

3.07 

0.0715 

- 0.9974 

3.08 

0.0616 

- 0.9981 

3.09 

0.0516 

- 0.9987 

3.10 

0.0416 

- 0.9991 

3.11 

0.0316 

- 0.9995 

3.12 

0.0216 

- 0.9998 

3.13 

0.0116 

- 0.9999 

3.14 

0.0016 

- 1.0000 

V 

0 

-1 

3.15 

- 0.0084 

- 1.0000 

3.16 

- 0,0184 

- 0.9998 

3.17 

- 0.0284 

- 0.9996 

3.18 

- 0.0384 

- 0,9993 

3.19 

- 0.0484 

- 0.9988 

3.20 

- 0.0584 

- 0,9983 

3.21 

- 0.0684 

- 0.9977 

3.22 

- 0.0783 

- 0.9969 

3.23 

- 0.0883 

- 0.9961 

3.24 

- 0.0982 

- 0.9952 

3.25 

- 0.1082 

- 0.9941 

3.26 

- 0.1181 

- 0.9930 

3.27 

- 0.1280 

- 0.9918 

3,28 

- 0.1380 

- 0.9904 

3.29 

- 0.1479 

- 0.9890 

3.30 

- 0.1578 

- 0.9875 

3,31 

- 0.1676 

- 0.9858 

3.32 

- 0.1775 

- 0.9841 

3.33 

- 0.1873 

- 0.9823 

3.34 

- 0.1971 

- 0.9804 

3.35 

- 0.2069 

- 0.9784 

3.36 

- 0.2169 

- 0.9762 

3.37 

- 0.2264 

- 0.9740 

3.38 

- Q.2362 

- 0.9717 

3,39 

- 0.2459 

- 0.9693 


Sinh X 

Cosh X 


9.5268 

9.5792 

19.1060 

9.6231 

9.6749 

19.2980 

9.7203 

9.7716 

19.4919 

9.8185 

9.8693 

19.6878 

9.9177 

9.9680 

19.8857 

10.0179 

10,0677 

20.0855 

10.1190 

10.1684 

20.2874 

10.2212 

10.2700 

20.4913 

10.3245 

10.3728 

20.6972 

10.4287 

10.4765 

20,9052 

10,5340 

10.5814 

21.1153 

10,6403 

10.6872 

21.3276 

10.7477 

10.7942 

21.5419 

10,8562 

10.9022 

21.7584 

10.9658 

10.0113 

21.9771 

11.0764 

11.1215 

22.1980 

11.1882 

11.2328 

22.4210 

11.3011 

11.3453 

22.6464 

11.4151 

11 . 458.8 

22.8740 

11.5303 

11.5736 

23.1039 

11.5487 

11.5920 

23.1407 

11.6466 

11.6895 

23.3361 

11.7641 

11.8065 

23.5706 

11.8827 

11.9247 

23.8075 

12.0026 

12.0442 

24.0468 

12.1236 

12.1648 

24.2884 

12.2459 

12.2866 

24.5325 

12.3694 

12.4097 

24.7791 

12.4941 

12.5340 

25.0281 

12.6200 

12.6596 

25.2797 

12.7473 

12.7864 

25.5337 

12.8758 

12.9146 

25.7903 

13.0056 

13.0440 

26.0495 

13.1367 

13.1747 

26.3113 

13.2691 

13.3067 

26,5758 

13.4028 

13.4401 

26.8429 

13.5379 

13.5748 

27.1126 

13.6743 

13.7108 

27,3851 

13.8121 

13.8482 

27.6604 

13.9513 

13.9871 

27.9383 

14.0918 

14.1273 

28.2191 

14.2338 

14.2689 

28.5027 

14.3772 

14.4120 

28.7892 

14.5221 

14.6565 

29.0785 

14.6684 

14.7024 

29.3708 

14.8161 

14.8498 

29.6660 
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TABLE I 


e -* 

A . 


c. 

0.0523 

- 0.0415 

0.0100 

- 0.0614 

0.0518 

- 0.0417 

0.0094 

-0 0603 

0.0513 

- 0,0419 

0.0088 

- 0.0593 

0.0508 

- 0,0420 

0.0082 

- 0.0583 

0.0503 

- 0.0421 

0.0076 

- 0.0573 

0.0498 

- 0.0422 

0.0071 

- 0.0563 

0.0493 

- 0.0423 

0.0065 

- 0.0553 

0.0488 

- 0.0424 

0.0059 

— 0.0543 

0,0483 

- 0,0425 

0.0054 

- 0,0534 

0.0478 

- 0.0426 

0.0049 

- 0.0524 

0.0474 

- 0.0427 

0.0043 

- 0.0515 

0.0469 

- 0.0428 

0.0039 

- 0-0505 

0.0464 

- 0.0429 

0.0034 

- 0.0496 

0.0460 

- 0.0430 

0.0029 

- 0.0487 

0.0455 

- 0.0431 

0.0023 

- 0.0478 

0.0450 

- 0.0431 

0.0019 

- 0.0469 

0.0446 

- 0,0431 

0.0015 

— 0.0460 

0.0442 

- 0.0432 

0.0010 

- 0.0451 

0.0437 

- 0.0432 

0.0006 

- 0.0442 

0.0433 

- 0.0432 

0.0001 

- 0.0433 

0.0432 

- 0.0432 

0 

- 0.0432 

0.0428 

- 0.0432 

- 0,0004 

- 0.0424 

0.0424 

- 0.0432 

- 0.0008 

- 0.0416 

0.0420 

— 0.0432 

- 0.0012 

- 0.0407 

0.0416 

- 0.0431 

- 0.0016 

- 0.0399 

0.0412 

- 0.0431 

— 0.0020 

- 0.0391 

0.0408 

- 0.0431 

- 0.0024 

- 0.0383 

0.0404 

- 0.0430 

- 0.0029 

- 0.0375 

0.0400 

- 0.0430 

- 0.0032 

- 0.0367 

0.0396 

- 0.0429 

- 0.0035 

- 0.0359 

0.0392 

- 0.0428 

- 0.0039 

— 0.0351 

0.0388 

- 0.0427 

- 0.0042 

— 0.0343 

0.0384 

- 0.0426 

- 0.0046 

— 0.0336 

0.0380 

- 0.0425 

- 0.0049 

- 0.0328 

0.0376 

- 0.0424 

- 0.0052 

- 0.0321 

0.0372 

- 0.0423 

- 0.0055 

- 0.0313 

0.0369 

- 0.0422 

- 0.0058 

- 0.0306 

0.0365 

- 0.0421 

- 0.0061 

— 0.0299 

0.0362 

- 0.0420 

- 0.0064 

- 0.0292 

0.0358 

- 0.0419 

- 0,0067 

- 0.0285 

0.0354 

— 0.0418 

- 0.0070 

— 0.0278 

0.0351 

- 0.0417 

- 0.0073 

- 0.0271 

0.0347 

- 0.0415 

- 0.0075 

- 0.0264 

0.0344 

— 0.0413 

- 0.0078 

- 0.0257 

0.0340 

— 0.0411 

- 0.0080 

- 0.0251 

0.0337 

- 0.0409 

- 0.0083 

- 0.0244 


jDa: 

- 0,0514 

- 0.0510 

- 0.0506 

- 0.0502 

- 0.0497 

- 0.0493 

- 0 .( M 89 

- 0 . 04 S 4 

- 0.0480 

- 0.0476 

- 0.0472 

- 0.0468 

- 0.0464 

- 0.0459 

- 0.0455 

- 0.0450 

- 0.0446 

- 0.0441 

- 0.0437 

- 0.0432 

- 0.0432 

- 0 . 042 S 

- 0.0423 

- 0.0420 

- 0.0415 

- 0.0411 

- 0.0407 

- 0.0403 

- 0.0399 

- 0.0394 

- 0.0390 

- 0.0385 

- 0.0381 

- 0.0377 

- 0.0373 

- 0.0369 

- 0.0365 

- 0.0360 

- 0.0356 

- 0.0352 

- 0.0398 

- 0.0344 

- 0.0340 

- 0.0335 

- 0.0331 

- 0.0327 
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TABLE I 


X 

sin X 

cos X 

Sink X 

Cosh X 

e* 

3.40 

-0.2555 

-0.9668 

14.9654 

14.9987 

29.9641 

3.41 

-0.2652 

-0.9642 

15.1161 

15.1491 

30.2652 

3,42 

-0.2748 

-0.9615 

15.2684 

15.3011 

30,5694 

3,43 

-0.2844 

-0.9587 

15.4221 

15.4545 

30.8766 

3.44 

-0.2940 

-0.9558 

15.5774 

15.6095 

31.1870 

3.45 

-0.3035 

-0.9528 

15.7343 

15.7661 

31.5004 

3.46 

-0.3130 

-0.9497 

15.8928 

15.9242 

31.8170 

3.47 

-0.3225 

-0.9466 

16.0528 

16.0839 

32.1367 

3,48 

-0.3320 

-0.9433 

16.2145 

16.2453 

32.4597 

3.49 

-0.3414 

-0.9399 

16.3777 

16.4082 

32.7860 

3.50 

-0,3508 

-0.9365 

16.5426 

16.5728 

33.1154 

3.51 

-0.3601 

-0.9329 

16.7092 

16.7391 

33.4483 

3.52 

-0.3694 

-0.9292 

16.8774 

16.9070 

33.7844 

3.53 

-0.3787 

-0.9255 

17.0473 

17.0766 

34.1240 

3.54 

-0.3880 

-0.9217 

17.2190 

17.2480 

34.4669 

3.55 

-0.3972 

-0.9178 

17.3923 

17.4210 

34.8133 

3.56 

-0.4063 

-0.9137 

17.5674 

17.5958 

35.1632 

3.57 

-0.4154 

-0.9096 

17.7442 

17.7724 

35.5166 

3.58 

-0.4245 

-0.9054 

17.9228 

17.9507 

35.8735 

3.59 

-0.4335 

-0.9011 

18.1032 

18.1308 

36.2341 

3.60 

-0.4425 

-0.8968 

18.2855 

18.3128 

36.5982 

3 61 

-0.4515 

-0.8923 

18.4695 

18.4966 

36.9660 

3.62 

-0.4604 

-0.8877 

18.6554 

18.6822 

37.3376 

3.63 

-0.4692 

-0.8831 

18.8432 

18.8697 

37.7128 

3.64 

-0.4780 

-0.8784 

19.0328 

19.0590 

38.0918 

3.65 

-0.4868 

-0.8735 

19.2243 

19.2503 

38.4747 

3.66 

-0.4955 

-0.8686 

19.4178 

19.4435 

38.8613 

3.67 

-0.5042 

-0.8636 

19.6132 

19.6387 

39.2519 

3.68 

-0.5128 

-0.8585 

19.8106 

19.8358 

39.6464 

3.69 

-0.5213 

-0.8534 

20.0099 

20.0349 

40.0448 

3.70 

-0.5298 

-0.8481 

20.2113 

20.2360 

40.4473 

3.71 

-0.5383 

-0.8428 

20.4147 

20.4391 

40.8538 

3.72 

-0.5467 

-0.8373 

20.6201 

20.6443 

41.2644 

3,73 

-0.5550 

-0.8318 

20.8276 

20.8516 

41.6791 

3.74 

-0.5633 

-0.8262 

21.0371 

21.0609 

42.0980 

3.75 

-0.5716 

-0,8206 

21.2488 

21.2723 

42.5211 

3.76 

-0.5797 

-0,8148 

21.4626 

21.4858 

42.9484 

3.77 

-0.5879 

-0.8090 

21.6785 

21.7016 

43.3801 

3.78 

-0.5959 

-0.8030 

21.8966 

21.9194 

43.8160 

3.79 

-0.6039 

-0.7970 

22.1169 

22.1395 

44.2564 

3.80 

-0.6119 

-0.7910 

22.3394 

22.3618 

44.7012 

3.81 

-0.6197 

-0.7848 

22.5642 

22.5863 

45.1504 

3.82 

-0.6276 

-0.7786 

22.7911 

22.8131 

45.6042 

3.83 

-0.6353 

-0.7723 

23.0204 

23.0421 

46.0625 

3.84 

-0.6430 

-0.7659 

23.2520 

23.2735 

46.5255 
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TABLE I 



A , 


c . 


0.0334 

- 0.0408 

- 0.0085 

- 0.0238 

- 0.0323 

0.0330 

- 0.0406 

- 0.0088 

- 0.0231 

- 0.0319 

0.0327 

- 0.0404 

- 0.0090 

- 0.0225 

- 0.0315 

0.0324 

- 0.0403 

- 0.0093 

- 0.0218 

- 0.0311 

0.0321 

- 0.0401 

- 0.0094 

- 0.0212 

- 0,0307 

0.0318 

- 0.0399 

- 0.0097 

- 0.0206 

- 0.0303 

0.0314 

- 0.0397 

- 0.0099 

- 0.0200 

- 0.0299 

0.0311 

- 0.0395 

- 0.0101 

- 0.0194 

- 0.0295 

0.0308 

- 0.0392 

- 0.0102 

- 0.0189 

- 0.0291 

0.0305 

- 0.0390 

- 0.0104 

- 0.0183 

- 0.0287 

0.0302 

- 0.0388 

- 0.0106 

- 0.0177 

- 0.0283 

0.0299 

- 0.0386 

- 0.0108 

- 0.0171 

- 0.0279 

0.0296 

- 0.0384 

- 0.0109 

- 0.0165 

- 0.0275 

0.0293 

- 0.0382 

- 0.0111 

- 0.0160 

- 0.0271 

0.0290 

- 0.0380 

- 0.0113 

- 0.0155 

- 0.0268 

0.0287 

- 0.0378 

- 0.0114 

- 0.0149 

- 0.0264 

0.0284 

- 0.0376 

- 0.0116 

- 0.0144 

- 0.0260 

0.0282 

- 0.0373 

- 0.0117 

- 0.0139 

- 0.0257 

0.0279 

- 0.0371 

- 0.0118 

- 0.0134 

- 0.0253 

0.0276 

- 0.0368 

- 0.0120 

- 0.0129 

- 0.0249 

0.0273 

- 0.0366 

- 0.0121 

- 0.0124 

- 0.0245 

0.0270 

- 0.0363 

- 0.0122 

- 0.0119 

- 0.0242 

0.0268 

- 0.0361 

- 0.0123 

- 0.0114 

- 0.0238 

0.0265 

- 0.0359 

- 0.0124 

- 0.0109 

- 0.0234 

0.0262 

- 0.0356 

- 0.0125 

- 0.0105 

- 0.0231 

0.0260 

- 0.0354 

- 0.0126 

- 0.0101 

- 0.0227 

0.0257 

- 0.0351 

- 0.0127 

- 0.0096 

- 0.0223 

0.0255 

- 0.0348 

- 0.0128 

- 0.0092 

- 0.0220 

0.0252 

- 0.0346 

- 0.0129 

- 0.0088 

- 0.0217 

0.0250 

- 0.0343 

- 0.0130 

- 0.0083 

- 0.0214 

0.0247 

- 0.0341 

- 0.0131 

- 0.0079 

- 0.0210 

0.0245 

- 0,0338 

- 0.0132 

- 0.0075 

- 0.0207 

0.0242 

- 0.0336 

- 0.0132 

- 0.0071 

- 0.0203 

0.0240 

- 0.0333 

- 0.0133 

- 0.0067 

- 0.0200 

0.0238 

- 0.0330 

- 0.0133 

- 0,0063 

- 0.0197 

0.0235 

- 0.0327 

- 0.0134 

- 0.0059 

- 0.0193 

0.0233 

- 0.0324 

- 0.0135 

- 0.0055 

- 0.0190 

0.0230 

- 0.0322 

- 0.0136 

- 0.0051 

- 0.0187 

0.0228 

- 0.0319 

- 0.0136 

- 0.0048 

- 0.0184 

0.0226 

- 0.0316 

- 0.0137 

- 0.0044 

- 0.0180 

0.0224 

- 0.0314 

- 0.0137 

- 0.0040 

- 0.0177 

0.0222 

- 0.0311 

- 0.0138 

— 0.0036 

- 0.0174 

0.0219 

- 0.0308 

- 0.0138 

— 0.0033 

- 0.0171 

0.0217 

- 0.0305 

- 0.0138 

- 0.0030 

- 0.0168 

0.0215 

- 0.0303 

- 0.0138 

— 0.0027 

- 0.0165 
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X 

sm X 

3.85 

-0.6506 

3.86 

-0.6582 

3.87 

-0.6657 

3.88 

-0.6731 

3,89 

-0.6805 

3.90 

-0.6878 

3.91 

-0.6950 

3.92 

-0.7022 

|r 

-0.7071 

3.93 

-0.7092 

3.94 

-0.7162 

3.95 

-0.7232 

3.96 

-0.7301 

3.97 

-0.7369 

3.98 

-0.7436 

3.99 

-0.7502 

4.00 

-0.7568 

4.10 

-0.8183 

4.20 

-0.8716 

4.30 

-0.9162 

4.40 

-0.9516 

4.50 

-0.9775 

4.60 

-0.9937 

4.70 

-0.9999 

lir 

-1 

4.80 

-0.9962 

4.90 

-0.9824 

5.00 

-0.9589 

5.10 

-0.9258 

5.20 

-0.8834 

5.30 

-0.8323 

5.40 

-0.7728 

It 

-0.7071 

5.50 

-0.7055 

5.60 

-0.6313 

5.70 

-0.5507 

6.80 

-0.4646 

5.90 

-0.3739 

6.00 

-0.2794 

6.10 

-0.1822 

6.20 

-0.0831 

2t 

0 

6.30 

0.0168 

6.40 

0.1166 


TABLE I 


cos x 

Sinh X 

-0.7594 

23.4859 

-0.7528 

23.7221 

-0.7462 

23.9608 

-0.7393 

24.2018 

-0.7328 

24.4452 

-0.7259 

24.6911 

-0.7190 

24.9395 

-0.7120 

25.1903 

-0.7071 

25.3672 

-0.7050 

25.4437 

-0.6978 

25.6996 

-0.6906 

25.9581 

-0.6834 

26.2191 

-0.6760 

26.4828 

-0.6686 

26.7492 

-0.6612 

27.0182 

-0.6536 

27.2899 

-0.5748 

30.1619 

-0.4903 

33.3357 

-0.4008 

36.8431 

-0.3073 

40.7193 

-0.2108 

45.0030 

-0.1122 

49.7371 

-0.0124 

54.9690 

0 

55.6644 

0.0875 

60.7611 

0.1865 

67.1412 

0.2837 

74.2032 

0.3780 

82.0079 

0.4685 

90.6334 

0.5544 

100.1659 

0.6347 

110.7010 

0.7071 

122.0735 

0.7087 

122.3439 

0.7756 

135.2114 

0.8347 

149.4320 

0.8855 

165.1483 

0.9275 

182.6174 

0.9602 

201.7132 

0.9833 

222.9278 

0.9965 

246.3735 

1 

267.7449 

0.9999 

272.2850 

0.9932 

300.9217 


Cosh X 

e* 

23.5072 

46.9931 

23.7432 

47.4654 

23.9816 

47.9424 

24.2224 

48.4242 

24.4667 

48.9109 

24.7114 

49.4024 

24.9595 

49.8990 

25.2101 

50.4004 

25.3869 

60.7640 

26.4633 

50.9070 

26.7190 

51.4186 

25.9773 

51.9354 

26.2382 

52.4573 

26.5017 

52.9845 

26.7679 

53.5170 

27.0367 

54.0549 

27.3082 

54.5982 

30.1784 

60.3403 

33.3507 

66.6863 

36.8567 

73.6998 

40.7316 

81.4609 

45.0141 

90.0171 

49.7472 

99.4843 

64.9781 

109.9472 

55.6634 

111.3178 

60.7593 

121.5104 

67.1486 

134.2898 

74.2100 

148.4132 

82.0140 

164.0219 

90.6389 

181.2722 

100.1709 

200.3368 

110.7065 

221.4064 

122.0776 

244.1511 

122.3480 

244.6919 

135.2150 

270.4264 

149.4354 

298.8674 

165.1513 

330.2996 

182.5201 

366.0375 

201.7156 

403.4288 

222.9300 

445.8578 

246.3755 

492.7490 

267.7468 

536.4917 

272.2869 

544.5719 

300.9434 

601.8450 
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TABLE I 


X 


A , 

B , 

c. 


3.85 

0.0213 

- 0.0300 

- 0.0139 

- 0.0023 

- 0.0162 

3.86 

0.0211 

- 0.0297 

- 0.0139 

- 0.0020 

- 0.0159 

3.87 

0.0209 

- 0.0294 

- 0.0139 

- 0.0017 

- 0.0156 

3.88 

0.0206 

- 0.0292 

- 0.0139 

- 0.0014 

- 0.0153 

3.89 

0.0204 

- 0.0289 

- 0.0139 

- 0.0011 

- 0.0160 

3.90 

0.0202 

- 0.0286 

- 0.0140 

- 0.0008 

- 0.0147 

3.91 

0.0200 

- 0.0283 

- 0.0140 

- 0.0005 

- 0.0144 

3.92 

0.0198 

- 0.0280 

- 0.0140 

- 0.0002 

- 0.0141 


0.0197 

- 0.0278 

- 0.0140 

0 

- 0.0139 

3.93 

0.0196 

- 0.0278 

- 0.0140 

0.0001 

- 0.0139 

3.94 

0.0194 

- 0.0275 

- 0.0139 

0.0003 

- 0.0136 

3.95 

0.0192 

- 0.0272 

- 0.0139 

0.0005 

- 0.0133 

3.96 

0.0191 

- 0.0269 

- 0.0139 

0.0008 

- 0.0130 

3.97 

0.0189 

- 0.0267 

- 0.0139 

0.0011 

- 0.0128 

3.98 

0.0187 

- 0.0264 

- 0.0139 

0.0014 

- 0.0125 

3.99 

0.0185 

- 0.0261 

- 0.0139 

0.0017 

- 0.0122 

4.00 

0.0183 

- 0.0258 

- 0.0139 

0.0019 

- 0.0120 

4.10 

0.0166 

- 0.0231 

- 0.0136 

0.0040 

- 0.0096 

4.20 

0.0150 

- 0.0204 

- 0.0131 

0.0057 

- 0.0074 

4.30 

0.0136 

- 0.0179 

- 0.0125 

0.0070 

- 0.0055 

4.40 

0.0123 

- 0.0155 

- 0.0117 

0.0079 

- 0.0038 

4.50 

0.0111 

- 0.0132 

- 0.0108 

0.0085 

- 0.0023 

4.60 

0.0101 

- 0.0111 

- 0.0100 

0.0089 

- 0.0012 

4.70 

0.0091 

- 0.0092 

- 0.0091 

0.0090 

- 0.0001 

fTT 

0.0090 

- 0.0090 

- 0.0090 

0,0090 

0 

4.80 

0.0082 

- 0.0075 

- 0.0082 

0.0089 

0.0007 

4.90 

0.0074 

- 0.0059 

. - 0.0073 

0.0087 

0.0014 

5,00 

0.0067 

- 0.0046 

- 0.0065 

0,0084 

0.0019 

5.10 

0.0061 

- 0.0033 

- 0.0057 

0.0080 

0.0023 

5.20 

0,0055 

- 0.0023 

- 0.0049 

0.0075 

0.0026 

6.30 

0.0050 

- 0.0014 

- 0.0042 

0.0069 

0.0028 

5.40 

0.0045 

- 0.0006 

- 0.0035 

0.0064 

0.0029 


0.0041 

0 

- 0.0029 

0.0058 

0.0029 

5.50 

0.0041 

0.0000 

- 0.0029 

0.0058 

0.0029 

5.60 

0.0037 

0.0005 

- 0.0023 

0.0052 

0.0029 

5.70 

0.0033 

0.0009 

- 0.0018 

0.0046 

0.0028 

5.80 

0.0030 

0.0013 

- 0.0014 

0.0041 

0.0027 

5.90 

0.0027 

0.0015 

- 0.0010 

0.0036 

0.0026 

6.00 

> 0.0025 

0.0017 

- 0.0007 

0.0031 

0.0024 

6.10 

0.0022 

0.0018 

- 0.0004 

0.0026 

0.0022 

6.20 

0.0020 

0.0019 

- 0.0002 

0.0022 

0.0020 

2 t 

0.0019 

0.0019 

0 

0.0019 

0.0019 

6,30 

0.0018 

0.0019 

0.0001 

0.0018 

0.0019 

6.40 

0.0017 

0.0018 

0.0002 

0.0015 

0.0017 
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TABLE I 


% 

sin X 

cos X 

6.50 

0.2151 

0.9766 

6.60 

0.3115 

0.9502 

6.70 

0.4048 

0.9144 

6.80 

0.4941 

0.8694 

6.90 

0.5784 

0.8157 

7.00 

0.6570 

0.7539 

\r 

0.7071 

0.7071 

7.10 

0.7290 

0.6846 

7.20 

0.7937 

0.6084 

7.30 

0.8504 

0.5261 

7.40 

0.8987 

0.4386 

7.50 

0.9380 

0.3466 

7.60 

0.9679 

0.2513 

7.70 

0.9882 

0.1534 

7.80 

0.9985 

0.0540 

l-T 

1 

0 

7.90 

0.9989 

-0.0460 

8.00 

0.9894 

-0.1455 


Sinh X 

Cosh X 


332.5701 

332.5716 

665.1416 

367.5469 

367.5483 

735.0952 

406.2023 

406.2035 

812.4058 

448.9231 

448.9242 

897.8473 

496,1369 

496.1379 

992.2747 

548.3161 

548.3170 

1096.6332 

587.2412 

587.2420 

1174.4832 

605.9831 

605.9840 

1211.9671 

669.7150 

669.7158 

1339.4308 

740.1496 

740.1503 

1480.2999 

817.9919 

817.9925 

1635.9844 

904.0209 

904.0215 

1808.0424 

999.0977 

999.0982 

1998.1959 

1104.1738 

1104.1742 

2208.3480 

1220.3008 

1220.3012 

2440.6020 

1287.9850 

1287.9854 

2575,9705 

1348.6410 

1348.6414 

2697.2823 

1490.4788 

1490.4792 

2980.9580 
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TABLE I 



A . 


Cx 

D . 

0.0015 

0.0018 

0.0003 

0.0012 

O.OOIS 

0.0014 

0.0017 

0.0004 

0.0009 

0-0015 

0.0012 

0.0016 

0.0005 

0.0006 

0.0013 

0.0011 

0.0015 

0.0006 

0.0004 

0.0011 

0.0010 

0.0014 

0.0006 

0.0002 

0.0009 

0.0000 

0.0013 

0.0006 

0.0001 

0.0007 

0.0009 

0.0012 

0.0006 

0 

0.0006 

0.0008 

■ 0.0012 

0.0006 

- 0.0000 

0.0006 

0.0007 

0.0011 

0.0006 

- 0.0001 

0.0006 

0.0007 

0.0009 

0.0006 

- 0.0002 

0.0004 

0.0006 

0.0008 

0.0006 

- 0.0003 

0.0003 

0.0006 

0.0007 

0.0005 

- 0.0003 

0.0002 

0.0005 

0.0006 

0.0005 

- 0.0004 

0.0001 

0.0005 

0.0006 

0.0005 

- 0.0004 

O.COOl 

0.0004 

0.0004 

0.0004 

- 0.0004 

0.0000 

0.0004 

0.0004 

0.0004 

— 0.0004 

0 

0.0004 

0.0004 

0.0004 

- 0.0004 

— 0.0000 

0.0003 

0.0002 

0.0003 

- 0.0004 

— 0.0001 
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TABLE II 

, Ejr , Fj , 



« 1 e* 

V 5 ^ — - - ■ • — 

^ 2 Cosh a: + cos * ’ 

jff 2^ MM I ^ 

” 2 Cosh ® — cos * ' 


^ 1 ___£____ 

2 Sinh a; + sin ® ’ 

^1 e* 

" * 2 Sinh ap — sin » ’ 
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TABLE II 


X 

El 

Eij 

Fj 

Fii 

0 

oo 

00 

0.25000 

OO 

0.05 

5.25320 

25000.0 

0.26281 

215.51724 

0.10 

2.76342 

1492.537 

0.27629 

55.15720 

0.15 

1.93656 

505.050 

0.29046 

25.75992 

0.20 

1.52653 

233.645 

0.30533 

15.26252 

0.25 

1.28391 

123.916 

0.32095 

10.27432 

0.30 

1.12487 

74.68260 

0.33734 

7.50694 

0.35 

1.01357 

49.48046 

0.35454 

5.79408 

0.40 

0.93225 

34.87966 

0.37256 

4.66135 

0.45 

0.87091 

25.88662 

0.39139 

3.87342 

0.50 

0.82391 

19.79414 

0.41110 

3.29728 

0.55 

0.78720 

15.64211 

0.43169 

2.86311 

0.60 

0.75837 

12.65662 

0.45311 

2.52915 

0.65 

0.73558 

10.47449 

0.47535 

2.26588 

0.70 

0.71777 

8.80282 

0.49845 

2.05339 

0.75 

0.70379 

7.52615 

0.52238 

1.87995 

0.80 

0.69314 

6.51466 

0.54702 

1.73702 

0.85 

0.68506 

5.71690 

0.57245 

1.61687 

0.90 

0.67949 

5,05817 

0.59855 

1.51538 

0.95 

0.67584 

4.52018 

0.62517 

1.42945 

1.00 

0.67392 

4.07398 

0.65243 

1.35512 

1.05 

0,67352 

3.69904 

0.67987 

1.29189 

1.10 

0.67449 

3,38066 

0.70791 

1.23609 

1.15 

0.67671 

3.10810 

0.73591 

1.18813 

1.20 

0.67996 

2.87455 

0.76399 

1.14611 

1.25 

0.68412 

2.67294 

0.79209 

1.10904 

1.30 

0.68921 

2.49669 

0.81962 

1.07704 

1.35 

0.69503 

2.34307 

0.84688 

1.04865 

1.40 

0.70166 

2.20658 

0.87366 

1.02353 

1.45 

0.70883 

2.08690 

0.89959 

1.00158 

1.50 

0.71664 

1.98016 

0.92474 

0.98213 

1.55 

0.72498 

1.88484 

0.94890 

0.96502 

1.60 

0.73376 

1.79973 

0.97186 

0.95006 

1.65 

0.74288 

1.72378 

0.99356 

0.93696 

1.70 

0,75243 

1.65500 

1.01402 

0.92544 

1.75 

0.76115 

1.59795 

1.03284 

0.91558 

1.80 

0.77239 

1,53685 

1.05029 

0.90701 

1.85 

0.78267 

1.48615 

1.06619 

0.89967 

1.90 

0.79325 

1.43962 

1.08042 

0.89352 

.95 

0.80376 

1.39790 

1.09309 

0.88838 
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Er 

Ell 

F , 

Fn 

0.81454 

1.35929 

1.10409 

0,88424 

0,82506 

1.32480 

1.11387 

0.88077 

0.83584 

1.29266 

1.12208 

0.87812 

0.84643 

1.26354 

1.12871 

0.87629 

0.85710 

1.23652 

1.13394 

0-87514 

0.86738 

1.21228 

1.13829 

0,87436 

0.87754 

1.18998 

1.14097 

0.87439 

0.88755 

1.16945 

1.14299 

0.87466 

0.89737 

1.15052 

1.14360 

0.87563 

0.90699 

1,13308 

1.14358 

0.87685 

0.91604 

1.11749 

1.14267 

0.87847 

0.92515 

1.10266 

1.14090 

0.88051 

0.93364 

1.08947 

1.13880 

0.88267 

0.94179 

1 .07734 

1.13586 

0.88528 

0.94978 

1.06601 

1.13260 

0.88800 

0.95720 

1.04471 

1.12881 

0.89104 

0.96423 

1.04657 

1.12473 

0.89421 

0.97083 

1.03815 

1.12038 

0.89754 

0.97716 

1.03032 

1.11578 

0.90104 

0.98303 

1.02327 

1.11118 

0.90454 

0.99828 

1.00672 

1.10634 

0.90820 

0.99823 

1,00586 

1.09646 

0.91573 

1.00650 

0.99687 

1.08665 

0.92331 

1.01313 

0.98986 

1.07717 

0.93079 

1.01844 

0.98436 

1 .06779 

0.93834 

1,02261 

0.98011 

1.05897 

0.94562 

1.02559 

0.97709 

1.05070 

0.95261 

1.02755 

0.97505 

1.04318 

0.95913 

1.02870 

0.97380 

1.03616 

0.96534 

1.02924 

0.97315 

1.02986 

0.97105 

1.02895 

0.97327 

1.02423 

0.97624 

1.02824 

0.97378 

1.01930 

0.98090 

1.02714 

0.97468 

1.01480 

0.98520 

1.02583 

0.97578 

1.01094 

0.98894 

1.02412 

0.97728 

1.00750 

0.99231 

1.02220 

0.97897 

1.00450 

0.99530 

1.02051 

0,98049 

1.00230 

0.99751 

1.01862 

0.98220 

1,00012 

0.99972 

1.01674 

0.98393 

0.99853 

1.00133 

1.01488 

0.98567 

0.99715 

1.00275 

1.01322 

0.98722 

0.99616 

i . 00376 




Fig. 164 



ZAx) = ^ - 1 1^12. + log 
Zt(.x) = + I + log 



»»(2) /fV _ ^ 4- ^ ^ -V* - *•• 

21* V2/* 4 !* \2j 6 !‘ \2 J 


i+l + l + 7+ •• 


H — and 


0.577216. 
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dZi ( x ) 

dZiix ) 

X 

Zi{x) 

Zi(x) 

dx 

dx 

0.00 

1.0000 

0.0000 

0.0000 

0.0000 

0.01 

1.0000 

- 0.0000 

- 0.0000 

- 0.0050 

0.02 

1.0000 

- 0.0001 

- 0.0000 

- 0.0100 

0,03 

1.0000 

- 0.0002 

- 0.0000 

- 0.0150 

0.04 

1.0000 

- 0.0004 

- 0.0000 

- 0.0200 

0.05 

1.0000 

- 0.0006 

- 0.0000 

- 0.0250 

0.06 

1.0000 

- 0.0009 

- 0.0000 

- 0.0300 

0.07 

1.0000 

- 0.0012 

- 0.0000 

- 0.0350 

0.08 

1.0000 

- 0.0016 

- 0.0000 

- 0.0400 

0.09 

1.0000 

- 0.0020 

- 0.0000 

- 0.0450 

0.10 

1.0000 

- 0.0025 

- 0.0001 

- 0.0500 

0.11 

1.0000 

- 0.0030 

- 0.0001 

- 0.0550 

0.12 

1.0000 

- 0.0036 

- 0.0001 

- 0.0600 

0.13 

1.0000 

- 0.0042 

- 0.0001 

- 0.0650 

0.14 

1.0000 

- 0.0049 

- 0.0002 

- 0.0700 

0.16 

1.0000 

- 0.0056 

- 0.0002 

- 0.0750 

0.16 

1.0000 

- 0.0064 

- 0.0003 

- 0.0800 

0.17 

1.0000 

- 0.0072 

- 0.0003 

- 0.0850 

0.18 

1.0000 

- 0.0081 

- 0.0004 

- 0.0900 

0.19 

1.0000 

- 0.0090 

- 0.0004 

- 0.0950 

0.20 

1.0000 

- 0.0100 

- 0.0005 

- 0.1000 

0.21 

1.0000 

- 0.0110 

- 0.0006 

- 0.1050 

0.22 

1.0000 

- 0.0121 

- 0.0007 

- 0.1100 

0.23 

1.0000 

- 0.0132 

- 0.0008 

- 0.1150 

0.24 

0.9999 

- 0.0144 

- 0.0009 

- 0.1200 

0.25 

0.9999 

- 0.0156 

- 0.0010 

- 0.1250 

0.26 

0.9999 

- 0.0169 

- 0.0011 

- 0.1300 

0.27 

0.9999 

- 0.0182 

- 0.0012 

- 0.1350 

0.28 

0.9999 

- 0.0196 

- 0.0014 

- 0.1400 

0.29 

0.9999 

- 0.0210 

- 0.0015 

- 0.1450 

0.30 

0.9999 

- 0.0225 

- 0.0017 

- 0.1500 

0,31 

0.9999 

- 0.0240 

- 0.0019 

- 0.1550 

0.32 

0.9998 

- 0.0256 

- 0.0020 

- 0.1600 

0.33 

0.9998 

- 0.0272 

- 0.0022 

- 0.1650 

0.34 

0.9998 

- 0.0289 

- 0.0025 

- 0.1700 

0.35 

0.9998 

- 0.0306 

- 0.0027 

- 0.1750 

0.36 

0.9997 

- 0.0324 

- 0.0029 

- 0.1800 

0.37 

0.9997 

- 0.0342 

- 0.0032 

- 0.1850 

0.38 

0.9997 

- 0.0361 

- 0.0034 

- 0.1900 

0.39 

0.9996 

- 0.0380 

- 0.0037 

- 0.1950 
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dZ%(x) 

dZiix) 

X 

Zz{x) 

Z^{x) 

dx 

dx 

0.00 

0.5000 

— 00 

0.0000 

CO 

0.01 

0.4999 

- 3.0056 

- 0.0166 

63,6595 

0.02 

0.4997 

- 2.5643 

- 0.0288 

31.8260 

0.03 

0.4993 

- 2.3063 

- 0.0394 

21.2132 

0.04 

0.4989 

- 2.1232 

- 0.0488 

15.9055 

0.05 

0.4984 

- 1.9813 

- 0.0575 

12.7199 

0.06 

0.4978 

- 1.8653 

- 0.0655 

10.5954 

0.07 

0.4971 

- 1.7674 

- 0.0730 

9.0771 

0.08 

0.4963 

- 1.6825 

- 0.0800 

7.9378 

0.09 

0.4956 

- 1.6078 

- 0.0866 

7.0512 

0,10 

0.4946 

- 1.5409 

- 0.0929 

6.3413 

0.11 

0.4936 

- 1.4805 

- 0.0989 

6.7601 

0.12 

0.4926 

- 1.4254 

- 0.1046 

5.2754 

0.13 

0.4915 

- 1.3748 

- 0.1100 

4.8648 

0.14 

0.4904 

- 1.3279 

- 0.1152 

4.5126 

0,15 

0.4892 

- 1.2843 

- 0.1201 

4.2071 

0,16 

0.4880 

- 1.2436 

- 0.1248 

3.9394 

0.17 

0.4867 

- 1.2054 

- 0.1294 

3.7029 

0.18 

0.4854 

- 1.1695 

- 0.1337 

3.4926 

0.19 

0.4840 

- 1.1355 

- 0.1379 

3.3040 

0.20 

0.4826 

- 1.1034 

- 0.1419 

3.1340 

0.21 

0,4812 

- 1.0728 

- 0.1458 

2.9801 

0.22 

0.4797 

- 1,0437 

- 0.1495 

2.8400 

0.23 

0.4782 

- 1.0160 

- 0.1531 

2.7118 

0.24 

0.4767 

- 0.9894 

- 0.1565 

2.5941 

0.26 

0.4751 

- 0.9640 

- 0.1598 

2.4857 

0.26 

0.4735 

- 0.9397 

- 0.1630 

2.3854 

0.27 

0.4718 

- 0.9163 

- 0.1661 

2.2924 

0.28 

0.4701 

- 0.8938 

- 0.1690 

2.2060 

0.29 

0.4684 

- 0.8722 

- 0.1719 

2.1253 

0.30 

0.4667 

- 0.8513 

- 0.1746 

2.0498 

0,31 

0.4650 

- 0.8312 

- 0.1773 

1.9791 

0.32 

0.4632 

- 0.8117 

- 0.1798 

1.9127 

0.33 

0.4614 

- 0.7929 

- 0.1823 

1.8502 

0.34 

0.4595 

- 0.7747 

- 0.1846 

1.7912 

0.35 

0.4577 

- 0.7571 

- 0.1869 

1.7355 

0.36 

0.4558 

- 0.7400 

- 0.1891 

1.6828 

0.37 

0.4539 

- 0.7234 

- 0.1912 

1.6329 

0.38 

0.4520 

- 0.7073 

- 0.1932 

1.5854 

0.39 

0.4500 

- 0.6917 

- 0.1952 

1.5403 
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dZi ( x ) 

dZi { x ) 

X 


2 / 2 (^) 

dx 

dx 

0.40 

0.9996 

- 0.0400 

- 0.0040 

- 0.2000 

0.41 

0.9996 

- 0.0420 

- 0.0043 

- 0.2050 

0.42 

0.9995 

- 0.0441 

- 0.0046 

- 0.2100 

0.43 

0.9996 

- 0.0462 

- 0.0050 

- 0.2160 

0.44 

0.9994 

- 0.0484 

- 0.0053 

- 0.2200 

0.45 

0.9994 

- 0.0506 

- 0.0057 

- 0.2250 

0.46 

0.9993 

- 0.0529 

- 0.0061 

- 0.2299 

0.47 

0.9992 

- 0.0552 

- 0.0065 

- 0.2349 

0.48 

0.9992 

- 0.0576 

- 0.0069 

- 0.2399 

0.49 

0.9991 

- 0.0600 

- 0.0074 

- 0,2449 

0.50 

0.9990 

- 0.0625 

- 0.0078 

- 0.2499 

0.51 

0.9989 

- 0.0650 

- 0.0083 

- 0.2549 

0.62 

0.9989 

- 0.0676 

- 0.0088 

- 0.2699 

0.53 

0.9988 

- 0.0702 

- 0.0093 

- 0.2649 

0.54 

0.9987 

- 0.0729 

- 0.0098 

- 0.2699 

0.55 

0.9986 

- 0.0756 

- 0.0104 

- 0.2749 

0.56 

0.9985 

- 0.0784 

- 0.0110 

- 0.2799 

0.67 

0.9984 

- 0.0812 

- 0.0116 

- 0.2848 

0.58 

0.9982 

- 0.0841 

- 0.0122 

- 0.2898 

0.59 

0.9981 

- 0.0870 

- 0.0128 

- 0.2948 

0.60 

0.9980 

- 0.0900 

- 0.0135 

- 0.2998 

0.61 

0.9978 

- 0.0930 

- 0.0142 

- 0.3048 

0.62 

0.9977 

- 0.0961 

- 0.0149 

- 0.3098 

0.63 

0.9976 

- 0.0992 

- 0.0156 

- 0.3147 

0.64 

0.9974 

- 0.1024 

- 0.0164 

- 0.3197 

0.65 

0.9972 

- 0.1056 

- 0.0172 

- 0.3247 

0.66 

0,9970 

- 0.1089 

- 0.0180 

- 0.3297 

0.67 

0.9969 

- 0.1122 

- 0.0188 

- 0.3346 

0.68 

0.9967 

- 0.1156 

- 0.0196 

- 0.3396 

0.69 

0.9965 

- 0,1190 

- 0.0205 

- 0.3446 

0.70 

0.9962 

- 0.1224 

- 0.0214 

- 0.3496 

0.71 

0.9960 

- 0.1260 

- 0.0224 

- 0.3545 

0.72 

0.9958 

- 0.1295 

- 0.0233 

- 0.3595 

0.73 

0.9956 

- 0.1332 

- 0.0243 

- 0.3645 

0.74 

0.9953 

- 0.1368 

- 0.0253 

- 0,3694 

0.75 

0.9961 

- 0.1405 

- 0.0264 

- 0.3744 

0.76 

0.9948 

- 0.1443 

- 0.0274 

- 0.3793 

0.77 

0.9945 

- 0.1481 

- 0.0285 

- 0.3843 

0.78 

0.9942 

- 0.1520 

- 0.0296 

- 0.3892 

0.79 

0.9939 

- 0.1559 

- 0.0308 

- 0.3942 
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d 2 ,( x ) 


% 


Zi { x ) 

dx 

dx 

0,40 

0.4480 

- 0.6765 

- 0.1970 

1.4974 

0.41 

0.4461 

- 0.6617 

- 0.1988 

1.4564 

0,42 

0.4441 

- 0.6474 

- 0.2006 

1.4174 

0.43 

0.4421 

- 0.6334 

- 0.2022 

1.3800 

0.44 

0.4400 

- 0.6198 

- 0.2038 

1.3443 

0.45 

0,4380 

- 0.6065 

- 0.2054 

1.3101 

0.46 

0.4359 

- 0.5936 

- 0.2068 

1.2773 

0.47 

0.4338 

- 0.5809 

- 0.2082 

1.2458 

0.48 

0.4318 

- 0.5686 

- 0.2096 

1.2156 

0.49 

0.4297 

- 0.5566 

- 0.2109 

1.1865 

0.50 

0.4275 

- 0.5449 

- 0.2121 

1.1585 

0.51 

0.4254 

- 0.5334 

- 0.2133 

1.1316 

0.52 

0.4233 

- 0.5222 

- 0.2144 

1.1056 

0.53 

0.4211 

- 0.5113 

- 0.2155 

1.0806 

0.54 

0.4190 

- 0.5006 

- 0.2165 

1.0564 

0.55 

0.4168 

- 0.4902 

- 0.2175 

1.0330 

0.56 

0.4146 

- 0.4800 

- 0.2184 

1.0105 

0.57 

0.4124 

- 0.4700 

- 0.2193 

0.9887 

0.58 

0.4102 

- 0.4602 

- 0.2201 

0.9675 

0.59 

0.4080 

- 0.4506 

- 0.2209 

0.9471 

0.60 

0.4058 

- 0.4413 

- 0.2216 

0.9273 

0.61 

0.4036 

- 0.4321 

- 0.2224 

0.9080 

0.62 

0.4014 

- 0.4231 

- 0.2230 

0.8894 

0.63 

0.3991 

- 0.4143 

- 0.2236 

0.8713 

0.64 

0.3969 

- 0.4057 

- 0.2242 

0.8538 

0.65 

0.3946 

- 0.3972 

- 0.2247 

0.8367 

0.66 

0.3924 

- 0.3889 

- 0.2252 

0.8201 

0.67 

0.3902 

- 0.3808 

- 0.2257 

0.8040 

0.68 

0.3879 

- 0.3728 

- 0.2261 

0.7883 

0.69 

0.3856 

- 0.3650 

- 0.2265 

0.7730 

0.70 

0.3834 

- 0.3674 

- 0.2268 

0.7582 

0.71 

0.3811 

- 0.3499 

- 0.2272 

0.7437 

0.72 

0.3788 

- 0.3425 

- 0.2274 

0.7296 

0.73 

0.3765 

- 0.3353 

- 0.2277 

0.7159 

0.74 

0.3743 

- 0.3282 

- 0.2279 

0.7024 

0.75 

0.3720 

- 0.3212 

- 0.2281 

0.6894 

0.76 

0.3697 

- 0.3144 

- 0.2282 

0.6766 

0.77 

0.3674 

- 0.3077 

- 0.2284 

0.6642 

0.78 

0.3651 

- 0.3011 

- 0.2285 

0.6520 

0.79 

0.3628 

- 0.2947 

- 0.2285 

0.6402 
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dZiix ) 

X 

Zi ( x ) 

Z 2 ( X ) 

dx 

0.80 

0.9936 

- 0 . 1 o 99 

- 0.0320 

0.81 

0.9933 

- 0.1639 

- 0.0332 

0.82 

0.9929 

- 0.1680 

- 0.0344 

0.83 

0.9926 

- 0.1721 

- 0.0357 

0.84 

0.9922 

- 0.1762 

- 0.0370 

0.85 

0.9918 

- 0.1805 

- 0.0384 

0.86 

0.9915 

- 0.1847 

- 0.0397 

0.87 

0.9910 

- 0.1890 

- 0.0411 

0.88 

0.9906 

- 0.1934 

- 0.0426 

0.89 

0.9902 

- 0.1978 

- 0.0440 

0.90 

0.9898 

- 0.2023 

- 0.0455 

0.91 

0.9893 

- 0.2068 

- 0.0471 

0.92 

0.9888 

- 0.2113 

- 0.0486 

0.93 

0.9883 

- 0.2159 

- 0.0502 

0.94 

0.9878 

- 0.2206 

- 0.0519 

0.95 

0.9873 

- 0.2253 

- 0.0535 

0.96 

0.9867 

- 0.2301 

- 0.0553 

0.97 

0.9862 

- 0.2349 

- 0.0570 

0.98 

0.9856 

- 0.2397 

- 0.0588 

0.99 

0.9850 

- 0.2446 

- 0.0606 

1.00 

0.9844 

- 0.2496 

- 0.0624 

1.02 

0.9831 

- 0.2596 

- 0.0663 

1.04 

0.9817 

- 0.2699 

- 0.0702 

1.06 

0.9803 

- 0.2803 

- 0.0744 

1.08 

0.9788 

- 0.2909 

- 0.0786 

1.10 

0.9771 

- 0.3017 

- 0.0831 

1.12 

0.9754 

- 0.3127 

- 0.0877 

1.14 

0.9736 

- 0.3239 

- 0.0925 

1.16 

0.9717 

- 0.3353 

- 0.0974 

1.18 

0.9697 

- 0.3469 

- 0.1025 

1.20 

0.9676 

- 0.3587 

- 0.1078 

1.22 

0.9654 

- 0.3707 

- 0.1133 

1.24 

0.9631 

- 0.3828 

- 0.1189 

1.26 

0.9607 

- 0,3952 

- 0.1248 

1.28 

0.9581 

- 0.4077 

- 0.1308 

1.30 

0.9554 

- 0.4204 

- 0.1370 

1.32 

0.9526 

- 0.4333 

- 0.1434 

1.34 

0.9497 

- 0.4464 

- 0.1500 

1.36 

0.9466 

- 0.4597 

- 0.1567 

1.38 

0.9434 

- 0.4731 

- 0.1637 


dZ2(x) 

dx 

- 0.3991 

- 0.4041 

- 0.4090 

- 0.4140 

- 0.4189 

- 0.4238 

- 0.4288 

- 0.4337 

- 0.4386 

- 0.4435 

- 0.4485 

- 0.4534 

- 0.4583 

- 0.4632 

- 0.4681 

- 0.4730 

- 0.4779 

- 0.4828 

- 0.4876 

- 0.4925 

- 0.4974 

- 0.5071 

- 0.5168 

- 0.5265 

- 0.5362 

- 0.5458 

- 0.5554 

- 0.5650 

- 0.5745 

- 0.5840 

- 0.5935 

- 0.6030 

- 0.6124 

- 0.6217 

- 0.6310 

- 0.6403 

- 0.6496 

- 0.6588 

- 0.6679 

- 0.6770 
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dZz{x) 

dZt ( x ) 

X 

Zz{x) 

Z ^ ix ) 

dx 

dx 

0.80 

0.3606 

- 0.2883 

- 0.2286 

0.6286 

0.81 

0.3583 

- 0.2821 

- 0.2286 

0.6172 

0.82 

0.3560 

- 0,2760 

- 0.2286 

0.6062 

0.83 

0.3537 

- 0.2700 

- 0.2285 

0.6953 

0.84 

0.3514 

- 0.2641 

- 0.2285 

0.5847 

0.85 

0.3491 

- 0.2583 

- 0.2284 

0.5744 

0.86 

0.3468 

- 0.2526 

- 0.2283 

0.5642 

0.87 

0.3446 

- 0.2470 

- 0.2281 

0.5543 

0.88 

0.3423 

- 0.2415 

- 0.2280 

0.5446 

0.89 

0.3400 

- 0.2361 

- 0.2278 

0.5351 

0.90 

0.3377 

- 0.2308 

- 0.2276 

0.5258 

0.91 

0.3355 

- 0.2256 

- 0.2273 

0.5166 

0,92 

0,3332 

- 0.2204 

- 0.2271 

0.5077 

0.93 

0.3309 

- 0.2154 

- 0.2268 

0.4989 

0.94 

0.3286 

- 0.2105 

- 0.2265 

0.4904 

0.95 

0.3264 

- 0.2056 

- 0.2262 

0.4819 

0.96 

0.3241 

- 0.2008 

- 0.2258 

0.4737 

0.97 

0.3219 

- 0.1961 

- 0.2255 

0.4656 

0.98 

0.3196 

- 0.1915 

- 0.2251 

0.4676 

0.99 

0.3174 

- 0.1870 

- 0.2247 

0.4498 

1.00 

0.3151 

- 0.1826 

- 0.2243 

0.4422 

1.02 

0.3106 

- 0.1738 

- 0.2234 

0.4273 

1.04 

0.3062 

- 0.1654 

- 0.2225 

0.4130 

1.06 

0.3018 

- 0.1573 

- 0.2215 

0.3992 

1.08 

0.2973 

- 0.1495 

- 0.2204 

0.3859 

1.10 

0.2929 

- 0,1419 

- 0.2193 

0,3730 

1.12 

0.2886 

- 0,1345 

- 0.2182 

0.3606 

1.14 

0.2842 

- 0.1274 

- 0.2169 

0.3486 

1.16 

0.2799 

- 0.1206 

- 0.2156 

0.3370 

1.18 

0.2756 

- 0.1140 

- 0.2143 

0.3258 

1.20 

0.2713 

- 0.1076 

- 0.2129 

0.3149 

1.22 

0.2671 

- 0.1014 

- 0.2115 

0.3044 

1.24 

0.2628 

- 0.0954 

- 0.2100 

0.2942 

1.26 

0.2587 

- 0,0896 

- 0.2086 

0.2844 

1.28 

0.2545 

- 0.0840 

- 0.2070 

0.2748 

1.30 

0.2504 

- 0.0786 

- 0.2054 

0.2656 

1.32 

0.2463 

- 0.0734 

- 0.2038 

0.2567 

1.34 

0.2422 

- 0.0683 

- 0.2022 

0.2480 

1.36 

0.2382 

- 0.0634 

- 0.2005 

0.2396 

1.38 

0.2342 

- 0.0587 

- 0.1988 

0.2314 
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dZi(x) 

dZi(x) 

X 

Zi(x) 

Z^ix) 

dx 

dx 

1.40 

0.9401 

-0.4867 

-0.1709 

-0.6860 

1.42 

0.9366 

-0.5005 

-0.1783 

-0.6950 

1.44 

0.9329 

-0.5145 

-0.1859 

-0.7039 

1.46 

0.9291 

-0.5287 

-0.1937 

-0.7127 

1.48 

0,9252 

-0.5430 

-0.2018 

-0.7215 

1.50 

0.9211 

-0.5676 

-0,2100 

-0.7302 

1.52 

0.9168 

-0.5723 

-0.2185 

-0.7389 

1.54 

0.9123 

-0.5871 

-0.2272 

-0.7475 

1.56 

0.9077 

-0.6022 

-0.2361 

-0.7560 

1.58 

0.9029 

-0.6174 

-0.2452 

-0.7644 

1.60 

0.8979 

-0.6327 

-0.2545 

-0.7727 

1.62 

0.8927 

-0.6483 

-0.2641 

-0.7810 

1.64 

0.8873 

-0.6640 

-0.2740 

-0.7892 

1.66 

0.8817 

-0.6798 

-0.2840 

-0.7972 

1.68 

0.8760 

-0.6959 

-0.2943 

-0.8052 

1.70 

0.8700 

-0.7120 

-0.3048 

-0.8131 

1.72 

0.8638 

-0.7284 

-0.3156 

-0.8209 

1.74 

0.8573 

-0.7449 

-0.3266 

-0.8286 

1.76 

0.8507 

-0.7615 

-0.3379 

-0.8361 

1.78 

0.8438 

-0.7783 

-0.3494 

-0.8436 

1.80 

0.8367 

-0.7953 

-0.3612 

-0.8509 

1.82 

0.8294 

-0.8124 

-0.3732 

-0.8581 

1.84 

0.8218 

-0.8296 

-0.3855 

-0.8652 

1.86 

0.8140 

-0.8470 

-0.3980 

-0.8722 

1.88 

0.8059 

-0.8645 

-0.4108 

-0.8790 

1.90 

0.7975 

-0.8821 

-0.4238 

+0.8857 

1.92 

0,7889 

-0.8999 

-0,4372 

-0.8923 

1.94 

0.7800 

-0.9178 

-0.4507 

-0.8987 

1.96 

0.7709 

-0.9358 

-0.4646 

-0.9050 

1.98 

0.7614 

-0.9540 

-0.4787 

-0.9111 

2.0 

0.7517 

-0.9723 

-0.4931 

-0.9170 

2.1 

0.6987 

-1.0654 

-0.5690 

-0.9442 

2.2 

0.6377 

-1.1610 

-0.6520 

-0.9666 

2.3 

0.5680 

-1.2585 

-0.7420 

-0.9836 

2.4 

0.4890 

-1.3575 

-0.8392 

-0.9944 

2.5 

0.4000 

-1.4572 

-0.9436 

-0.9983 

2.6 

0.3001 

-1.5569 

-1.0552 

-0.9943 

2.7 

0.1887 

-1.6557 

-1.1737 

-0.9815 

2,8 

0.0651 

-1.7529 

-1.2993 

-0.9589 

2.9 

-0.0714 

-1.8472 

-1.4315 

-0.9256 
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dZz ( x ) 

dZi ( x ) 

X 

Zzix ) 

Z ^{ x ) 

dx 

dx 

1.40 

0.2302 

- 0.0542 

- 0.1971 

0.2235 

1.42 

0.2263 

- 0.0498 

- 0.1954 

0.2158 

1.44 

0.2224 

- 0.0456 

- 0.1936 

0.2084 

1.46 

0.2186 

- 0.0416 

- 0.1918 

0.2011 

1.48 

0.2148 

- 0.0375 

- 0.1900 

0.1941 

1.60 

0.2110 

- 0.0337 

- 0.1882 

0.1873 

1.52 

0.2072 

- 0.0300 

- 0.1864 

0.1807 

1.54 

0.2035 

- 0.0265 

- 0.1845 

0.1742 

1.56 

0.1999 

- 0.0230 

- 0.1826 

0.1680 

1.58 

0.1962 

- 0.0198 

- 0.1807 

0.1619 

1.60 

0.1926 

- 0.0166 

- 0.1788 

0.1560 

1.62 

0.1891 

- 0.0135 

- 0.1769 

0.1503 

1.64 

0.1855 

- 0.0106 

- 0.1750 

0.1448 

1.66 

0.1821 

- 0.0077 

- 0.1731 

0.1394 

1.68 

0.1786 

- 0.0050 

- 0.1711 

0.1341 

1.70 

0.1752 

- 0.0024 

- 0.1692 

0.1290 

1.72 

0.1718 

0.0002 

- 0.1672 

0.1241 

1.74 

0,1685 

0.0026 

- 0.1653 

0.1193 

1.76 

0,1652 

0.0050 

- 0.1634 

0.1146 

1.78 

0.1620 

0.0072 

- 0.1614 

0.1100 

1.80 

0.1588 

0.0094 

- 0.1594 

0.1056 

1.82 

0.1556 

0.0114 

- 0.1575 

0.1014 

1.84 

0.1525 

0.0134 

- 0.1555 

0.0972 

1.86 

0.1494 

0.0153 

- 0.1536 

0.0931 

1.88 

0.1463 

0.0171 

- 0.1516 

0.0892 

1.90 

0.1433 

0.0189 

- 0.1496 

0.0854 

1.92 

0.1404 

0.0206 

- 0.1477 

0.0817 

1.94 

0.1374 

0.0222 

- 0,1458 

0.0781 

1.96 

0.1345 

0.0237 

- 0.1438 

0,0746 

1.98 

0.1317 

0.0251 

- 0.1419 

0.0712 

2.0 

0.1289 

0.0265 

- 0.1399 

0.0679 

2.1 

0.1153 

0.0325 

- 0.1304 

0.0527 

2.2 

0.1028 

0.0371 

- 0.1210 

0.0397 

2.3 

0.0911 

0.0405 

- 0.1120 

0.0285 

2.4 

0.0804 

0.0429 

- 0.1032 

0.0189 

2.5 

0.0705 

0.0444 

- 0.0948 

0.0108 

2.6 

0.0614 

0.0451 

- 0.0868 

0.0039 

2.7 

0.0531 

0.0452 

- 0.0791 

- 0.0018 

2.8 

0.0455 

0.0447 

- 0.0719 

- 0.0066 

2.9 

0.0387 

0.0439 

- 0.0650 

- 0.0105 
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dZi(x) 

dZ2(x) 

X 

Zi(x) 

Z2(X) 

dx 

dx 

3.0 

-0.2214 

-1.9376 

-1.5698 

-0.8804 

3.1 

-0.3855 

-2.0228 

-1.7141 

-0.8223 

3.2 

-0.5644 

-2.1016 

-1.8636 

-0.7499 

3.3 

-0.7584 

-2.1723 

-2.0177 

-0.6621 

3.4 

-0.9680 

-2.2334 

-2.1755 

-0.5577 

3,5 

-1.1936 

-2.2832 

-2.3361 

-0.4353 

3.6 

-1.4353 

-2.3199 

-2.4983 

-0.2936 

3.7 

-1.6933 

-2.3413 

-2.6608 

-0.1315 

3.8 

-1.9674 

-2.3454 

-2.8221 

0.0526 

3.9 

-2.2576 

-2.3300 

-2.9808 

0.2596 

4.0 

-2.5634 

-2.2927 

-3.1346 

0.4912 

4.1 

-2.8843 

-2.2309 

-3.2819 

0.7482 

4.2 

-3.2195 

-2.1422 

-3.4109 

1.0318 

4.3 

-3.5679 

-2.0236 

-3.5465 

1.3433 

4.4 

-3.9283 

-1.8726 

-3.6587 

1.6833 

4.5 

-4.2991 

-1.6860 

-3.7536 

2.0526 

4.6 

-4.6784 

-1,4610 

-3.8280 

2.4520 

4.7 

-5.0639 

-1.1946 

-3.8782 

2.8818 

4.8 

-5.4531 

-0.8837 

-3.9006 

3.3422 

4.9 

-5.8429 

-0.5251 

-3.8910 

3.8330 

5.0 

-6.2301 

-0.1160 

-3.8454 

4.3542 

5.1 

-6.6107 

0.3467 

-3.7589 

4.9046 

5.2 

-6.9803 

0.8658 

-3.6270 

5.4835 

5.3 

-7.3344 

1.4443 

-3.4446 

6.0893 

5.4 

-7.6674 

2.0845 

-3.2063 

6.7198 

5.5 

-7.9736 

2.7890 

-2.9070 

7.3729 

5.6 

-8.2466 

3.5597 

-2.5409 

8.0453 

5.7 

-8.4794 

4.3986 

-2.1024 

8.7336 

5.8 

-8.6644 

5.3068 

-1.5856 

9.4332 

5.9 

-8.7937 

6.2854 

-0.9844 

10.1394 

6.0 

-8.8583 

7.3347 

-0.2931 

10.8462 
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dZz{x) 

dZi(x) 

X 

Zz(x) 

Zi(x) 

dx 

dx 

3.0 

0.0326 

0.0427 

- 0.0586 

- 0.0137 

3.1 

0.0270 

0.0412 

- 0.0526 

- 0.0162 

3.2 

0.0220 

0.0394 

- 0.0470 

- 0.0180 

3.3 

0.0176 

0.0376 

- 0.0418 

- 0.0195 

3.4 

0.0137 

0.0356 

- 0.0369 

- 0.0204 

3.5 

0.0102 

0.0335 

- 0.0325 

- 0.0210 

3,6 

0.0072 

0.0314 

- 0.0284 

- 0.0213 

3.7 

0.0045 

0.0293 

- 0.0246 

- 0.0213 

3.8 

0.0022 

0.0272 

- 0.0212 

- 0.0210 

3.9 

0.0003 

0.0251 

- 0.0180 

- 0.0206 

4.0 

- 0.0014 

0.0230 

- 0.0152 

- 0.0200 

4.1 

- 0.0028 

0.0211 

- 0.0127 

- 0.0193 

4.2 

- 0.0039 

0.0192 

- 0.0104 

- 0.0185 

4.3 

- 0.0049 

0.0174 

- 0.0083 

- 0.0177 

4.4 

- 0,0056 

0.0156 

- 0.0065 

- 0.0168 

4.5 

- 0.0062 

0.0140 

- 0.0049 

- 0.0158 

4.6 

- 0.0066 

0.0125 

- 0.0035 

- 0.0148 

4.7 

- 0.0069 

0.0110 

- 0.0023 

- 0.0138 

4.8 

- 0.0071 

0.0097 

- 0.0012 

- 0.0129 

4.9 

- 0.0071 

0.0085 

- 0.0003 

- 0.0119 

5.0 

- 0.0071 

0.0073 

0.0005 

- 0.0109 

5.1 

- 0.0070 

0.0063 

0.0012 

- 0.0100 

5.2 

- 0.0069 

0.0053 

0.0017 

- 0.0091 

5.3 

- 0.0067 

0.0045 

0.0022 

- 0:0083 

5.4 

- 0.0065 

0.0037 

0.0025 

- 0.0075 

5.5 

- 0.0062 

0.0029 

0.0028 

- 0.0067 

5.6 

- 0.0059 

0.0023 

0.0030 

- 0.0060 

5.7 

- 0.0056 

0.0017 

0.0032 

- 0.0053 

5.8 

- 0.0053 

0.0012 

0.0033 

- 0.0047 

5.9 

- 0.0049 

0.0008 

0.0033 

- 0.0041 

6.0 

- 0.0046 

0.0004 

0.0033 

- 0.0036 
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